Institute of Mathematical Statistics
LECTURE NOTES-MONOGRAPH SERIES

High Dimensional Probability

Proceedings of the Fourth International Conference

Evarist Giné, Vladimir Koltchinskii, Wenbo Li, Joel Zinn, Editors

% |

Volume 51



ISBN-13: 978-0-940600-67-6
ISBN-10: 0-940600-67-6
ISSN 0749-2170



Institute of Mathematical Statistics
LECTURE NOTES-MONOGRAPH SERIES
Volume 51

High Dimensional Probability

Proceedings of the Fourth International Conference

Evarist Giné, Vladimir Koltchinskii, Wenbo Li, Joel Zinn, Editors

Institute of Mathematical Statistics @ms
Beachwood, Ohio, USA



Institute of Mathematical Statistics
Lecture Notes—Monograph Series

Series Editor:
R. A. Vitale

The production of the Institute of Mathematical Statistics
Lecture Notes—Monograph Series is managed by the
IMS Office: Jiayang Sun, Treasurer and
Elyse Gustafson, Executive Director.

Library of Congress Control Number: 2001012345
International Standard Book Number 978-0-940600-67-6,
0-940600-67-6
International Standard Serial Number 0749-2170
Copyright (©) 2006 Institute of Mathematical Statistics
All rights reserved

Printed in the United States of America



Contents

Preface
FEvarist Giné, Vladimir Koltchinskii, Wenbo Li, Joel Zinn . . . . . . . . . . . .. ...

Contributors
DEPENDENCE, MARTINGALES

Stochastic integrals and asymptotic analysis of canonical von Mises statistics
based on dependent observations
Igor S. Borisov and Alexander A. Bystrov . . . . . . . . . . .. oo

Invariance principle for stochastic processes with short memory
Magda Peligrad and Sergey Utev . . . . . . . . . . . . . .

Binomial upper bounds on generalized moments and tail probabilities of
(super)martingales with differences bounded from above
Tosif Pinelis . . . . . . . e e e e

Oscillations of empirical distribution functions under dependence
Wei Biao Wu . . . . . . o o e e e e e e e e e e e e e
STOCHASTIC PROCESSES

Karhunen—Loéve expansions of mean-centered Wiener processes
Paul Deheuvels . . . . . . . . . e e

Fractional Brownian fields, duality, and martingales
Viadimir Dobrié¢ and Francisco M. Ojeda . . . . . . . . . . ... .. ... ...

Risk bounds for the non-parametric estimation of Lévy processes
José E. Figueroa-Lopez and Christian Houdré . . . . . . . . . . . . . . . .. ... ...

Random walk models associated with distributed fractional order
differential equations
Sabir Umarov and Stanly Steinberg . . . . . . . . . . . ..

Fractal properties of the random string processes
Dongsheng Wu and Yimin Xiao. . . . . . . . . . oo e
OPERATORS IN HILBERT SPACE

Random sets of isomorphism of linear operators on Hilbert space
Roman Vershynin . . . . . . . . . 0 o o e e e e e e e e e

EMPIRICAL PROCESSES

Revisiting two strong approximation results of Dudley and Philipp
Philippe Berthet and David M. Mason . . . . . . . . . . . e

Modified empirical CLT’s under only pre-Gaussian conditions
Shahar Mendelson and Joel Zinm . . . . . . . . . e

Empirical and Gaussian processes on Besov classes
Richard Nickl . . . . . . . . . . e e e e e

On the Bahadur slope of the Lilliefors and the Cramér—von Mises tests
of normality
Miguel A. ATCONES . . . . .« . i i e e e e e e e

iii



iv Contents

APPLICATIONS OF EMPIRICAL PROCESSES

Some facts about functionals of location and scatter
R. M. Dudley . . . . . . .« e e e 207

Uniform error bounds for smoothing splines
P. P. B. Eggermont and V. N. LaRiccia . . . . . . . . . . . . . 220

Empirical graph Laplacian approximation of Laplace—Beltrami operators:
Large sample results
Evarist Giné and Viadimir Koltchinskii . . . . . . . . . . . . ... ... 238

A new concentration result for regularized risk minimizers
Ingo Steinwart,, Don Hush and Clint Scovel . . . . . . . . . . . ... ... .. ..... 260



Preface

About forty years ago it was realized by several researchers that the essential fea-
tures of certain objects of Probability theory, notably Gaussian processes and limit
theorems, may be better understood if they are considered in settings that do not
impose structures extraneous to the problems at hand. For instance, in the case of
sample continuity and boundedness of Gaussian processes, the essential feature is
the metric or pseudometric structure induced on the index set by the covariance
structure of the process, regardless of what the index set may be. This point of
view ultimately led to the Fernique-Talagrand majorizing measure characterization
of sample boundedness and continuity of Gaussian processes, thus solving an impor-
tant problem posed by Kolmogorov. Similarly, separable Banach spaces provided a
minimal setting for the law of large numbers, the central limit theorem and the law
of the iterated logarithm, and this led to the elucidation of the minimal (necessary
and/or sufficient) geometric properties of the space under which different forms of
these theorems hold. However, in light of renewed interest in Empirical processes,
a subject that has considerably influenced modern Statistics, one had to deal with
a non-separable Banach space, namely £L.,. With separability discarded, the tech-
niques developed for Gaussian processes and for limit theorems and inequalities in
separable Banach spaces, together with combinatorial techniques, led to powerful
inequalities and limit theorems for sums of independent bounded processes over
general index sets, or, in other words, for general empirical processes.

This research led to the introduction or to the re-evaluation of many new tools,
including randomization, decoupling, chaining, concentration of measure and ex-
ponential inequalities, series representations, that are useful in other areas, among
them, asymptotic geometric analysis, Banach spaces, convex geometry, nonpara-
metric statistics, computer science (e.g. learning theory).

The term High Dimensional Probability, and Probability in Banach spaces be-
fore, refers to research in probability and statistics that emanated from the problems
mentioned above and the developments that resulted from such studies.

A large portion of the material presented here is centered on these topics. For
example, under limit theorems one has represented both the theoretical side as well
as applications to Statistics; research on dependent as well as independent random
variables; Lévy processes as well as Gaussian processes; U and V-processes as well as
standard empirical processes. Examples of tools to handle problems on such topics
include concentration inequalities and stochastic inequalities for martingales and
other processes. The applications include classical statistical problems and newer
areas such as Statistical Learning theory.

Many of the papers included in this volume were presented at the IVth Interna-
tional Conference on High Dimensional Probability held at St. John’s College, Santa
Fe, New Mexico, on June 20-24, 2005, and all of them are based on topics covered at
this conference. This conference was the fourteenth in a series that began with the
Colloque International sur les Processus Gaussiens et les Distributions Aléatoires,
held in Strasbourg in 1973, continued with nine conferences on Probability in Ba-
nach Spaces, and four with the title of High Dimensional Probability. The book
Probability in Banach Spaces by M. Ledoux and M. Talagrand, Springer-Verlag
1991, and the Preface to the volume High Dimensional Probability I1I, Birkhauser,

A%
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2003, contain information on these precursor conferences. More historical informa-
tion can be found online at http://www.math.udel.edu/ wli/hdp/index.html. This
last reference also includes a list of titles of talks and participants of this meeting.

The participants to this conference are grateful for the support of the National
Science Foundation, the National Security Agency and the University of New Mex-
ico.

July, 2006 Evarist Giné
Vladimir Koltchinskii

Wenbo Li

Joel Zinn
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Stochastic integrals and asymptotic
analysis of canonical von Mises statistics
based on dependent observations

1,%

Igor S. Borisov!* and Alexander A. Bystrov!'

Sobolev Institute of Mathematics

Abstract: In the first part of the paper we study stochastic integrals of a
nonrandom function with respect to a nonorthogonal Hilbert noise defined on
a semiring of subsets of an arbitrary nonempty set.

In the second part we apply this construction to study limit behavior of
canonical (i.e., degenerate) Von Mises statistics based on weakly dependent
stationary observations.

1. Stochastic integrals of non-random kernels for non-orthogonal
noises.

1.1. Introduction and statement of the main result.

Let {Q2,0,P} be a probability space, X be an arbitrary nonempty set, and 9t be
a semiring with identity of its subsets (i.e., X € 9 and, for all A, B € M, we
have ANB e M and A\ B =) .., C;, where C; € M). We call a random process
{u(A), A € M} an elementary stochastic measure or a noise if u(A) € La(Q, P) for
all A € M (i.e., u(-) is a Hilbert process) and (N1)  p(A1UAs) = p(A1)+p(Asz) as.
if only A1 N As = and A; U Ay € M.
A noise p is called orthogonal if
(N2)  Ep(Ar)pu(Az) = mo(Ar N Az),

where myg a finite measure (the structure function) on o(9M) [14].
Typical Examples.

(i) Consider the following semiring of subsets of a closed interval [0, T'):
M={(t,t+6); 0<t<t+s<T} J{0,6; 0<6<T}

A random process £(t) defined on [0, T generates the noise

p((t,t 4 0]) = &(t +0) — £(1),

where, in the case t = 0, this formula defines the measure of the closed interval [0, d].
If £(t) is a process with independent increments then p is an orthogonal noise.

1630090, Novosibirsk, Russia, acad. Koptyug avenue, 4, Sobolev Institute of Mathematics,
e-mail: sibam@math.nsc.ru; bystrovlngs.ru
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2 1. S. Borisov and A. A. Bystrov

(i) To construct multiple stochastic integrals the semiring 9% := M x --- x M
is considered, where 901 is defined above, and the following multiple noise is defined
by increments of a random process £(t):

where (%,E—i—g] = (tl,tl + 51] X oo X (tk,tk + 5k]
It worth noting that, in general, in the second example the noise 1 does not satisfy
condition (N2) even if the process {(t) has independent increments.

We note some significant results in the area under consideration:

I. Univariate stochastic integrals based on orthogonal noises:
N. Wiener, 1923.
A. N. Kolmogorov, H. Cramér, 1940.
I. I. Gikhman and A. V. Skorokhod, 1977.
II. Multiple stochastic integral with a multiple noise generated by a process with
independent increments:
N. Wiener, 1938, 1958.
K. Tto, 1951.
P. Major, 1981.
II1. Univariate stochastic integral with a noise generated by increments of a Hilbert
process on the real line (nonorthogonal noise):
M. Loeve, 1960.
S. Cambanis and S. Huang, 1978.
V. Pipiras and M. S. Taqqu, 2000.
IV. Multiple stochastic integral with a multiple noise generated by increments of a
Gaussian process on the real line (nonorthogonal noise):
S. Cambanis and S. Huang, 1978.
A. Dasgupta and G. Kallianpur, 1999.

General Case. We begin to study stochastic integrals with nonorthogonal noises
defined on semirings of subsets of an arbitrary measurable space. We follow the
generality considered in [14], where general stochastic integrals with orthogonal
noises were studied. Complete proofs of some statements in the first Section of the
paper are published in [4].

Introduce the function m(A x B) := Eu(A)u(B) indexed by elements of 92,

Main Assumption. The function m is a finite o-additive signed measure (cova-
riance measure) on 2.

Example. Let (¢, s) := E£(t)£(s) be the covariance function of a centered Hilbert
random process £(t) defined on a closed interval [0,7]. We say that the function
(¢, s) possesses a bounded variation if, for a constant C,

sup Y |A®(ti, ;)| < C,

{tiysi} i,

where A(I)(ti, Si> = (I)(ti—i-h Sj_|_1> + q)(ti, Sj) — (I)(ti—f—lg Sj) — (I)(tl', Sj+1> (the double
difference); 0 =tog <t; < -+ <t, =T, 0 =59 < 51 < --- < s, =T are arbitrary
finite partitions of the interval [0,7], and the supremum is taken over all such
partitions (see also [9]).



Stochastic integrals and Von Mises statistics 3

Proposition 1. If ®(t,s) has a bounded variation then the Main Assumption for
the corresponding covariance measure s valid

It is well known that any measure of such a kind can be uniquely extended onto
o(9M?). Moreover, m = m* — m~ (Hahn-Jordan decomposition), where m™* and
m~ are nonnegative finite measures. Put |m| := m™ + m~ (the total variation
measure).

Introduce the space of o(91)-measurable functions:

S:={f: /362 f@&)f(s)m(dt x ds) < co}.

For any o(9t)-measurable functions f,g € S consider the bilinear symmetric func-
tional

dr):= | fOa(smldt  ds)

It is clear that d(f, f) > 0. But, in general, the equation d(f, f) = 0 has not only
zero solution. Denote || f| := d(f, f)}/? (seminorm). If S is the factor space w.r.t.
to the condition d(f, f) = 0 then S is an Euclidean space. But, in general, S may
be incomplete (i.e., is not Hilbert) ([22]).

Notice that the space S can also defined in such a way:

=47+ [ IF@O5)mldex ds) < oc).

But the functional ||f|l. := ([y2 [£(£)f(s)||m|(dt x ds))1/2 may not satisfy the tri-
angle inequality (|| f||« is a seminorm iff |m| is nonnegatively defined).

For an orthogonal noise p with a structure function mg the following obvious
equality chain is valid: || f[| = [lf]l« = [[f[| 2. (x,mo0)-

Theorem 1. Let f € (S,| - ||). Then there exists a sequence of step functions

(1) fal@) = erI(z € Ay),

k<n
where ¢, € R, A € M, converging in (S, || - ||) to f as n — oo. Moreover, the
sequence
(2) n(fn) == Z crp(Ag)
k<n

mean-square converges to a limit random variable n(f) which does not depend on
the sequence of step functions { f,}.

Proof. (For detail see [4]). Let {f,} be a sequence of step functions of the form (1)
converging to f in the seminorm || - ||. One can prove that the sequences of such a
kind exist. Then

In(Fa) = () [7a0m) = (e = )" = )m(4i x 4;)
ij
= o= fil2 =0
as n, k — oo due to the triangle inequality (i. e., {f,} is a Cauchy sequence in S).
Without loss of generality, we may assume here that the step functions f; and f,
are defined on a common partition {A;}. Hence {n(f,)} is a Cauchy sequence in

the Hilbert space Lo(€2, P). Thus, in this Hilbert space, there exists a limit random
variable n(f) for the sequence {n(f,)}. O
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Remark 1. Since, in general, the space S is incomplete then, in this case, one
cannot construct an isometry (one-to-one mapping preserving distances) between
the Lo-closed linear span of all integral sums and S ([22]). Existence of such isometry
is a key argument of the classical construction of stochastic integrals with orthogonal
noises.

Remark 2. The generality in Theorem 1 allows us to define stochastic integrals
both for the univariate and multivariate cases studied by the predecessors mentioned
above. In the case of Gaussian noises generated by arbitrary centered Gaussian
processes on the real line, our construction differs from that in [9], where multiple
stochastic integrals are defined by the corresponding tensor power of the reproduc-
ing Hilbert space corresponding to the above-mentioned initial Gaussian process.
However, one can prove that, to define these multiple integrals in the Gaussian
case, the descriptions of the corresponding kernel spaces in these two constructions
coincide.

Remark 3. If we consider the introduced-above multiple stochastic integral with
the product—noise generated by a White noise with a structure function mg, and,
moreover, the kernel vanishes on all diagonal subspaces then our construction co-
incides with the classical Wiener — It6 multiple construction. Notice that, in this
construction, for the kernels with zero values on all diagonal subspaces, there exists
the isometry mentioned in Remark 1. In this case, the space S coincides with the
Hilbert space Lo(X*, mb%), where k is the dimension of the multiple integral.

1.2. Infinitesimal analysis of covariance measures.

We now describe some function kernel spaces to define the stochastic integrals in
Theorem 1. We start with the univariate construction.

1.2.1. Univariate stochastic integral.

Consider a centered random process £(t) with a covariance function ®(¢,s). In all
the examples of Section I we put X = [0, T]. This process generates the elementary
stochastic measure p(dt) := d¢(t) introduced above.

Regular covariance functions. In the above-mentioned definition of the double

difference of the covariance function ® we set ;11 = t; + 0 and s;11 = s; + 0.
Assume that, for all 6 > 0 and t;,s;,t; +9,s; + 0 € [0,T7],

ti+90  psi+6
aets) = [ [ att o),
ti S;
where ) is an arbitrary o-finite measure. If
[ 17®)atts)AdAs) < o0
}:2

then f € S (i.e., [ f(t)d(t) is well defined.)
x

For example, the regular FBM has the covariance function

1
d(t,s) = 5(752’1 + 82 — |t — 521,
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where h € (1/2,1]. In this case, q(t,s) := h(2h — 1)|t — 5?72, t # 5, and \(dt) :=
dt is the Lebesgue measure. Moreover, in this case one can prove the embedding
Ly (%,dt) € S. ([22].)

Irregular covariance functions. Consider the class of factorizing covariance
functions

®(t,s) = G(min(t, s))H (max(t, s)).

It is known [3] that ®(t, s) of such a kind is the covariance function of a nondegen-
erate on (0,7") random process iff the fraction % is a nondecreasing positive func-
tion. In particular, any Gaussian Markov process with non-zero covariance function
admits such factorization: For example, a standard Wiener process has the com-
ponents G(t) =t and H(t) = 1; a Brownian bridge on [0, 1] has the components
G(t) =t and H(t) = 1 — t; and, finally, an arbitrary stationary Gaussian process
on the positive half-line has the components G(t) = exp(«t) and H(t) = exp(—at),
where a > 0.

Notice that, in this case, the function ®(¢, s) is nondifferentiable on the diagonal
if the components are nondegenerate functions.

Let, in addition, G(t) T, H(t) | be monotone, positive on (0,7), and absolutely
continuous w.r.t. the Lebesgue measure on [0, T]. We prove that supp m~ = [0, T]*\
D, where D := {(t,s) : t = s}, is the main diagonal of the square [0,T]%. Let
s<s+0<t<t+A. Then

m( (s,s+ 9] x (t,t+ A])
=G(s)H(t)+G(s+0)H(t+A) —G(s)H(t + A) — G(s + 0)H(t)
=(G(s+9)—G(s))(H(t+A)—H(t)) <0.

In other words, m™ is absolutely continuous w.r.t. the bivariate Lebesgue measure
A2 and the corresponding Radon — Nikodym derivative is defined by the formula

dm~
d\s

(t,s) = G' ()| H'(s)].

We now calculate m™-measure of an infinitesimal diagonal square:

m*((s,s+ h] x (s,s+ h])
= H(s+ h)(G(s +h)— G(s)) — G(s)(H(s +h) — H(s))

s+h
_ / (H(2)G'(2) — G(2)H'(2))dz + o(h).

Hence m™ is absolutely continuous w.r.t. the induced Lebesgue measure on the
diagonal.

Therefore, in the case under consideration, the measures m~ and m™ are singu-
lar. Finally, to verify the condition f € S we need to verify existence of the following
two integrals:

/f(t)z(H(t)Jrl)dG(t), /f(t)z(G(t)Jrl)dH(t)-
X X
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Covariance functions of mixed type. Let {X,; n > 1} be a stationary se-
quence of r.v.’s satisfying p-mixing condition. Consider a centered Hilbert process
(not necessarily Gaussian!) Y (¢) with the covariance function which is well defined
under some restrictions on the p-mixing coefficient (see the Gaussian case in [1]):

EY (s)Y (t) = F(min(s,t)) — F(t)F(s) + Z (Fj(s,t) + Fj(t,s) —2F(s)F(t)),

where F'(t) is the distribution function of X; which is assumed absolutely continuous
with a density p(t), and Fj(t,s) is the joint distribution functions of the pairs
(X1,Xj41). Let all the functions Fj(t,s), j = 1,2,..., have bounded densities
pj(t,s). For all t,s € R, we assume that the series

b(t,s) ==Y [pj(t.s) +pj(s,t) = 2p(t)p(s)]

j=1

absolutely converges and the corresponding series Y | -| is integrable on R2.

We note that, under the above-mentioned restrictions, we deal with a covariance
function represented as a sum of covariance functions from items A.1 and A.2. Hence
we may use the infinitesimal analysis of the corresponding covariance measures from
these items. Indeed,

m((t,t + A] x (s,s+ A))

t+A s+A
=P(Xy e (t,t+AIN(s,s+A]) + /t / (b(u,v) — p(u)p(v)) dudwv.

So, under the conditions [ f2(t)p(t)dt < co and [ [|f(¢)f(s)b(t,s)|dtds < oo, we
can correctly define the stochastic integral [ f(¢)dY ().

1.2.2. Multiple stochastic integral.

We study multiple stochastic integrals (MSI) based on a product-noise defined in
Example (ii) by increments of a Gaussian process. In this case, to calculate the
covariance measure we use the following well-known convenient representation:

m((tr,tr + 0] X -+ X (tan, tar +0]) = Y [[ AR (i, 1),

where the sum is taken over all partitions on pairs of the set {1,2,...,2k}, and
the product is taken over all pairs in a fixed such partition. Notice that, in the
sequel, to define multiple stochastic integrals we use only this property of Gaussian
processes. However, we may study the multiple integrals for the non-Gaussian case:
For example, if the integrating process £(t) can be represented as a polynomial
transform of a Gaussian process. In this case, to define the multiple integral, we
can obtain some restrictions on the kernel f close to the conditions below.

Remark 4. The Main Assumption for the covariance measure m(A; X -+ x Agy)
introduced above follows from the Proposition 1 if only ®(¢,s) has a bounded
variation. This property of the covariance function is fulfilled in items B.1 — B.3
below.



Stochastic integrals and Von Mises statistics 7

Regular covariance functions. Conditions to define MSI:
/ 9, |f(t1, c.. ,tk)f(tk+1, e ,tgk)| Z H |q(ti, tj)|dt1 s dtgk < 00,
(0,77]

where the sum and the product are introduced above, ¢(¢,s) is the density (the
Radon—Nikodym derivative) of A®. As a consequence, we obtain the main result in
[7], for the regular FBM from item A.l. In this case we should set in this condition
q(t,s) := h(2h — 1)|t — s|?h—2.

Factorizing covariance functions. Let the factorizing components H and G
be smooth functions.

1) If t; = t; then, as § — 0, we have the following asymptotic representation of the
double difference of ®(-) on the infinitesimal cube (¢;,t; + d] x (¢;,t; + 0] :

AD(t;,t;) = 6(H (t:)G'(t;) — Gt H'(t:)) + O(6),
2) If t; # t; then, as § — 0,
Ad(t;,t;) = 6*G'(min(t;, t;)H' (max(t;, ;) + o(6%).

Denote
g1(t) = H)G'(t) — G(¢)H'(1),

g2(t, ) := G'(min(t, s)) H' (max(t, s)).

Aset Dy ..y C [0, T)% is called a diagonal subspace determined by variables
of multiplicity r1,...,r; (r; > 2, Y r; < 2k) if it defines by the following [ chains
of equalities:
ji=1,...,1,

Ti, ==Xy,
25,1 vi,rj

where i}, # iy q for any (j,m) # (n,d).

Proposition 2 (see Borisov and Bystrov, 2006a). In the case under consider-
ation any covariance measure m has zero mass on any diagonal subspace D, . )
having at least one multiplicity r; > 2.

Given a kernel f(t1,...,t5) we set @f(t1---tor) == f(t1,- .., te) f(thst1,- -, tak)-
Conditions to define MSI: First, we need to verify the condition

/|90f(81,81,---Sn,Sn,tl,---tz(kn))|

(3) n
X Hgl(sl) Z H |gg(ti, tj)|d51 cee dSndtl ce dtg(k_n) < o0
=1

foralln =0,1,...,k, and, second, to verify finiteness of all the analogous integrals

0
for all permutations of 2k arguments of the kernel ¢¢. Here, by definition, [[ = 1.
i=1
If the kernel f(-) is symmetric and vanishes on all diagonal subspaces, and the
functions g; and g, are bounded then condition (3) is reduced to the restriction
f € Ly(X*,dty - - - dty). In particular, if the multiple noise is defined by increments

of a standard Wiener process then g =1 and g2 = 0 (cf. [17, 19]).
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Covariance functions of mixed type. We now define the multiple stochastic
integral for a Gaussian process Y (¢) with the covariance introduced in A.3. Let p(¢)
and b(t,s) defined in A.3 be continuous functions. Then, as § — 0, we have for
ti =t; (see A.3):

A@(ti, tj) = (5p(ti) + 0(6)

If t; # t; then
A®(t;,t5) = 67 (b(ti, t5) — p(ta)p(t;)) + 0(8?).

So, we actually repeat the arguments from item B.2 and to define the multiple
stochastic integral for Y (¢) we need to verify condition (3) for ¢;(t) := p(t) and

g2(t, s) :==b(t, s).

2. Asymptotics of canonical von mises statistics.

In this Section we consider some applications of the MSI construction from Section I.
We study limit behavior of multivariate Von Mises functionals of empirical processes
based on samples from a stationary sequence of observations.

Let {X,; n > 1} be a stationary sequence of [0, 1]-uniformly distributed r.v.’s
satisfying the -mixing condition: ¥(m) — 0 if m — oo, where

() lm) = sup | s 1

, m=1,2,...,

and the supremum is taken over all events A and B (having non-zero probabilities)
from the respective o-fields FF and F; qm > Where FF, 1 <k, is the o-field generated
by the random variables Xj,..., X, as well as over all natural k. This mixing
condition was introduced in Blum, Hanson and Koopmans, 1963.

Introduce the normalized d-variate Von Mises statistics (or V -statistics)

(5) Vai=n"% 3" f(Xi,.,Xy), n=1,2,..,

1<in,enyig<n
where the kernel f(-) satisfies the degeneracy condition
Ef(tla s 7tk—lan7tk+l7 s atd) =0

for all t1,...,tq € [0,1] and k =1,...,d. Such canonical statistics were introduced
in [25], and [15], where, moreover, the so-called U-statistics were studied:

Un = (Cg)il/z Z fo(Xil,...,Xid),

1<y <---<ig<n

where, as a rule, the kernel fj is symmetric w.r.t. all permutations of the arguments.

Notice that in the definitions above we may consider the observations { X; } taking
values in an arbitrary measurable space and having an arbitrary distribution. If the
sample distribution has no atoms then an U-statistics with a symmetric kernel can
be easily reduced to a V-statistics with a new kernel having zero values on all diag-
onal subspaces. For the IID samples limit behavior of these statistics is well known
(for reference see Korolyuk and Borovskikh, 1994). In the case of one-dimensional
observations, using the corresponding quantile transforms, we may reduce these
statistics to those based on samples from the [0, 1]-uniform distribution.
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Introduce the normalized empirical process Sy, (t) := \/n(F(t) —t), where F*(t)
is the standard empirical distribution function based on the above-introduced sam-
ple Xi,..., X, with the [0, 1]-uniform marginal distribution. We now recall the
well-known key representation of the canonical V-statistics (5) by the Lebesgue
integral:

(6) V, = / flxy,...,xq) dSp(z1) -+ - dSn(xq).
[0,1]¢

We recall that a diagonal subspace in [0, 1] is determined as

o d .
Djx g« :=={(t1,...,tq) € [0,1]%:
ti1 = tiz = tiql yoe. 7tiq7_71+1 = tiqrflJr? = tiqT}7
where i* = (i1,%2,...,0g,---,%g, 1+1,0g,_1425---,1q,) IS a vector with pairwise

different integer coordinates from the set {1,...,d} and ¢* := (¢q1,...,¢q,), where
G > 2, q <dand ¢4+1 —¢q > 2 if 1 < i < r. In the sequel, to indicate diag-
onal subspaces, we will use natural parameter ¢ instead of vector-valued (i*,q*)
renumbering all the diagonal subspaces.

The subspace of [0,1]¢ defined by pairwise different coordinates ¢; is called the
main subspace and denoted by Dy. Obviously,

Dy = [0,1]*\ | Ds.

i>1

Introduce the following function space

SO = {f : Z/D f2<t17" "td)dtitn ' ”dtiqT < OO}’

i>0

where the subscripts 44,, .. ., %4, determine the corresponding diagonal (or the main)
subspace D; of dimension r and the kernel f2() in the corresponding multiple
integral f p. of this notation has only r independent arguments. For example, if

Di = {(tl,tg,tg,t4> € [0, 1]4 . tl = tg, t2 = t4} then
/ S2(t1,ta, ts, 1) dtsdty :/ F2(ts,ta, t3,ts) disdts.
D; [0,1]2

Notice that, under the conditions of Theorem 2 below, the function space Sy is
a subspace of S introduced in Theorem 1 for d-fold product-noise generated by
increments of the stochastic processes Y (¢) from items A.3 and B.3 since the series

b(t,s) =Y _(pr(t,s) +pr(s,t) — 2)

k>1

from item A.3 satisfies the restrictions we need and, moreover, it is uniformly
bounded on [0, 1] due to ¥-mixing condition (4) and the restrictions on the mix-
ing coefficient in Theorem 2 below. First of all, we observe that (4) implies exis-
tence of joint densities pg(t, s) since we may consider in (4) ‘infinitesimal events”
A:={X;1 € (t,t +dt)} and B := {Xp41 € (s,s + ds)} and take the relations
P(A) = dt and P(B) = ds into account. Moreover, we obtain the upper bound



10 1. S. Borisov and A. A. Bystrov

1b(t,s)| <> p~q ¥(k). This fact allow us to estimate the covariance measure of the
corresponding product-noise generated by increments of Y (¢).
Define on the space Sy the combined Lo-norm

(7) 1= [ Pt tads, s,

i>0

where in the case i = 0 (i. e., for the main subspace Dy,) we put i, =k and r =d
in the corresponding summand on the right-hand side of (7). Notice that this norm
is stronger than || - || since in the case under consideration we have g (t) := p(t) =1
on [0,1] and g2(t, s) := b(t, s) is a bounded function as well (see B.3 and the upper
bounds in (20) and (21) below). In other words, in the case under considerations,
the linear normed space (Sp, || -||o) is embedded to the corresponding space (S, ||-||)
in Theorem 1.

Theorem 2. Under the above-mentioned restrictions let f € Sy and

(8) U(d) ==Y (k) < 0.

E>1

Then, as n — oo,

v, 4 ) Flt1, .. ta)dY (t) - dY (tq),
[0,1]

where Y (t) is a centered Gaussian process with the covariance

EY (t)Y (s) = min(t,s) — ts + Z (Fi(t,s) + Fi(s,t) — 2ts).
k>1

Remark 5. In the IID case (¢(-) =0, b(-,-) =0, and Fy(t,s) = ts) the conditions
of Theorem 2 coincide with the traditional well-known restrictions in Mises, 1947,
Filippova, 1959, 1962, Borisov and Sakhanenko, 2000, and others. In this case, the
process Y (t) = WO(¢) is a Brownian bridge. Notice also that, in the IID case, the
multiple stochastic integral w.r.t the product-noise generated by W°(¢) in Theorem
2 coincides in distribution with the analogous integral w.r.t. a White noise (gener-

ated by a standard Wiener process W (t)) due to degeneracy of the kernel and the

well-known representation W°(t) < W(t) —tw(1).

If a kernel f(t1,...,tq) vanishes on all diagonal subspaces then sufficient con-
ditions for f to be an element of Sy is as follows: f € Ly([0,1]%,dt; - --dty). The
kernels of such a kind are used to describe limit behavior of canonical U-statistics
(for example, see Major, 1994, and the corresponding comment above). Moreover,
to describe the It6 — Wiener construction of multiple integrals the kernels vanish-
ing on all diagonal subspaces provide the above-mentioned isometry between closed
linear span of multiple integral sums and the corresponding function space.

Remark 6. From the beginning, in the IID case, to describe limit behavior of
canonical U and V-statistics another representation of the limit distribution was
used. For instance, in the case d = 2, for a canonical U-statistics with a symmetric
kernel the limit random variable can be represented as the random series

(9) S Ml - 1),
k=1
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where {7} are i.i.d. standard Gaussian random variables, {\;} are eigenvalues of
the integral operator in L]0, 1] with the kernel f(s,t) (see [25]). Later this result
was extended to the general case d > 2 (see [23]). In the general case the limit
random variable can be represented as a polynomial transform of {73} in terms
of the Hermite—Chebyshev polynomials. Finally, using analogous representations of
multiple Wiener integrals noted in [27], and in [17], one can rewrite the limit random
variables as the corresponding multiple stochastic integral w.r.t. to a multiple White
noise (see, for example, Dynkin and Mandelbaum, 1983).

In the non-IID case an analog of (9) was obtained in [11], where {\;} are the
above-mentioned eigenvalues which are additionally assumed to be summable, and
{7} is a Gaussian sequence with the covariance function depending of these eigen-
values as well as of the covariance function of the initial stationary sequence {X;}
satisfying (p-mixing condition.

In the special case when the observations are defined by a nonrandom transform
of a Gaussian stationary sequence under another dependency restriction, limit be-
havior of canonical U-statistics were investigated in [8].

Proof of Theorem 2. We divide the proof into three steps (for detail see [5]). Let
{fr(z1,...,24)} be a sequence of step functions of the form

d
(10) fo(@1, . xa) == Z fj17~--,jd HI<I'Z eA.ji)
i=1

Jis--Ja<k
converging in (Sp, || ||o) to a function f(z1,...,2z4) as k — oo. Hence the functions
{fr} converge to f in the corresponding linear normed space (S, ||-||) in Theorem 1.
Then

S t e p I. For every fixed k, due to the multivariate central limit theorem for
finite-dimensional distributions of the empirical measure based on slowly dependent
observations (see, for example, [1]), as n — oo,

/ Fil@t, ... 2a)dSn (1) - - - dSy(zq) > Fular, ..., za)dY (z1) - dY (z4).
[0,1]¢ [0,1]¢
Actually, this weak convergence is valid under weaker dependency conditions than
those in Theorem 2.

Stepll As k — oo, by the above-mentioned construction of multiple stochastic
integrals (see Theorem 1 and the comment above) we have the following mean
square convergence:

| e mdY @) aV ) B fena)dY (@) dY (),
[0,1]4 [0,1]4

Steplll As k — oo, we should prove the following mean square convergence
uniformly on n:

/ Fular, ..., 2a)dSp (1) - - dSy (zq) 23 Flan, ..., 2q)dSn(z1) - - dSp(z4).
[0,1]4 [0,1]4

It is easy to see that the assertion of Theorem 2 follows from items I — III.
So, we should prove only item III. To establish the last convergence, for every
step function gi of the form (10), it suffices to prove the estimate

2
(11) SupE(/[ ]dgk(xl,...,xd)dSn(:r:l)---dSn(xd)> < Cllgll%,
n 0,1
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where the constant C' depends on d and ¥(d) only. Indeed, this estimate implies
the analogous upper bound for the step function fi — f; (see the corresponding
comment in the proof of Theorem 1), where f; and f; are arbitrary elements
of the above-mentioned sequence {f,,} converging to the kernel f in the norm
|| - |lo- Therefore, as | — oo, the corresponding Lo-limit of the integral sums
[ fi(z1,...,24)dSp(x1) - - - dSy (z4) exists and coincides with the Lebesgue integral
in (6) since this limit does not depend on a sequence of step functions approximating
to f. Thus, as k — oo,

SupE (/fk(xl,...,md)dSn(xl)---dSn(xd)

—/f(xl,...,md)dSn(a:l)~--dSn(:pd))2—>()

for every sequence of step functions {f} converging to the kernel f in (Sp,]|| - ||o)
if only relation (11) is valid.
To prove (11) we need the following auxiliary statements.

Lemma 1. (see [21]) Let & and 1 be random variables measurable w.r.t. the FF
and F23.,, (m > 1) respectively. If E|§| < oo and E|n| < oo then
(12) | E¢n — ESEn| < ¢(m)E|¢|Eln|.

Introduce the following notation: I(A) := I(X) € A) — P(4), A € A, where
the marginal P is the Lebesgue measure on [0, 1]. The following assertion is easy
proved by induction (for detail see [5]).

Lemma 2. For any natural numbers g and l1, ..., l,, and for any pairwise disjoint
measurable subsets Ay, ..., Ay the following moment inequality is valid:
(13) EIL (A1) I (Ag)| < (q + DP(41) -+ P(4,).

From Lemmas 1 and 2 we deduce the following upper bound.
Lemma 3. Let q1 < --- < qs be arbitrary natural numbers and qo = 0. Consider
s collections of sets {A1,... Ag, }, -, {Aq. 141, .- Ag. }, where the measurable sub-
sets A; inside of every collection are pairwise disjoint. Put

= ~ .
Vi, ‘= quiz o (qu'71+1) T ijz (qu)

Then, for any natural numbers ki < --- < kg and ly,...,lq,,... g, the following
estimate is valid:
<14) E’Vkl cc Vg, < C(w<1)7 S?QS)P(Al) T P(AQs)7

where the constant C(-) depends only on the arguments indicated.

Proof. By (13) we have E|vy,| < (¢; — gi—1 + 1)P(Ag,_,+1) - - P(4,,). Tt is clear
that the random variables {vy,} satisfy t-mixing condition. Hence, by (12) and
(13) we obtain

s—1
Elve, - ve, | < [+ ¢(kju1 — k) Elvg, | - - Elvg,
j=1

< 10+ 001~ ki) TT0 051 + DP(AY - P(A,)

C(¢(1)7 S, QS)P(AI) e P(AQS)

IN
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The Lemma is proved. O
The main assertion to prove (11) is as follows:

Lemma 4. Let ly,...,l; be natural numbers such that Iy +--- 41, = 2d, and let
Ay, ..., Ay be a collection of pairwise disjoint measurable sets. Under condition (8)
the following upper bound is valid:

(15) [ES; (A1) - S5 (Ag)| < OP(A1) -+ P(Ay).

where the constant C depends only on d and V(d).

Remark 7. The statement of Lemma 4 is also contained in Sen, 1972. However,
the corresponding constant in this paper contains the factor (1 4 (0))2. It is easy
to see that if the marginal distribution has a continuous component (for example,
if it is the Lebesgue measure on [0, 1]) or infinitely many atoms then 1 (0) = co. To
verify this property we may put in (4) A = B, where A is an event from the o-field
Fi. So, under the above-mentioned restrictions on the marginal P

$0)=  sup  (1/P(A) - 1) = .
AeF}!, P(A)>0

In the sequel we will denote by the symbols C' or C; various positive constants
depending only on d and ¥ (d).

Proof of Lemma 4. We first write the simple estimate
[ES; (A1) -+ S (Ay)]
< n~* Z |EIk1 (A1>"'Ikzl (Al)'"Ikzd—Lq-H(Aq)"'Ik2d(Aq)“

kl,...,deSTL

The initial sum on the right-hand side of this inequality can be estimated by a finite
sum of the following diagonal subsums

(16) Z ‘Eykl"'l/er

k1<---<kr<n

where vy, = TZ:(Z)(Al)---sz(z)(Aq), and the integers s;(i) are defined by the
corresponding diagonal subspace of subscripts in the initial multiple sum and satisfy
the conditions 0 < s;(i) <, for all i <r and j < ¢, and Ziy ngq s;(1) = 2d.
Let r < d. Estimating by (14) each summand in (16) and taking the normalized
factor n=?¢ and the number of summands in (16) into account we obtain the upper
bound we need.
Let now r > d. We call the random variable vy, short product if Zj<q si(1) =1,

ie, vy, = fki(Aqi) for some ¢; < ¢. Notice that if v, is a short product then
EV]% = 0.

We now consider the auxiliary multiple sum consisting of the random variables
vy, defined in (16) for the fixed diagonal subspace of subscripts:

(17) Z ‘Eykvl e I/kUQ |7

Koy < <Koy <n

where 1 < v; < v9 < r and the value v := v5 — v; + 1 is the dimension of the cor-
responding multiple sum. Introduce the following notation: e; (i) := min{1, s;(¢)}.
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We first prove the following assertion: If, in the summands in (17), there are at
least m shorts products, where 0 < m < v, then the following upper bound is valid:

(18) > Bvg,, - Uk,

S Cnv—m/Q H P(Aj)aj(vl’vz),

kyy <--<kyy<n J<q
vy
where oj(v1,v2) == Y e;(¢). Notice that the set function «;(a,b) is additive on
iZ”Ul

intervals [a,b]. We prove this assertion by induction on m for all v; and vy such
that v > m and v < r. Let m = 1, i. e., the expectations in (17) contain at least one
short product. Denote it by vy, , where k,,, < k; < k,,. First we note that, in terms
of the notation above, we can rewrite the statement of Lemma 3 for the absolute
moment of each random product in (17) in such a way:

E’Vkvl "‘Vk:v2| <C H P(Aj)aj(UhUZ).
J<q
Taking this estimate into account we evaluate by (12) every summand in (17) setting

§i=vp, Vg and ni=vg Vg,

> |Buk, vk,

kyy <-<kyy<n

< > Wl —k)Ek,, vk [Bluk,, vk,

kyy <o <kyy<n

+ Z ’Eykvl "'Vk:l’ Z E|Vk?z+1 "'V’%Q’

Fuy < <ki<n ki1 <o <k, <n
< [ P(ag) ™y (i)
J<q 121
+ C2nv2—l H P(Aj)aj(l+1,v2)
J<q
x> Yk — ki )Elvk, vk [Elvg|
ko, <--<ki<n
< (anv—l + C4nv2—lnl—v1) H P(Aj)aj(vl,vg)
J<q
< C5nv—l/2 H P<Aj)aj(v1,v2)
J<q
which required. In this chain of relations the second inequality is valid due to (12)

and the equality Evy, = 0 as well.
We now assume that the upper bounds

Z ‘Ekal ... Vkvz‘ < Cn’U—Z/Q H P(Aj)ocj(vl,vg)

kv1<‘“<kv2§n ]Sq

are true for all integers z < m, where z is the minimal possible number of short
products in the expectations under consideration, and for all possible dimensions
v: z < v < r of multiple sums of the form (17), and, moreover, the moments in
(17) contain at least m shorts products. Denote these products by Vky, s+ Vi, -
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Consider the following m —1 pairs of neighboring products: vg, vk, ,, s=1...m—
1. Denote by t1,...,t,_1 differences between the subscripts in these pairs. We have

> Evi,, k| S Bi+ -+ Ripo,

by, <--<kyy<n
where the subsum R is taken over the set of subscripts

Is = {(kyys. o kuy) t kyy <+ <ky, <n, ty =maxt;}.

We now estimate by (12) each summand in R setting & := Vk,, ** " Vi, and
n = Vkls+1 cee I/kv22
Ry < Y (ki1 —ki)Elvk,, vk, [Elvn, ., v,
Is
(19)
+ Z |EV}€U1 T ‘ Z E‘szs-u Tt Vkv2 .
kv1<"'<klsgn kls+1<'“<kv2gn

Consider the first sum on the right-hand side of (19):

> (ki1 — ki )Elvg,, vk,
I,

E|l/kls+1 T Vky,

< TP 3wt
I,

Ji<q

< C T PA)» =D 37 )

Ji<q tiiti<ts
< O TT P(a,)2svwe) pr-—m/2g (T) .

Notice that the last inequality is valid for m > 2. Consider now the product of the
sums on the right-hand side of (19). Let the summands of the first sum contain
my short products indicated above, and, in the summands of the second sum,
there are m — my short products indicated above. By the construction we have
1 < mp < m — 1. Hence, for these sums we can use the induction proposition.

Finally, we have
Z |Eykv1 e Vkls | Z |Eykl5+1 e I/ka |

kyy <<k ,<n kigp1<-<kyy<n
< Cnls—m1/2nv—ls—(m—m1)/2 H P<Aj)o¢j(v1,v2)
Ji<gq
_ Cnv—m/Q H P(Aj)aj(vl,vg)
J<q

which required. Thus, for Rs; we obtained the upper bound we need. It means that
the analogous estimate is valid for whole sum (17). The induction is over.

To prove the assertion of Lemma 4 we should note that, first, by the definition,
a;(1,7) > 1 for all j < ¢, and, second, in the case r > d, the summands in (16)
contain at least 2(r — d) short products. So, we should put in (18) vy := 1, vg :=r,
m = 2(r — d) and v := r. It means that, for the sum in (16), the following upper
bound is valid:

> Bk, o | < Cnt ] P(A;) ) < CntP(Ay) -+ P(A,).

k1< <k.<n i<gq
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The Lemma is proved. O

In conclusion we deduce from Lemma 4 the upper bound (11). For every step
function gy of the form (10) we have

n

2
supE (/[ . gk (21, .., 2q)dSp(z1) - - dSn(xd)>
0,1

= supE/ , 9k (1, 24) gk (Tas1, - - - X2q)dSn(x1) - - - dSp(T24)
[0,1]2

n

< sup Z |gi1,---,id||gid+17-~-,i2d|E|Sn(Ai1) e Sn(Aizd)|

11,--y02d

< CZ gk (z1, .. za)|lgk (Tay1, - - - w2a) | P(d;, ) - - - Pdx;,, ),
i>0 /D '

(20)

where DEQ) is a diagonal (or the main) subspace in [0,1]?¢ of dimension 7 which
is defined by the integers qi,...,q, by analogy with D; in [0,1]¢. Further, by the
Cauchy — Bunyakovskii inequality we estimate every multiple integral on the right-
hand side of (20):

[ oo zdllgn(ea. . a2l P, ) -+ Plda, )
D;

< (/D G2, x)P(dzi, ) P(dz;,)

J1
>< /
Dj,

< llglf5,

(21) 1/2
gz (331, ce $d>P(d1}i51) ce P(da:Z-Sm )>

where D;, and D, are the corresponding diagonal (or the main) subspaces in [0, 1]¢
of respective dimensions | and m, where [ +m > r, defined by the integers {v,}
and {s;}. Thus, the upper bound in (11) is proved. O
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Abstract: In this paper we give simple sufficient conditions for linear type
processes with short memory that imply the invariance principle. Various ex-
amples including projective criterion are considered as applications. In partic-
ular, we treat the weak invariance principle for partial sums of linear processes
with short memory. We prove that whenever the partial sums of innovations
satisfy the Lp—invariance principle, then so does the partial sums of its corre-
sponding linear process.

1. Motivation: linear processes

Encountered in various applications, the linear time series, moving averages, pro-
vide a reach class of examples that are widely studied. For a stationary sequence
of innovations (&;);cz and a sequence of constants (a;),ecz, the linear process is
defined by

o0

M) = 3 at

j==oc

Of course, one needs to add some conditions in order for the process to be well
defined. In the classical time series analysis (§;);cz is assumed i.i.d. with E(y) =0
and E(&§) < oo. Then, X}, is well defined when >7°° % < oo and the central
limit theorem (CLT) holds for S,,/stdev(S,) where S, = >°7_; X; [10]. This CLT
is not restricted to i.i.d sequences and the theorem was extended in [19, 21| to
martingales and other related structures. However, without additional assumptions
on the sequence of constants, the CLT for the general linear process cannot be ex-
tended to an invariance principle, not even for independent innovations, as pointed
out in [15, 23] and in [16]. A related example is given in Proposition 10 below.

To deal with the problem of the invariance principle, several authors imposed
certain regularity conditions on the sequence of constants together with restrictions
on the dependence structure of the innovations. Various invariance principles on this
line are given for example in [23, 24] and also in [15] among others.

In this paper we shall discuss the case when the coefficients a; are absolutely
summable,

2) 3 Jai] < oo
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This case is referred to as short memory, or sometimes as short range dependence.
For this situation [11] proved that the central limit theorem (CLT) is preserved

under the linear transformation, i.e. the CLT for partial sums of innovations S,(f) =
Z?Zl &j, properly normalized, implies the CLT for S,, under practically the same
normalization. This raises the question whether the invariance principle is also
preserved under the linear transformation with short memory, that is whenever it
holds for the innovations then it also holds for the corresponding linear process.

There are numerous papers dealing with this problem for particular time se-
ries with short range dependence and dependent innovations. All these results are
asserting that if the innovations have a certain dependence structure, (particular
classes of mixing, associated sequences, negative associated sequences, martingales,
martingale-like sequences and so on) and satisfy the invariance principle, so does
the short range dependent linear process.

To give an example of a result of this type, we mention the well known case when
the innovations form a stationary martingale difference sequence [4, 9]. Then, the
invariance principle holds,

k
(3) St = nAW(t) where A= Zai , Sk = ZXj,
v i€Z j=1
where 7 is a random variable measurable with respect to the invariant o—field of
the stationary sequence (&;)icz, denoted by Z, W = {W(t) ; 0 <t < 1} is a
standard Brownian motion independent of the invariant o—field Z, [x] denotes the
integer part of x and = denotes weak convergence in DJ0, 1], the space of cadlag
functions on [0, 1] endowed with the uniform topology.

In this paper we show that for the short range dependent case the dependence
structure is not important and, whenever the innovations satisfy the invariance
principle the corresponding short range dependent process is also convergent, pro-
vided a certain condition is imposed to E(maxi<j<n | Y 7_; &k|)- We also address
the question of the L,— invariance principle (p > 1) that is

S
(4) E( sup \M—UAW(t)]p)HOaanoo

and we show that if the innovations satisfy an L, — invariance principle so does the
linear process.

For dealing with this problem and other related facts, we develop first a general
device to compare the linear combination of processes to one of the initial processes.
Another general result will allow to prove the weak convergence for a linear com-
bination of processes by studying only a finite sum. The theory is not restricted to
real valued stochastic processes and it can be used for random fields and Hilbert
and Banach space valued processes. We then apply the general results to study
the asymptotic behavior of linear processes with short memory and to extend the
celebrated projective criterion of Hannan [9] to the nonstationary case. Various
examples will comment on the optimality of our results. We shall also point out
that, for a more general linear transformation with short memory, the invariance
principle for innovations does not imply in general, the invariance principle for the
linear process.

In this paper we shall use the following notations. The space B(T') of bounded
functions on T' C R? is equipped with the supremum norm ||z||7 = sup;cq |z(2)].

The notation || X|| = /E(X?) stays for the Lo—norm. As already specified in
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(3), the notation S,, = X7 + --- + X,, will be reserved for the partial sums of
the key sequence of interest (X;);. Throughout the paper, without changing the
distributions we shall redefine the innovations on a probability space rich enough
to support a standard Brownian motion.

2. The general device

A well-known powerful tool in the proofs of weak convergence results consists of

approximating the underlying sequence (W,,) by a double indexed sequence (W,,(Lm)),

such that for any m, the sequence qum) — W) and then, we deduce the existence
of the limit of the original sequence (W,,) by studying the limit of (W (™)) as
m — 0. (see for example, Theorem 3.2. in [1]).

In this section we shall establish two variants of this type of approximation,
aimed to study the linear combination of stochastic processes.

First, we present a coupling type approximation lemma. We consider a process
that can be expressed as a linear combination with short memory of stochastic
processes, and approximate it by an individual summand. The context is general
enough to be applied to processes indexed by countable sets allowing also the treat-
ment of random fields and, just a modification of language will lead us to higher
dimensional spaces and operators.

Lemma 1. Let ™ = ™(t), t € T, n = 1,2,... be a sequence of stochastic
processes that admits the following representation

(5) P = ZajUj(n) with Z la;| < oo,
JjeI Jjel

where I is a countable set, (a;)jer is a real valued sequence and U;”) = Uj(n) (t) ,
teT,jel,n=1,2,...1s a double sequence of stochastic processes, satisfying the
following conditions.

(6) supsup E(|U}"r) < o0

and, for each pairi,j € I,
(7) ||U,L-(n) - U;n)HT — 0 in probability as n — oo.

Fix e € I. Then, with the notation A =" ., a;, we have

jel
||¢(”) — AUe(")HT — 0 in probability as n — oo.

Moreover, if for a certain p > 1 we have sup,, sup; ]E(||U;n)|\’}) < oo and the
convergence in (7) is in L, then

E([|¢™ — AUS|IE) — 0 as n — oc.

Proof of Lemma 1. First we find a sequence (I,)m>0 of subsets of I such that
Iy =0, I = UI,,, the set I,,, contains exactly m elements and I,,, C I,,,41. Observe
that for any positive integer m and e € I,

§0) — AUL) = Y a0 )
jel

(¥ 4@ -um)+ (Y o -um).

JEI—Ip, JE€Im
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Hence, by the triangle inequality,

It — au e < (30 lagl (U™ + 10l )

. (n) _ g7(n) )
+(;|ajr)(m§g?;5|wj Ul
J

and so, for € > 0,

4 n
P AUl > 0 < 2( 3 lag]) supsup E(|U} 1)
n J

€

jel—1I,,
n n €
+P<m;!ag‘\§g?§HU} U™l > 7).
J

We let first n — oo, and notice that by condition (6) the second term vanishes.
Then, we let m — oo and the first term vanishes because

Z la;| — 0 as m — oo.
Jjel—1In

If the convergence in (7) is in L, and sup,, sup; E(||U ;n)H%) < oo then, obviously,
the convergence in the conclusion of the last part of this lemma holds also in L,. O

To comment on the conditions used in this lemma, we shall see later on that
condition (6) is in a particular context also a necessary condition. To verify condition

(7) one needs a certain linear structure of the process U ™) In our next lemma,
we avoid this condition. Moreover we show that for stochastic processes satisfying
condition (5) the asymptotic behavior is then identified by the limiting behavior of
roughly a sum of m sequences, where m is arbitrary fixed positive integer.
Lemma 2. Let v = ™(t) , t € T = [0,1]%, n = 1,2,... be a sequence of
stochastic processes satisfying conditions (5) and (6). Let I = U, 1L, for some
sequence of increasing subsets I,, of I and assume that for each m,

(8) Z ajU;n):>Zm as m — 0o
J€Im

in C[0,1]? (or in D[0,1]* endowed with the uniform norm) where Z,, is a continuous
stochastic process. Then, there exists a limiting stochastic process Z,, = Z as
m — oo in C[0,1]¢ and v = Z asn — oo in C[0,1]%.

Proof of Lemma 2. Let
l/)q(ﬁ) = Z CL]'UJ(”)

Notice that for h > m,
E(luf” — ol <2( 30 layl) (supsup BT} ) — 0
GEI—T, "o

as h > m — oo.
Whence, by the Fatou lemma, the sequence of stochastic processes (Z,,)men
satisfies the Cauchy criterion

E(|Zm — Znllz) =0 as m,h— ox.
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Therefore, (Z,,)men has a limiting process Z that has sample paths in C[0, 1]¢.
We also have

(0™ — ) <2( Y lagl)supsup E(JU™ 7)) — 0 as m — oo
n J

jel—1I,,
and thus, by Theorem 3.2. in Billingsley (1999), ¢)(") = Z as n — oo which proves

the lemma. O

3. Examples
An i.i.d. example.

We begin by showing that somewhat surprisingly, condition (6) is not just a tech-
nical condition and it is necessary in some situations.

Proposition 3. Let (U;n))jmeN be a double array of i.i.d. non-negative random

variables with finite mean, E(Uln)) < 00. The following conditions are equivalent:

(1) Ul(n) —T 0 as n — oo and sup,, E(Ul(n)) < 00.
(ii) For any non-negative sequence (a;)jen

o
if Zaj < oo then ZajU](n) -0 as n — .
JEN j=1

Proof. Implication (i) — (ii) follows from Lemma 1. Now, to prove implication

(ii) — (i), we notice that for the fixed n, (Uj(n))jeN is an i.i.d. sequence and, the

Kolmogorov three series theorem then implies that

for any non-negative sequence (a;)jeny  with E a; < 00
jEN

we have,

ZEQ(CL]‘U‘;H)) —0 asn — oo.
j=1

where g(z) = xl(;<1) + I(1>1). Since for any positive a

1/a
Bala) =a | P(e> b

then,
o0 >  rl/a;
Z]Eg(ajU;")) = Z/ P(Ul(n) > x)a;dx
j=1 j=170
— Z/ P(Ul(n) > x)I(wgl/aj)ajdx
j=1"0

_ / PU™ > 2)to(z)da
0



Invariance principle for stochastic processes with short memory 23

where

ta(z) = Zf(xg/aj)aj-
j=1

On the other hand, for any non-negative non-increasing function ¢(z) such that
t(z) | 0 we can find a; | 0 such that

t(z) <tg(z), for all = > x.

and so, for any non-negative non-increasing function ¢(z) such that ¢(z) | 0 we have
(9) / P(Uln) > x)t(x)de — 0 asn — o0
0

Now, we proceed by contradiction and, without loss of generality, assume that
(10) E(Ul(n)) — 00 as n — o0.

Then, we can find two increasing sequences ny " oo, My /" oo and a positive
sequence Q) — 0o as k — oo such that

My,
/ P(Ul(nk) > x)dr > Q.
My

Now, we take t(x) = 1/Qy on the half open interval z € (My_1, My] and t(z) =0
for x < xg. Then,

oo n 1 Mk n
/ P(Ul( B > x)t(z)dr > — P(Ul( K > r)drx >1/40as k — oo
0 Qk S,

and so (10) contradicts (9). O

Linear stationary processes

Let (&;)icz be a stationary sequence with E(|£y|) < oo and E(§p) = 0 and let Z be
its invariant ofield. Define

o

(11) Xk = Z a;&;—; and assume Z la;| < oco.

j=—00 1=—00

In addition to the notations defined in (3), we remind the notation
k
3
j=1

Our next proposition allows to compare the partial sums of the innovations to
the partial sums of the linear process with short memory.

Proposition 4. Assume the representation (11) is satisfied and in addition, there
is a constant C > 0 and a sequence of positive reals b, — oo such that for all n,

(12) E( max |S§f>y) < Cb,

1<j<n
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and
~1
(13) b, max. & =" 0 asn— oo .
Then
1 (&) P
(14) —(max |S; — AS>|) =" 0 asn—oo.

b, 1<j<n

If the innovations are assumed in Ly, p > 1, (12) is replaced by E(maxi<;<p \SJ@) )
< Cb? and the convergence in (13) holds in L, , then

1 (&)
pr(ll’éla<Xn|S —ASP) =0 asn—oo.

Proof. This proposition follows from Lemma 1 applied to the representation

o0 [nt]
1 1
b—S[m] = E azU( n) where U( ) b E fk i
n i=—o00 k=1

so that conditions (5) and (6) follow from (11) and (12), while the convergence in
(7) follows from (13). O

From this proposition, we derive

Theorem 5. Assume that representation (11) and condition (12) are satisfied.
15{(5)}
nt
nW(t) as n — oo where n is Z—-measurable and W is a standard Brownian mo-
tion [0, 1] independent on Z. Then the linear process also satisfies the invariance

principle, i.e. b;lS[nt] = nAW(t) asn — oo .

Moreover assume that the innovations satisfy the invariance principle b,

Proof. Notice that the convergence in probability in (13) follows from the invari-
ance principle b 15['5)] = nW(t) as n — oo , since the modulus of continuity is

convergent to 0. All the conditions in Proposition 4 are then satisfied which imply
the conclusion of the theorem. O

From Theorem 5 we easily derive the following useful consequence.

Corollary 6 (L,-invariance principle). Assume the representation (11) holds
and p > 1. Then,

If  E(sup |b, 18(5)] W(t)[P) =0 then E( sup |b,'Spy—nAW(@)[F) —0
0<t<1 0<t<1

as n — 0o.
Discussion

Applications

Theorem 5 and its Corollary 6 work for many dependent structures such as surveyed

in [3, 6, 17], Merlevede, Peligrad and Utev (2006). Various invariance principles can
be extended from the original sequence to the linear process with short memory.
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Here we mention some traditional and also recently developed dependence condi-
tions for innovations whose partial sums satisfy both a maximal inequality and the
invariance principle and therefore Theorem 5 applies.

Let us assume that (&;);ez is a stationary sequence with E(£3) < oo and E(&p) = 0
and let ]:g be a o—field generated by &; with indexes a < i < b. For all the structures
bellow the family (maxlgkgnsg /N)n>1 is uniformly integrable and the conclusion
of Corollary 6 holds with b, = \/n and with p = 2.

(i) Hannan [9], see also its extension to Hilbert space in [4]:

oo

Z | Po(&n)|| < oo and E(&p|F_o) =0 a.s.

n=1
where P (X) = E(X|F)) — E(X|Fk_1) is the projection operator.
(ii) Newman and Wright [18]: (&;);ecz is a negatively associated sequence or, posi-
tively associated sequence with

Z cov(&k, &n) < 00
k=1

(iii) Doukhan, Massart and Rio [7]:

o rak)
Q*(u)du < oco.
>

where @ denotes the cadlag inverse of the function ¢ — P(|| > t) and a(k) =
a(Fo, F') = sup{|P(ANB)—P(A)P(B)| ; A € Fo, B € F'} is the strongly mixing
coefficient.

(iv) Dedecker and Rio [5]:

E(X¢Sn|Fo) converges in L .

(v) Peligrad and Utev [20], by developing Maxwell and Woodroofe[12]:

E
Z” Slfon<OO

n3/2

(vi) Peligrad, Utev and Wu [22], which guarantees the L,-invariance principle: For
p =2

E(
Z B Fly _

32

Remarks

(a) If E(£3) < oo and b, > y/n, then condition (13) automatically holds.

(b) If the sequence of innovations is ergodic then there is a nonnegative constant
o such that n = o a.s.

(c) The set of indexes Z can be replaced by Z¢ where d is a positive integer
allowing for the treatment of random fields.

(d) A natural extension is to consider innovations with values in functional spaces
that also facilitate the study of estimation and forecasting problems for several
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classes of continuous time processes [2]. The linear processes are still defined
by the formula (1) with the difference that now, the innovations ()rez are
Hilbert space H-valued random elements and the sequence of constants is
replaced by the sequence of bounded linear operators {ay }rez from H to H.
In [13], was treated the problem of the central limit theorem for this case
under the summability condition

oo

> ajllzim < o,

j=—o00

where ||a;|| () denotes the usual operators. It was discovered that, if this
condition is not satisfied, then the central limit theorem fails even for the case
of independent innovations. The approach developed in this paper shows that
the central limit theorem results stated can be strengthened to the invariance
principle (some results in this direction for strongly mixing sequences are
established in [14]).

Projective criteria

In this section we apply the general devise in Lemma 2 to derive a non-stationary
projective criteria. Let X be an integrable random variable and {F;, j € Z} be a
non-decreasing filtration of o-fields, that is F; C F; for all j <. As before, define
the projection operator by

Py(X) =E(X|Fr) — E(X|Fr-1)-

The next proposition gives a linear representation of the process n~/ QS[nt] in
terms of a linear combination of processes involving the sequence of projections.

Proposition 7. Let (X;);cz be a square integrable centered sequence which is
adapted to the non-decreasing filtration (F;)icz. Let F_oo = ﬂieZ F; Assume that
forallk=1,2,...,

(15)

E(Xk|F-x) =0 a.s.

and for allk =1,2... and 7 =0,1,2,...

(16)

oo
| Pr—;(Xk)|| <p;j wherep; >0 and ij < 00 .
§=0

Then, the process n_l/QS[m] satisfies the representation (5) with

[nt]
a; =Dp; and U,gn) —n 12 ZPkfi(Xk)Pi_l
i—1

and so (n"1/28,y) satisfies the invariance principle when (8) holds.

Proof. From conditions (15) and (16) it follows the following martingale difference
decomposition

(17)

Xy =Y Pei(Xy)
i=0
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which proves (5).
On the other hand, to check condition (6) we apply the Doob Lo—maximal in-
equality

( max
1<5<n

2 (0] ) <43 IR (0P < 42 p0)?
k=1 k=1

which implies condition (6) and completes the proof of this proposition by Lemma 2.

O

If we impose more restrictive degrees of stationarity the conclusion can be
strengthen.

Proposition 8. Let (X;);cz be a centered, uniformly square integrable sequence
of random wvariables, adapted to the non-decreasing filtration (F;)icz. Assume that
conditions (15) and (16) are satisfied and in addition for each t € [0,1], and all
m=0,1,2,...

[nt]
1
(18) - > (Pi(Sjem—1— 8j-1))* =" nmB(t) as n — oo

j=1

where B(t) is a non-random non-decreasing function. Then, there is a random
variable n such that n=Y/2S,y = nB(t)W(t) where W is a standard Brownian
motion independent of 1.

Proof. We employ the martingale decomposition and then, we use a standard result
for martingales. By Proposition 7, we know that the limiting behavior of n =1/ QSW}
is determined by the limiting behavior of the partial sum process

[nt]
n=1/2 ZYk where Yi = Xp — E(Xp|Fr—m),
k=1

where m is a fixed arbitrary positive integer. Notice that E(Y;|F;_,,) = 0 almost
surely and so the following variables are properly defined

k+m—1

Qk_Z]EY]]-“k Z E(Y;|Fr) = Vi + Q1 a.s.
=k

In particular, it is easy to see that

E(0r|Fr—1) = —Yio1 + Z (Y} Feo1) = —Yio1 + 01

j=k—1

and we derive the following coboundary decomposition

57(11’) — ZYi =M, + (Qo— Q,) where M, = Z(Qk — E(Ok|Fr-1)).

i=1 k=1
By construction and the conditions of the proposition,

n~/? max |Qo — Qg —P0asn—

te[0,1]
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and so, the limiting behavior of the partial sum process n~%/ 25[%]) is determined

by the limiting behavior of the normalized discrete time martingale n~'/ QMW],
t € [0, 1] with uniformly square integrable martingale differences

0r —E(0k| Fr—1) = Pe(Sk+m—1 — Sk—1) -

Then the proposition follows easily by standard results for the functional central
limit theorem for martingales (see [8], or [1]). O

We now define a stationary filtration as in [12], that is we assume that X; = g(Y;
j <) where (Y;);ecz is an underlying stationary sequence. Denote by 7 its invariant
sigma field and by (G;);cz an increasing filtration of sigma fields G; = o (Y}, 5 < 1).
For the case when for every i, § = Y;, and g(Y;,j < i) =Y, then G; is simply
the sigma algebra generated by &;, j < i. From the above Proposition 8, by using
the stationary ergodic theorem we easily derive the stationary projective criterion
contained in the next theorem.

We shall derive a class of invariance principles for linear type statistics. The
central limit theorem was treated in [19, 21].

Theorem 9. Let (X;);cz be a stationary sequence with E(Xo) = 0 and E(X?) < oo
and stationary filtration ( G;)icz. Let G_oo = (\;ez Gi- Assume that
E(Xo|G-x) =0 a.s. and Z | Po(X5)|]2 < oo .
i>1

Then, there exists an Z-measurable positive random wvariable n such that for any
Lipschitz function g,

[nt]
n~1/?2 Zg(z/n)XZ = nBy(t)W(t) as n — oo

=1

where W is a standard Brownian motion independent of n and By(t) = \/fot 9%(x)dx.

Proof. Since g(x) is Lipschitz, therefore bounded, by Proposition 8, we have only
to check condition (18) that reduces to establishing the convergence

[nt]

(19) o G PS4me — 85 = i [ o)

j=1

as n — 0o. Let

G(j/n)=g°(i/n), ¥;j = Pj(Sjym—1 — Sj-1).
Notice that by the Birkhoff-Khintchine ergodic theorem there exists the limit

1 n
- E Vi — Ny a.S., as n— 00.
=1

On the other hand, because the function G(z) = g?(z) is bounded and continuous,

therefore Riemann integrable, we derive

[nt]

1 t
- E G(j/n) — / g(x)*dx as n — oo,
j=1 0
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and, in order to prove (19) it is enough to show that

[nt]

1
2 . ' j — Im .S., .
(20) n;G(j/n)(z/)] Nm) — 0 a.s., asn — oo
Let |
J
i=1

and notice that

(21) sup(|U;|/j) < oo and sup(|U;]/j) — 0as N — oo

J j>N

almost surely.
We easily get the representation

[nt]—1

[nt]
ZG(J'/%)(%‘ Mm) = G([nt]/n)Upng + Z G(i/n) = G5 +1)/n)U;

Clearly for any fixed ¢, G([nt]/n)Upny /n — 0 almost surely. On the other hand, since
g is Lipschitz, so is G = g?. Therefore there is a constant K such that |G(j/n) —
G([j — 1]/n)| < K/n and thus

[nt]—1
1 . . .
~ > (GG/m) =G +1/m)Uj| <~ Z]|G (4/n) = G([ + 11/n)||U; /4]
j=1
WVl o 0o
1 . Ky 1 . Kj
< —sup|U;/Jj| — | + = sup |U;/4 —
noy ; n sy ; "

—0Qasn— o0

almost surely, which proves (20) and thus completes the proof of the theorem. [

We notice that for stationary sequences, when the filtration is not stationary
the result is not true if we only assume the summability of projective norms. We
can have the decomposition in (5) but condition (6) will not be satisfied and the
invariance principle will fail.

Proposition 10. There exists a stationary Gaussian positively associated linear

process
o0
Xp =) tVeo
i=0

where t; > 0 and Y; is an i.i.d. sequence of standard normal Gaussian variables and
a non-decreasing filtration Fy such that

(i) Xy is adapted to Fy.
(i) B(Xg|F-o) =0 a.s. for all k.
(i)
supz 1P (X%)| < oc.
20 jez
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(iv) o2 = Var(S,) is not reqularly varying with indez 1, more exactly, there exists
a positive ¢ and a subsequence k, — oo such that Var(Sy, ) > ck2/In*(k,) .

(v) a;lS[nt] does not satisfy the invariance principle, i.e does not converge to the
standard Brownian motion.

Proof. Let (Yi)rez be an ii.d. sequence of standard normal variables. Let G; =
0(Y;,j <), Goo = 0(Yj,j € Z). For a positive integer r, let
ny,=4" and wu, = (npy1 —n.) "2t =1/(3r%27).
We take
tj=u, when n, <j<n,.g,r=12,...

We also take ¢t; = 0 when ¢ < nq. Next, as a filtration we take
Fi=6G_pn, when —nyp1<i<—n,r=12 ...

and in addition
F; =Gs when > -—ng.

We notice first that X}, is Fr—measurable and so the sequence (X )rez is adapted
to the filtration (Fy)gez, which proves (i).
Clearly,

Fooo=[)Fi=[)G-n =G-o:

1EL reN

therefore,
E(X]CL;E,OO) = E(Xk|g,oo) =0 a.s.

which proves (ii).
Now, let us compute the projection operator. For ¢ > —nq, we have for all X},
since they are G,,—measurable,
implying that, for ¢ > —ng,
Pz(Xk) = E(XM:EJ) - E(Xk|fl_1) =0 a.s.
Now, for ¢ such that —n,1 <i—1<i < —n,,

Pi(X3) = E(X4|F) — E(X4|Fio1)
= E(X1|Gon.) — E(Xk|Gon) =0 a.s.

Finally, for ¢ such that —n, 1 =1 —1<1i < —n,,

Pi(Xi) = B(Xg|Fi) — B(Xg|Fic1) = E(Xk|Gn,) — E(Xk|Gn, )

= E( Z ?ijk—j|g—n,.) — E( Z thk—j|g—nr+1>
j=0 Jj=0

=( X i) - (X wvi)
j=k+n, j:k+nr+1

k+n,41

= Z thk:—j a.s.

j=k+n,.+1
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and hence, for such an 1,

k4+n,q1

2 _ 2
IBXIE= Y. 8

j=k+n,.+1
By construction, the sequence t; is non-increasing and so

Npr41

1P(X3)I5 < Z t = (N1 —np)up =77
j=n+1

which implies that
sup [P (Xp)llz < Y
k>0 7 r=1

proving (iii).
To compute the variance, we observe that

Var(S,,) Z (Ztk z)

i=—o0 k=1
So, for n = nyq1 , —[nyy1/3] <i <0 and [ny41/2] <k <npyq1, we have n, < k —1
and therefore

Nyr41 2

0
Var(snr+1> > Z ( Z tk_i)
1=— +1/3] k:[nr+1/2]
UZeE 2

> )

r+1/3]  k=[nr41/2]

Z

ﬁMO

4r+1 )24r+1 42(r+1) 7’1,2

r+1
3rd2r

2 (wrmrsr) e /12 = ( 12 978 978

and so
Var(Su,.,) = 02, /(91ogy (mr41))

which proves (iv). We conclude that the variance is not regularly varying with index
1. Tt is well known however that the weak convergence of o, ' Sp,,, to W (t), standard
Brownian motion, implies that variance is regularly varying with index 1 and then
the invariance principle cannot hold. O
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Abstract: Let (Sp,S1,...) be a supermartingale relative to a nondecreasing
sequence of o-algebras H<o, H<1,..., with So < 0 almost surely (a.s.) and
differences X; := S; — S;_1. Suppose that X; < d and Var(X;|H<;_1) < 01.2
a.s. for every i = 1,2,..., where d > 0 and o; > 0 are non-random constants.
Let T, :== Z1 + --- 4+ Zyn, where Z1,...,Z, are i.i.d. r.v.’s each taking on
only two values, one of which is d, and satisfying the conditions EZ; = 0 and
VarZ; = o2 := %(O’% + -4 J%). Then, based on a comparison inequality
between generalized moments of S, and 7T}, for a rich class of generalized
moment functions, the tail comparison inequality

P(Sn >y) <cP ST, >y+ %) WvyeR

is obtained, where ¢ := €2/2 = 3.694..., h := d + 02/d, and the function
y +— PUMC(T, > 4) is the least log-concave majorant of the linear interpolation
of the tail function y — P(T, > y) over the lattice of all points of the form
nd+kh (k € Z). An explicit formula for PH™C(T;, > ¢ + %) is given. Another,
similar bound is given under somewhat different conditions. It is shown that
these bounds improve significantly upon known bounds.

1. Introduction

To begin with, consider normalized Khinchin-Rademacher sums €1a1 + - - - + e an,
where the ¢;’s are i.i.d. Rademacher random variables (r.v.’s), with P(g; = 1) = 1,
and the a;’s are real numbers such that a?+- - -+a2 = 1. Whittle [27] (cf. Haagerup
[10]) established the sharp form

(1.1) Ef(erar+ - +enan) SEf(m(ert+ +en)) SES(Z)
of Khinchin’s inequality [16] for the power moment functions f(z) = |z|P with

p > 3, where Z ~ N(0,1). An exponential version of inequality (1.1), with the
moment functions f(z) = e for A € R, follows from a result of Hoeffding [12]. An
immediate corollary of that is the exponential inequality

(1.2) P (e1a1+ - +ena, > ) < e~ /2y > 0.

(In fact, Hoeffding [12] obtains more general results; cf. Remark 2.2 below.) This

—xz?/2

upper bound, e , invites a comparison with an “ideal” upper bound, of the
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34 1. Pinelis

form ¢P(Z > x) for some absolute constant ¢ > 0, which one might expect to have

in view of (1.1). Since P(Z > x) ~ 3[:\/1ﬂe_“72/2 as r — 00, this comparison suggests

that a factor of order 1 (for large x) is “lost” in (1.2). It turns out that the cause
of this loss is that the class of the exponential moment functions is too small. For
a > 0, consider the following class of functions f: R — R:

o0

fJ(ra) = {f flu) = / (u —t)§ p(dt) for some Borel measure x> 0 on R

— o0

and all u € R},

where 2 := max(0,z) and x§ := (z4)*. Define F) as the class of all functions
of the form u — f(—u), where f € .7:4(;)‘). Let () :={f +g: f € fia),g € fﬁa)}.

Proposition 1.1. For every natural o, one has f € }"J(ra) iff f has finite deriva-
tives fO = f, fO .= f . f@ D on R such that f@ 1) is convex on R and
f@(—c0+) =0 for j=0,1,...,a—1.

The proof of this and other statements (whenever a proof is necessary) is deferred
to Section 3.

It follows that, for every t € R, every 8 > «, and every A > 0, the functions
u— (u— t)i and u — e*(*~*) belong to Fia), while the functions u — |u — t|# and

u +— cosh A(u — t) belong to F(®).

Remark 1.2. Eaton [5] (cf. [7, 21]) obtained inequality (1.1) for a class of mo-
ment functions, which essentially coincides with the class F(), as seen from [21,
Proposition A.1]. Since the class F®) is much richer than the class of exponential
moment functions, Eaton [6] conjectured (based on asymptotics and numerics) that
his inequality (1.1) for f € F©®) implies the inequality P (e1a1 + - - - + epa, > ) <
% ﬁe“‘zm for all z > \/§, so that the “lost” factor % would be restored. A
stronger form of this conjecture was proved by Pinelis [21]:

23
(1.3) P(erar + - +epan > ) < %P(sz) Vz € R;

a multivariate analogue of (1.3) was also obtained there.

Later it was realized (Pinelis [22]) that it is possible to extract (1.3) from (1.1)
for all f € F4) because the tail function of the normal distribution is log-concave.

The following is a special case of Theorem 4 of Pinelis [23]; see also Theorem 3.11
of Pinelis [22].

Theorem 1.3. Suppose that o > 0, & and n are real-valued r.v.’s, and the tail
function u— P(n > u) is log-concave on R. Then the comparison inequality

(1.4) Ef(€) <Ef(n) VfeF
implies

(1.5) P(¢>2)<caP(n>1) VzeR,
where

co =T (a+1)(e/a)”.

Moreover, the constant factor c,, is the best possible one in (1.5).
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A similar result for the special case when o = 1 is due to Kemperman and is
contained in the book by Shorack and Wellner [26, pages 797-799].

Remark 1.4. As follows from [22, Remark 3.13], a useful point is that the require-
ment of the log-concavity of the tail function ¢(u) := P(n > u) in Theorem 1.3
can be relaxed by replacing ¢ with any (e.g., the least) log-concave majorant of q.
However, then the optimality of the constant factor ¢, is not guaranteed.

Note that c3 = 2€3/9, which is the constant factor in (1.3). Bobkov, Gétze,
and Houdre [4] discovered a simpler proof of a variant of (1.3) with a constant
factor 12.0099 ... in place of 2e3/9 = 4.4634 . ... The value of the constant factor is
obviously important in statistical applications. The upper bound in (1.3) improves
Chernoff-Hoeffding’s bound e=*/2 in (1.2) for all # > 1.3124. . .. On the other hand,
the bound in [4] does so only for all z > 4.5903 ..., when P(Z > z) < 2.22 x 107,
The proof in [4] was direct (rather than based on a moment comparison inequality of
the form (1.4)). Of course, this does not imply that the direct methods are inferior.
In fact, this author has certain ideas to combine the direct and indirect methods
to further improve the constant factors.

A stronger, “discrete” version of (1.3) was obtained in [23, Theorem 5], as follows.
Let 11, ...,n, be independent zero-mean r.v.’s such that |n;| < 1 almost surely (a.s.)
for all i, and let by, ...,b, be any real numbers such that b3 + - - + b2 = n. Then

(1.6) Pbym + -+ by >2) <csPler+ -+ +e, > x)

for all values x that are taken on by the r.v. g1 + - - - + ¢, with nonzero probability.
Clearly, (1.3) follows from (1.6) by the central limit theorem.

In this paper, we provide new upper bounds on generalized moments and tails
of real-valued (super)martingales. It is well known that such bounds can be used,
in particular, to obtain concentration-type results; see e.g. [17, 18, 22].

2. Upper bounds on generalized moments and tails of
(super)martingales

Theorem 2.1. Let (Sy, S1,...) be a supermartingale relative to a nondecreasing
sequence of o-algebras H<o, H<1, ..., with So < 0 a.s. and differences X; := S; —
Si—1, 1 = 1,2,.... Suppose that for every i = 1,2,... there exist non-random
constants d; > 0 and o; > 0 such that

(2.2) Var(X;|H<; 1) < 07

a.s. Then, for alln=1,2,...,

(2.3) Ef(S,) <Ef(T,) VfeF?, where
(2.4) TTL = Zl—'—..._'_Zn
and Zy, ..., 7, are independent r.v.’s such that each Z; takes on only two values,

one of which is d;, and satisfies the conditions

EZ; =0 and VarZ; = af; that is,
2

. . 2
P(Zi:di):d;j: S and P( i:-”-@): :
i 7O
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Let us explain in general terms how such a result as Theorem 2.1 can be proved.
First, it is not difficult to reduce Theorem 2.1 to the case when (Sp,S1,...) is a
martingale with Sy = 0 a.s. Then it is not difficult to reduce the situation to the case
of one random summand X, so that the problem becomes to find — for any given
teR,d>0,and o > 0— the maximum of Ef;(X) subject to the restrictions X < d
a.s., EX =0, and EX? < 02, where f;(z) := (z—t)2. Then, using arguments going
back to Chebyshev and Hoeffding [11, 13-15], one sees that here an extremal r.v. X
takes on at most three distinct values with nonzero probability. In fact, because of a
special relation between the objective-function f;(z) = (x —t)% and the restriction-
functions 1, z, and 22, one can see that an extremal r.v. X takes on only two distinct
values with nonzero probability; this makes the distribution of an extremal r.v. X
uniquely determined by d and o; in particular, the extremal distribution does not
depend on the value of the parameter t of the objective-function f;. Thus the result
follows.

An alternative approach is based on duality [22, Eq. (4)], and such an approach
is actually used in the proof of Theorem 2.1 given in Section 3 below. According
to the latter approach, one should search for a tight upper bound on the objective-
function f;(x) over all < d; this upper bound must be of the form Ax? + Bz + C
(which is a linear combination of the restriction-functions 1, z, and z?), so that
fi(z) < Ax? + Bx + C for all 2 < d. It is not difficult to see that, for such a tight
upper bound, the equality f;(x) = Az?+ Bz +C is attained for at most two distinct
values of z € (—oo,d|. This again implies that an extremal r.v. X takes on only
two distinct values with nonzero probability, whence the result. (See the mentioned
proof for details.)

Remark 2.2. In the case when (S;) is a martingale, Theorem 2.1 is a result of
Bentkus [1, 3], who used essentially the “duality” approach. Moreover, using Schur
convexity arguments similar to those in Eaton [5], he also showed that, in the
case d; = d, for every f € ff) the right-hand side Ef(7},) of inequality (2.3) is
maximized — under the condition o7 + - - - + 02 = no? = const — when the Z;’s are
identically distributed; this fact was earlier established by Hoeffding [12, (2.10)] for
f(x) = e with A > 0. Finally, for such i.i.d. Z;’s with d; = d and o; = o, Bentkus
used the method given in [22] (cf. Theorem 1.3 and Remark 1.4 above) to extract
the upper bound of the form

(2.5) P(Sn > y) <P'(T,, >y) VyeR,

where the function y — PY(T}, > y) is the least log-concave majorant of the tail
function y — P(T,, > y) on R. Note that c; = €?/2 = 3.694... .

Note also that the distribution of r.v. T, in (2.5) is a shifted and re-scaled
binomial distribution, concentrated on the lattice, say L., 4.n, of all points of the
form nd + kh (k € Z), where

h:=d+o?/d.

Here and henceforth, we assume that d; = d, unless indicated otherwise.
Since the tail function of the binomial distribution is log-concave on Z (see e.g.
[23, Remark 13]), one has PY(T}, > y) = P(T}, > y) for all y in the lattice L, 4.

Inequality (2.5) can be significantly improved. Let the function y +— PY"(T}, > y)
denote the linear interpolation of the function y — P(7}, > y) over the lattice Ly, 4,5,
so that

PYY (T, > y) = (1 — v)P(T, > nd + kh) + yP(T, > nd + (k + 1)h)
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if v:= (y — nd — kh)/h € [0, 1] for some k € Z. Let then the function
y — PHMYC(T, > ¢) denote the least log-concave majorant of the function
y — PY"(T,, > y) on R.

Theorem 2.3. S’uppose that the conditions of Theorem 2.1 hold with d; = d. As
before, let 02 := (0} + -+ 02) and h :=d + 0%/d. Then

(2.6) P(S, >vy) < CQPLi"’LC(Tn >y+ %) Yy € R.

Because the tail function y — P(T,, > y) decreases very rapidly, the shift % in
PLnlC(T, > y + %) generally provides quite a substantial improvement. As will
be shown later in this paper (Proposition 2.7), in almost all practically important
cases the bound (2.6) is better, or even much better, than (2.5).

In Subsection 2.1 (Proposition 2.10), we will also provide an explicit expression
for PHMLC(T,, >y + 1.

That (Sp,S1,...) in Theorems 2.1 and 2.3 is allowed to be a supermartingale
(rather than only a martingale) makes it convenient to use the simple but powerful
truncation tool. (Such a tool was used, for example, in [20] to prove limit theorems
for large deviation probabilities in Banach spaces based only on precise enough
probability inequalities and without using Cramér’s transform, the standard device
in the theory of large deviations.) Thus, for instance, one immediately has the
following corollary of Theorem 2.3.

Corollary 2.4. Suppose that all conditions of Theorem 2.1 hold except possibly for
condition (2.1). Then for ally € R and d > 0

(2.7) P(Snzy)<P(1xga<x Xi >d) + o PHMYY(T, >y + 1)
(2.8) < > P(Xi > d) e PHMYT, >y 4+ 1.
1<i<n

These bounds are much more precise than the exponential bounds in [8, 9, 19].

Remark 2.5. By the Doob inequality, inequality (2.6) holds for the maximum,
M,, := maxo<k<n Sk, in place of S,,. This follows because (i) all functions of class

.7-"4(3) are convex and (ii) in view of Lemma 3.1 on page 41, one may assume without
loss of generality that (S;) is a martingale. Similarly, inequalities (2.7) and (2.8)
hold for M,, in place of S,,.

In a similar manner, under conditions (2.1)—(2.2) and with

(2.9) b:= /b3 +---+b2, where b;:=max(d;,o0;),

Bentkus [2, 3] obtained the following extensions of inequalities (1.6) and (1.3),
respectively:

. > ) < ¢aP€ A>M
(2.10) P(Sn >y) < c3P (;51_ A ) Vy € R and

P(S, >y) <c3P(Z >y/b) VyeR.
The upper bound in (2.10) can be improved in a similar manner, as follows.

Proposition 2.6. Under conditions (2.1), (2.2), and (2.9),

(2.11) P(S, >y) < s PL'”LC(ZQZl—F \/_> vy € R.

1=1
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In (2.10) and (2.11), the d;’s are allowed to differ from one another.

Note that the expression P“”’LC(Z?:l g, > 1+ %ﬁ) = P'-”“'-C(Z?:l \/Lﬁsi >

Y+ \/iﬁ) is a special case of the expression PLi”’LC(Tn > y—l—%), with % =d=o0= \/Lﬁ.

From the “right-tail” bounds stated above, “left-tail” and “two-tail” ones im-
mediately follow. For instance, if condition X; < d; in Theorem 2.1 is replaced
by |Xi| < d;, then inequality (2.3) holds with F® in place of ') provided that
(So, S1, - .. ) is a martingale with Sp = 0 a.s.

In order to present an explicit formula for the upper bound in (2.6) and compare
it with the upper bound in (2.5), it is convenient to rescale the r.v. T,,, taking on
values in the lattice L,, 45 of all points of the form nd + kh (k € Z), so that the
rescaled r.v., say

9 2
_ =7 = -
(2.12) B, := aTn +np, where p:= 1o and ¢:=1-p= &2+ o2’

is binomial with parameters n and p. Then for all y € R, with

(2.13) x = %y + np,
one has
P(T, > y) = P(Bn > x) = Qn<x)a
P(T, > y) = P(B, > o) =: Qi (),
PL (T, > ) = PL (B, > o) = QL"(x),
PLin’LC<Tn > y) —_ PLin’LC(Bn > .17) = QrLLin,LC(x), so that
214) P, >yt B = QIS+ )

Here the function z — PY™C(B,, > z) is defined as the least log-concave majorant
on R of the function x — PL" (B, > x), which is in turn defined as the linear
interpolation of the tail function z — P(B, > x) over the lattice Z. Similarly,
the function z — P (B, > ) is defined as the least log-concave majorant of the
function x — P(B,, > x) on R.

Note also that B,, € [0,n] a.s.

Now one is ready to state the following comparison between the upper bounds
in (2.5) and (2.6).

Proposition 2.7. Here relation (2.13) between y and x is assumed.
(i) Equation

1—u 1 (14+wu)lnu
—Inwu 2 1-u

(2.15) In =0

inu € (0,1) has exactly one solution, u = u, := 0.00505778 ... .
(ii) The upper bound in (2.6) is no greater than that in (2.5) for all x < j.., where

_ q

(2.16) Jax 1= {TL*SJ and
+Uf**5

(2.17) e = fu = 0.00508349 ... .;

SINCE Uy 1S SMall, Jiy 18 Tather close to n unless % 18 large.
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(iii) Moreover, the upper bound in (2.6) is no greater than that in (2.5) for all
x < n provided that

1
—P196.714. .. .
Uiw ¢

(2.18) n<?
q

In particular, (2.6) works better than (2.5) for allx < n ifn < 196 and p > %

Since > | &; is a special case of T, (with d = o = 1), one immediately obtains
the following corollary to Proposition 2.7.

Corollary 2.8. The upper bound in (2.11) is no greater than that in (2.10) for all

T < Jux, where x := %ﬁ + 5 and Ju = Lﬁj Moreover, the upper bound in

(2.11) is no greater than that in (2.10) for all x < n provided that n < 196.

Of course, the restriction = < j,, (even though very weak) is only sufficient, but
not necessary for the upper bound in (2.6) to be no greater than that in (2.5).

Moreover, (2.6) may work very well even when p is small. For example, in Figure 1
one can see the graph of the ratio

' QLiniic (x + %) co PHMAC(T), > o 4 %)
TR T et T, 2 )

of the “new” upper bound — that in (2.6), to the “old” one — that in (2.5), for n = 30
and p = 1—80. In the same figure, one can also see the graph of the new upper bound
¢(z) := min (1, Co th”’LC (x + %)), which is a very rapidly decreasing tail function.
Proposition 2.7(ii) guaranteed that, for these n and p, the new upper bound will
be an improvement of the old one (that is, one will have r(x) < 1) at least for all
x € (—00, Jux| = (—00, 25], which is rather close to what one can see in the picture.
Note that, by Theorem 2.3, for > 25 one has P(S,, > y) < CQQ';:”’LC (25 + %) ~
3.44 x 10733, Thus, the new upper bound is not an improvement only if the tail
probability P(S,, > ¥) is less than 3.45 x 10733, On the other hand, for instance,
r(4) ~ 0.58; that is, the new upper bound is approximately a 42% improvement of
the old one for x = 4; at that, the new upper bound is ~ 0.026 = 2.6%, a value
quite in a common range in statistical practice.

r(x), q(x)

5 ! ! ! ! — X
5 10 15 20 25 30

Fic 1. r(z), solid; q(x) = min (1, co Qi}in’l‘c (a} + %)), long dashes.
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The upper bound in (2.6), ¢y PHYC(T;, >y + %) = ¢y QEMLC (a: + %), is rather
simple to compute, as described in Proposition 2.10, given in a separate subsec-
tion, Subsection 2.1. An underlying reason for this simplicity is that the “discrete”
tail function, Z > j — @Q,(j), of the binomial distribution is log-concave [23, Re-
mark 13]; therefore, it turns out (by Propositions 2.10 and 2.9) that the value
QLinLC (m + %) can be computed locally: for a certain function Q@ which depends
only on its 7 arguments, one has QL™ (:B + %) = O(x, 1, Ju, Qk—15 Q» Qhit-15 Q12
for all z € R and p € (0,1), where j, := [(n+ 1)p] + 1, k := [z], and ¢; := Qn(j)
for all j € Z.

2.1. How to compute the expression Q';Li""'c (a: + %) in (2.14)

First here, we need to introduce some notation.
For each j = 1,...,n such that j > (n+ 1)p, let

1 4G4
(2.19) =j—5+ 9y P
bj »;
qj qj
o1 q; pj—1 P 1 1
2.20 yj=j— -+ —F+ 2T =g, —q; [ — — ,
(2.20) J 2 pja lnf”;)—j1 ’ pj  Pj-1
where, for all j € Z,
(2.21)
. . . n\ i i
qj = Qn(j) =P(Bn 2 j) and p;:=q; —qjr1 =P(Bn =j) = (j)qu ’;
note that, for each j =0,...,n,
(2.22) pj—1>pj <= j>(n+1l)p < j>j.:=[(n+1)p] +1,

so that, for all j € ZN[j,n|, one has In p; + > 0, and so, z; and y; are well defined,
J
and x; > y;; note that j, > 1. Let also

(2.23) Tji=7]+ % and y;:=j — % for integer j > n + 1.
Proposition 2.9. For all integer 3 > j., one has
j-2<j-1<y; <j—3<z;<yjp1 <j+3
moreover, if j < n, then y; < j — % and v < Yji1.
By Proposition 2.9, for all integer j > j., the intervals
85 = (y5,2;)
are non-empty, with the endpoints
v €G—1Lj—31C(—%J—3 and @€ —35.5+3];

moreover, the intervals ¢; are strictly increasing in j > j.: §; < 6,41 for all j > j,,
where we use the following convention for any two subsets A and B of R:

A<B & (w<y Vae AVye B).

For all integer j > j, and all x € §;, introduce the interpolation expression

(2.24) QI (z:) = QLM (y; + 1) T QLM (25 + 4)°, where 5= —
Tj = Yj



Binomial upper bounds 41
Proposition 2.10. For all real x,

Qute®(z;j)  if 3 €LZN[js,n] x €4y,

Lin,LC 1y =
(2.25) Q""" (z+3) =Q(x) = {Qlﬁin (x+3) otherwise.

A few comments are in order here:

e the function @ in (2.25) is well defined, because the §;’s are pairwise disjoint;
o QLimlC (x—i— %) is easy to compute by (2.25) because, in view of Proposi-
tion 2.9, the condition = € §; for j € ZN[j,, n| implies that j equals either |z |

r |z] + 1. In particular, Q5™ (z + 2) = Q4" (z + §) =0 forall z > n+ 1.

3. Proofs

Proof of Proposition 1.1. The “only if” part follows because f € F(@ for a natural
o implies that the (right) derivative f/(u) = a [T )57 p(dt). Vice versa, if
f satisfies the conditions listed after “1ﬁ” in the statement of Proposition 1.1, then
one can use the Fubini theorem repeatedly to see that for all real u

/ f(t)dt = / dt/ 1" (s) ds-/ (u—3s)f"(s)ds =..

:/_oo <a—)1>' f(a)”ds‘/_m(ua) Af(s) = /mw—s)iu(ds),

— 00

where f(®) is the (nondecreasing) right derivative of the convex function f(*~1) and
p(ds) == df@(s)/al. O

Theorem 2.1 can be rather easily reduced to the case when (S, ) is a martingale.
This is implied by the following lemma.

Lemma 3.1. Let (S;) be a supermartingale as in Theorem 2.1, so that conditions
(2.1) and (2.2) are satisfied. Fori=1,2,..., let

Ei_1X;

3.1 Xz = (1— i — Xz i— di; h -1 =
(3.1) (1= 7i—1)Xs + 71 where i1 = g—w

E; and Var; denote, respectively, the conditional expectation and variance given
Xi,...,X;. Then X; is H<;-measurable,

Xz' S Xz S di, Ei—lXi = 0, and Vari_lXi S Vari_lXi S 01‘2 a.s.

Proof. The conditions d; > 0 and E;_1X; < 0 imply that that v;_; € [0,1). Now
(3.1) and the inequality X; < d; yield X; < X; < d;. Moreover, (3.1) yields
Ei1Xi = (1 —%-1)Ei 1 X; +v_1d; = 0 and Var, 1 X; = (1 —;)?Var; 1 X; <
Vari_lX,-. ]

Theorem 2.1 is mainly based on the following lemma, which also appeared as [1,
(12)] and [3, Lemma 4.4(i), with condition EX = 0 missing there].

Lemma 3.2. Let X be a r.v. such that EX =0, VarX < 02, and X < d a.s. for
some non-random constants o > 0 and d > 0. Let a:= cr2/d2, and let X, be a r.v.

taking on values —a and 1 with probabilities W and r, respectively. Then

(3.2) Ef(X) <Ef(d-X.) VfeF?.
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Proof. (Given here for the reader’s convenience and because it is short and simple.)
By homogeneity, one may assume that d = 1 (otherwise, rewrite the lemma in
terms of X/d in place of X). Note that X, < 1 with probability 1, EX, = 0, and
EXZ2 =02 Let here fi(z) := (z —¢)3 and

(1-t)3
(1 —t4)2

Then it is easy to check (by considering the cases t > 1, —a <t <1, and t < —a)
that fi(z) < hy(z) for all x < 1, and fi(z) = hi(z) for x € {1,—a}. Therefore,
Efi(X) < Eh(X) < Ehy(X,) = Efi(X,) (the second inequality here follows because
h¢(z) is a quadratic polynomial in 2 with a nonnegative coefficient of 22, while
EX =EX, and EX? <EX 2) Now the lemma follows by the definition of the class

F'*) and the Fubini theorem. O

(x —tq)?, where t,:=min(t,—a).

hi(x) ==

Proof of Theorem 2.1. This proof is based in a standard manner on Lemma 3.2,
using also Lemma 3.1. Indeed, by Lemma 3.1, one may assume that E;_1X; = 0 for
all 7. Let Z1,...,Z, be r.v.’s as in the statement of Theorem 2.1, which are also
independent of the X;’s, and let

Ri=Xi+- -+ Xi+ Zigr+- -+ Zn.

Let INEZ denote the conditional expectation given Xy,...,X; 1,Z;y1,...,2Z,. Note

that, for all i« = 1,...,n, E;X; = E;_1X; = 0 and E;X? = E;_; X?; moreover,
Ri _Xz :X1 ++Xz—1 +Zi+1 —|——|—Zn is a function Ole,...,Xz'_l,

Zix1,--+,Zpn. Hence, by Lemma 3.2, for any f € .7:4(_2), fi(z) == f(R; — X; + ),
and all i = 1,...,n, one has Ezf(Rl) = Ezﬂ(XZ) < Elﬁ(Zl) = Eif(Ri_l), whence
Ef(Sn) < Ef(R,) < Ef(Ry) = Ef(T},) (the first inequality here follows because
So < 0 a.s. and any function f in .7-"J(r2) is nondecreasing). O

Proof of Theorem 2.3. In view of Theorem 2.1 and Remark 2.2, one has
(3.3) Ef(S.) SEf(Bn) VfeFY,

where S, := 4Sn 4+ np and B,, is defined by (2.12). Let U be a r.v., which is

independent of B,, and uniformly distributed between —% and % Then, by Jensen’s

inequality, Ef(B,,) < Ef(B, + U) for all convex functions f, whence
Ef(S,) <Ef(B,+U) VfeFP.

Observe that the density function of B, + U is x — Z?:o pj |z — j| < 1} (where
the p;’s are given by (2.21)), and so, the tail function of B, + U is given by the
formula P(B, + U > z) = Q5" (z+ 3) Vz € R. Now Theorem 2.3 follows by
Theorem 1.3, Remark 1.4, and (2.14). O

Proof of Proposition 2.6. This proof is quite similar to the proof of Theorem 2.3.
Instead of (3.3), here one uses inequality Ef(S,) < Ef(B,) Vf € F® | where
S, = ‘2/—?5'“ + 4. This latter inequality follows from (2.3) (with d; and o; each
replaced by b; = max(d;,0;)) and the first one of the inequalities (1.1) Vf € FJ(:S)

(recall Remark 1.2), taking also into account the inclusion .7-"J(r3) C ]-"f) (which
follows e.g. from [23, Proposition 1(ii)]). O
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In the following two propositions, which are immediate corollaries of results of
[25] and [24], it is assumed that f and g are differentiable functions on an interval
(a,b) C (—o0,00), and each of the functions g and ¢’ is nonzero and does not change
sign on (a,b); also, r := f/g and p:= f'/g’.

Proposition 3.1. (Cf. [25, Proposition 1].) Suppose that f(a+) = gla+) = 0
or f(b—) = g(b—) = 0. Suppose also that p /" or \; that is, p is increasing or
decreasing on (a,b). Then r / or \,, respectively.

Proposition 3.2. (Cf. [24, Proposition 1.9]; the condition that f(a+) =
gla+) = 0 or f(b—) = g(b—) = 0 is not assumed here.) If p / or N\, on (a,b),
thenr /" or ™\, or /°\, or \,/ on (a,b). (Here, for instance, the pattern /\, for
p on (a,b) means that p / on (a,c) and \, on (¢,b) for some c € (a,b); the pattern
./ has a similar meaning.) It follows that, if p /" or ™\, or /™, or \,/ on (a,b),
then r / or \, or /°\, or \/ or /\./ or \, "\, on (a,b).

Lemma 3.3. Part (i) of Proposition 2.7 is true.
Proof of Lemma 3.3. Let

1—u 1 1 (14+u)lnu

(3.4) h(u) :=1In

9

—Inu 2 1—u

the left-hand side of (2.15). Here and in rest of the proof of Lemma 3.3, it is assumed
that 0 < u < 1, unless specified otherwise. Then

_ Nw)
ogi(uw)’

(3.5) B (u) = rq(u)

where f(u) := 21n? ut(++2—3u)Inu+2(u+1)—4and g1 (u) := —2(1—u)?Inw.
Let next

(3.6) ro(u) == >:

_ fo(w) _ fa(w)
go(u)  gs3(u)

(3.7) ra(u) :

bl

where f3(u) := (2 —3u)Inu+ 1+ 2u and g3(u) := 2u(1 + 2u).

One has % = —1(& + 2), which is increasing; moreover, %% tends to
3 3
—o0o < 0and —29/50 < 0 aswu | 0 and u T 1, respectively. Hence, by Proposition 3.2,
f3(u)

gi(u) is decreasing (in u € (0,1)).

Next, by (3.7), 5(0+) = oo > 0 and r5(1—) = —2/3 < 0. Hence, by Proposi-
tion 3.2, r3 ™\, (on (0,1)).

By (3.6), 75(0+) = oo > 0 and f3(1) = g2(1) = 0. Hence, by Propositions 3.1
and 3.2, 72 /™, (on (0,1)).

By (3.5), 71 (04) = 00 > 0 and r}(1—) = —1/4 < 0. Hence, by Proposition 3.2,
K =711/ (on (0,1)). Moreover, h'(0+) = —co < 0 and A/(1—) = 3 > 0. Hence,
for some (3 € (0,1), one has b’ < 0 on (0,3) and A’ > 0 on (5,1).

Hence, h N\, on (0,1). Moreover, h(0+) = oo and h(1—) = 0. It follows that
the equation h(u) = 0 has a unique root u = u, € (0,1).

Now Lemma 3.3 follows by (3.4). O
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Lemma 3.4. For all x < j. + 1,

(3.5 Q4 (2 + 1) < Q(a).
Proof of Lemma 3.4. For any given x < j,. + 1, let

=|z] and k:=k,:=|xz+ 3], so that

j<ax<j+1, k—%§x<k+%,
Qi (@) =q; ¢y, Q" (x+3)=(1—7)ar+7qrs1, where
§:=x—-j€[0,1) and vy:=z+1—-kel[0,1).

There are only three possible cases: § =0, § € [%, 1), and § € (0, %)
Case 1: § = 0. This case is simple. Indeed, here k = 7 and v = %, so that

Qu(e)=a; > 545+ 5011 = Q5" (z+3),

since ¢; is nonincreasing in j.
Case 2: 6 € [3,1). This case is simple as well. Indeed, here k = j + 1, so that

Qr(z) > qjp1 = (1—7) gja1 + 7 qj42 = QL" (z+ 3).

Case 3: § € (0,3). In this case, k = j and vy = § + 3, so that inequality (3.8)

can be rewritten here as q1 3¢0 L _8)q: + (2 +6)g;41 or, equivalently, as
j+1 2 J 2 J+

(3.9) F((S,u)::ué—(%—é)—(%—l—é)uZO,
where
(3.10) wi= T < j0,1];

qj

note that the conditions < jux + 1 and j <z < j+ 1 imply j < juu + 1 < n (the
latter inequality takes place because, by (2.16), j.. < n); hence, ¢; > ¢, > 0, and
thus, u is correctly defined by (3.10). Moreover, because both sides of inequality
(3.8) are continuous in x for all x < n and hence for all z < j,. + 1, it suffices to
prove (3.8) only for z < j.. + 1, whence j < j.., and so, by (2.16),

= U**Q/p;
1 +U**Q/p

the latter inequality is equivalent, in view of (2.21), to p;}# > Uyy, which in turn
J
implies, in view of (2.17), that

- 11
A B By — =
qj+1 qj+1 p]+1 U s U

whence, by (3.10), one obtains u > wu,. Therefore, the proof in Case 3, and hence
the entire proof of Lemma 3.4, is now reduced to the following lemma. O

Lemma 3.5. Inequality (3.9) holds for all § € (0,1) and u € [u.,1].
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Proof of Lemma 3.5. Observe first that, for every § € (0, 3),

F(5,0)=—(3-10) <0, F(5,1) =0,

(3.11) 1 ) )
(0uF)(0,1) = =5 <0, and F is concave in u € [0, 1].

This implies that, for every § € (0, %), there exists a unique value

u(d) € (0,1)
such that
(3.12) F(5,u(5)) =0,
and at that
(3.13) F(5,u) >0 Vo€ (0,3) Yue [u(d),1],

and (0, F)(d,u(0)) is strictly positive and hence nonzero. Thus, equation (3.12)
defines an implicit function (0,1) > 6 — u(8) € (0,1). Moreover, since F is dif-
ferentiable on (0, 3) x (0,1) and (9, F)(6,u(d)) # 0 for all 6 € (0, 1), the implicit
function theorem is applicable, so that u(d) is differentiable in § for all § € (0, %)
Now, differentiating both sides of equation (3.12) in §, one obtains

(3.14) wWlnu+1—u+ (6u’~t — 2 —0)u/(6) =0,

where u stands for u(d).
Let us now show that u(04) = u(3—) = 0. To that end, observe first that

(3.15) sup u(d) < 1.
0<d<d

Indeed, otherwise there would exist a sequence (6,,) in (0, 2) such that e, := 1 —
u(d,) | 0. But then u(5,)°" = (1 —¢&,)% =1 — &,0, + o(en), so that (3.12) would
imply

0=1-¢e,6,+o0(ep) — (% — (Sn) — (% + (5n) (1—¢p) = (% + o(1))en,

which would contradict the fact that e, =1 — u(d,,) > 0 for all n.

If it were not true that w(0+) = 0, then there would exist a sequence (d,) in
(0,3) and some € > 0 such that ¢, | 0 while u(6,) — . But then u(8,)’» — 1, so
that equation (3.12) would imply

u(én)an - (% - 5")

u(dy,) = "
5 n

— 1,

which would contradict (3.15). Thus, u(0+) = 0.

Similarly, if it were not true that u(%—) = 0, then there would exist a sequence
(6,) in (0, ) and some € > 0 such that &, T & while u(d,) — . But then equation
(3.12) would imply

which would imply 0 < € = /2, so that ¢ = 1, which would contradict (3.15).
Hence, u(3—) = 0.



46 1. Pinelis

Thus, (0, 3) 3 6 — u(d) is a strictly positive continuous function, which vanishes
at the endpoints 0 and % Therefore, there must exist a point 6, € (0, %) such that
u(d,) > u(0) for all § € (0, 1). Then one must have u/(d,) = 0.

Now equation (3.14) yields

(3.16) u(04) lnu(5 B whence
flnu((g*)
1 = —hu@)
(3.17) 0 Inu(d)

In the expression (3.9) for F(d,u), replace now u® by the right-hand side of (3.16),
and then replace § by the right-hand side of (3.17). Then, recalling (3.12) and
slightly re-arranging terms, one sees that u = u(d,) is a root of equation (2.15).
By Lemma 3.3, such a root of (2.15) is unique in (0,1). It follows that
maxg<s<i/2 U(0) = u(dy) = uy = 0.00505. ... In view of (3.13), this completes the
proof of Lemma 3.5. o

Proof of Proposition 2.7. In this proof, we shall use Propositions 2.9 and 2.10
(which will be proved later in this paper) and the following preliminary remarks.

According to [23, Remark 13], the restriction of the tail function @,, to the set
Z of all integers is log-concave. Therefore, the logarithm, In Q, of the least log-
concave majorant Q' of @,, can be obtained by the linear interpolation of In @,
over Z, so that

1—(z— T . . . .
(3.18) Q';LC(:L‘):]( J)q]H] if j<z<j+1&jezZ,
where g; is defined by (2.21). Here and elsewhere, 0% := 1. Recall that the function
QL is the linear interpolation of the function Q,, over Z, so that

(319)  Qv"(z)=(1—(x—j)g + (@ —fgn if j<z<j+1&jel

Since the function @, is non-decreasing and left-continuous, one can note that
Q" > @, on R; also, Q" = Q,, on Z.

Let us now proceed to the proof of Proposition 2.7.

(i) Part (i) of Proposition 2.7 follows by Lemma 3.3.

(ii) If x < jux+1 and z is not in §; for any j € Z N [j.,n], then, by (2.25) and
Lemma 3.4,

(3.20) Qi (z+3) =Qx) = Qy" (z+ %) < Qi ().

If x € 0; C (—00, jux + 1] for some j € ZN[j.,n], then, taking also into account the
definition (2.24), (3.20), and the log-concavity of the function Q', one has, for §
as in (2.24),

n

Q5 (a4 1) = Q) = Qe (s )
= Q" (s +3) Q" (1 3) < Q) Q) < Q).
Hence,

(3.21) QR (x + 3) < Qi (2)
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for all < j,. +1 except maybe when = € 6; N (—00, j.\ + 1] for some j € ZN[j,,n]
such that 0; ¢ (—o00,j. + 1]. The latter exceptional situation implies that y; <
Jsx + 1 < x;. Hence, by Proposition 2.9,

(3.22) J=1<yj <juw+1l<z; <j+3,

whence j < ju +2 and j > ju + 1, so that j = j.. + 1.
It follows that (3.21) holds (at least) for all

T € (=00, Jux + 1]\ 0,41 = (=00, ¥j,. +1] D (=00, Jxx],

the latter inclusion taking place because of the first inequality in (3.22), for j =
Jsx + 1. This completes the proof of part (ii) of Proposition 2.7.
(iii) Introduce

(3:23) Q)= e+t g >n—1.

~ {QI,;LC<£L'> if v <m,

Note that for z € [n — 1,n] the expressions for Q(z) in the two cases in (3.23)
coincide with each other, which implies that the function @ is log-concave on R.
Now we need the following lemma, whose proof will be given a bit later.

Lemma 3.6. Under condition (2.18), for all x € [n,n+ 1],

(3.24) Q5" (+1) < Qla).

Under condition (2.18), it is easy to see that j..+1 > n. Therefore, by Lemma 3.4,
one has (3.8) and hence (3.24) for all z < n.

Also, QLin (x + %) =0forallz >n+ %

Thus, by Lemma 3.6, Q(z) > Q5" (ac + %) for all z € R; at that, as noted above,
the function Q is log-concave on R. Hence, Qg”’m (x + %) < Q(:J:) for all z € R.
Now part (iii) of Proposition 2.7 follows in view of (3.23), because Q = Q'€ on the
interval (—oo,n]. O
Proof of Lemma 3.6. In view of the definitions (3.19) and (3.18), one can rewrite

inequality (3.24) as ¢~ 7¢Z "t > (n + % — a:) Gn + (x —n+ %) Gna1, for all z €
[n,n + %] Since g,+1 = 0, the latter inequality is equivalent to

(3.25) Inu < r(a),
where v 1= g,—1/¢n > 1, a:=x —n € (0, %), and
In( — )
r(a):= —

Since 1'(04) = —oo, (3—) = oo, and ((In(3 — @)),)/(—al) = 1/(3 — ) is

(3
increasing in a € (0, %), itzfollows from Proposition 3.2 that there is a unique value
o, € (0,%) such that the function r is decreasing on (0,c,) and increasing on
(v, 3), so that r’(aw) = 0 and a, is the point of minimum of function r on (0, 3).
In fact, one has a, = 0.3133... and r(a,) = 5.3566... .

Therefore, inequality (3.25) can be rewritten as u < e"(@+)  On the other hand,

n—1 n
uan—lznp q+p :ng+1,
dn p" P
so that it suffices to check that n% < er(e) 1 =29211.022... . But this follows

from condition (2.18). O
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Proof of Proposition 2.9. Assume the condition j > j,.. For j > n + 1, the inequal-
ities of Proposition 2.9 immediately follow from (2.23).

It remains to consider the case j < n, which implies p;_; > p;, by (2.22). Then
it suffices to check four inequalities, j —1 < y; < j — % < x; < Yj+1. Indeed, the
inequality j7 — % < j — 1l is trivial, and the inequality y;11 < j + % will then follow

— for j = n, from (2.23); and for j = j.,...,n —1, from the inequalities y; < ¢ — %
Vi=Je,...,Mm
(i) Checking j —1 < y;. In view of definition (2.20),
(3.26) yj =7 — 3+ Kt
where ) . , )
R S el T Tl 70
J - Pi—1 lnp?pjl pi— ]_1an 1 ’
so that
(3.27) Ky <0,

in view of the condition p;_; > p; and the inequality Inu < u — 1 for u > 1.

On the other hand, it is well known and easy to verify that the probability mass
function (pg) of the binomial distribution is log-concave, so that the ratio px/pr—1
is decreasing in k. Hence,

k—j
p; .
Zm<2m( J S T
- Pj—1

Therefore, to check j —1 < y;, it suffices to check that d; := y; — (j—1) > 0, where
§; == j— 3+ £;q; (cf. (3.26). But one can see that d; = f(u)/(2(u— 1) Inu), where
u = p;—;l > 1 and f(u) :=2(1 —u) + (1 + u)Inu. Thus, to check j —1 < y;, it
suffices to show that f(u) > 0 for v > 1. But this follows because f(1) = f'(1) =0
and f is strictly convex on (1, 00).

(ii) Checking y; < j — 3.  This follows immediately from (3.26) and (3.27).

(iii) Checking j — % < x;. This follows because z; — (] — 5) =
¢j(lnu—14+1/u)/(pjlnu) > 0, where again u := p;jl > 1.

(iv) Checking z; < yj41. Let first j <mn — 1, so that p; > pjy; > 0. In view
of (2.20) and the obvious identity 1+ 5 = ., one has

1 q 4i+1 _ 9i+1

. J Pj Pj+1

Yjir1=J)— g+ -+ ——p —
’ 2 pj In pfj—l ,

so that the inequality x; < y;41, which is being checked, can be rewritten as
q;Tj > gj+17j+1 Or, equivalently, as

(3.28) Z(pj+k7’j — Pjt1+kTj4+1) > 0,
k=0
where r; := (% oD 1)/1n F=t. Note that r; > 0, rj41 > 0, and pjr; = h(v) :=

(1—-v)/ —Inv, where v := p]/p] 1 € (0,1). By Proposition 3.1, h(v) is increasing
in v € (0,1). On the other hand, v = p;/p;_1 is decreasing in j, by the mentioned
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log-concavity of (p;). It follows that p;r; is decreasing in j. Because of this and the
same log-concavity, Pith?s > _Pi%i > 1 VYk=0,1,..., which yields (3.28).

A . j+1+kTi4+1 . pj+17'j+1' . X
Finally, in the case when j = n > j,, the inequality x; < y;11 follows from

(2.19) and (2.23), because then

Pn 1
1 Pn—1 1
xn:n+§+w<n+§:yn+l-
n= O
Pn

Proof of Proposition 2.10.

Step 1. Here we observe that the function @ defined in (2.25) is continuous.
Indeed, the function z + QL (x + %) is defined and continuous everywhere on
R. On the other hand, for every integer j > j., the function x — QI"®™P(x: j) is
defined and continuous on the interval J;; moreover, it continuously interpolates on
the interval ,; between the values of the function x — QLin (a: + %) at the endpoints,
y; and z;, of the interval d;. Also, the intervals ¢; with j € Z N [j., n] are pairwise
disjoint. Thus, the function @ is continuous everywhere on R.

Step 2. Here we show that the function @) is log-concave. To that end, intro-
duce

li(x):=In((3+j—2)g;+ (3 —j+2)gj41) Vj€E€Z, sothat

(3.29) j—i<a<j+i&ji<n) = Q" (z+3)=1¢();

here, the condition j < n provides for both sides of the equality in (3.29) to be
defined. One can check (which is better done using Mathematica or similar software)
the basic relations
Ci(x;) —i—1(y;
330)  JEZALan] = 6y = Gley) = L),
g9

these relations do not rely on the fact that the g;’s pertain to a binomial distribution,
but only on general relations: p;_1 > p; > 0, p; = ¢; — ¢i+1 Vi, and gj4+1 > 0, as
well as the inequalities (7 —1) — % <y; < (-1 —i—% and j — % <z <j+ %, which
follow by Proposition 2.9 and ensure that ¢; and ¢;_; are defined and differentiable
in neighborhoods of ; and y;, respectively. Using the latter relations together with
(2.24) and (3.29), one has

Ci(zy) = €-1(yy)

Tj =Y

d nter . . .
(3.31) e In Q"™ (z; §) = Vo € 6; Vi e ZN[ji,nl.

Moreover, for all integer j < n,

G -3)= quqj_ 4 - _q};j and 0, (j—1) = —JZL

Hence and by (2.22), for every integer j < n one has
(3.32) G—3)<t_,(j—3) < j<j.—1L

In view of (3.29), the function z — In Q%" (z + 1) is concave on the interval
[j — 3.7 + 3] for every integer j < n. Note also that Uj<j. 1 i—3.7+3] =
(—00, j« — 3] Hence, by (3.32) and (3.29), the function

(3.33) x—In Q,,Lli" (x + %) is concave on the interval (—oo,j* — %] .
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In addition to the open intervals §; = (y;, z;), introduce the closed intervals
Aj = 25, Y541

for integer j > j.. Then, by Proposition 2.9 and (2.23), the intervals A; are each
nonempty,

(334) (Sj* U Aj* U 6j*+1 U Aj*+1 J---u 6n U An = (yj*,n + %} s

and
5]'* < Aj* < 5j*+1 < Aj*+1 << Oy < A

Thus, the intervals 6; and A; with j € Z N [j.,n] form a partition of the interval
(yj.,n+ %] Moreover, for every j € ZN[j.,n], by Proposition 2.9, A; C [j — %,j+
3], and so, by (3.29), the function

(3.35) z— Q" (x+ 1) is concave on the interval A;.
Also, by (2.24), for every j € Z N [j.,n], the function
(3.36) z +— In QM (; §) is concave (in fact, affine) on the interval §;.

By the definition of @ in (2.25), for all z € R and all j € Z N [j., n], one has

@@ty i asy,
Interp (. 5 if x€d; &j€ZNjs,n|,
(3.37) Q) = Qun ( Jl) | i & (s ]
QLM (z + 3) if xeA; & jeZNji,nl,

O:Q';Li”(x—i—%) ifon—F%.

Note also that, by Proposition 2.9, y;, < j. —%, so that (—o0,y;.] C (—00, j« —%]
Now it follows from (3.37), (3.33), (3.35), and (3.36) that the function In @) is concave
on each of the disjoint adjacent intervals

(3.38) (=00, Y5, )5 05,5 Ay 041, A 1y, Oy A,

whose union is the interval (—oo, n+1]. Moreover, it follows from the continuity of @
(established in Step 1) and formulas (3.30), (3.29), and (3.31) that the function In @
is differentiable at all the endpoints y;,, 2., ¥j,+1,Zj.+1,- - - Yn, Tn of the intervals
(3.38) except the right endpoint y, 11 =n + % of the interval A,,.

Therefore, the function In Q) is concave on the interval (—oo, n+3). On the other
hand, In@Q = —oo on the interval [n + %, o0). Thus, it is proved that the function
In @ is concave everywhere on R.

Step 3. Here we show that

(3.39) Q(z) > QL™ (z + 1)

for all real z. In view of (3.37) and (3.34), it suffices to check (3.39) for z € §; with
J € Z N [j«,n]. By Proposition 2.9, 6; C (j — 1,/ + %] clj—- %,j + %], for every
J € ZN [jx,n].

By (3.29), the function z — InQ4" (z + 3) = ¢;(z) is concave on the interval
[j — 3.7 + 3], for every integer j < n. Hence, (3.30) and (2.24) imply that, for all
xeéjﬂ[j—%,j—i-%] with j € Z N [j«,n],

mQE" (z+ 3) = £;(x) < 4;(x;) + £ (5)(x — z)
= Lj—& gj—l(yj) + L —Yj Ej(ftj) — anlTr;terp(x;j) _ IDQ(ZE),
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so that one has (3.39) for all z € 6; N [j — %,j + %] with j € Z N [j«,n]. Similarly

(using inequality ;1 () < £;-1(y;) +£;_1(y;)(x —y;)) it can be shown that (3.39)

takes place for all z € §; N [j — 2, j — 1] with j € ZN [j,, n]. This completes Step 3.
Step 4. Here we show that, if Q is a log-concave function on R such that

(3.40) Q(z) > Q" (z+1) VzeR,

then Q > Q on R. In view of (3.37), it suffices to check that Q> Q on 9, for
every j € Z N [j«,n]. But, by (3.40), one has Q(yj) > Qtin (yj —) and Q(Ij) >

QLin (:ztj + %) Hence, taking into account the log-concavity of Q and (2.24) and
(3.37), one has, for all x € §; with j € Z N [j.,n| and § as in (2.24),

Q) > Q ()" " Q(z;)" > QL (y; + 1) ° QY (2, + 1)° = QP (2 5) = Q(a).

The facts established in Steps 2, 3, and 4 imply that the function () is indeed the
least log-concave majorant of the function x ~ QLn (:c + %) Thus, Proposition 2.10
is proved. Ol
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Abstract: We obtain an almost sure bound for oscillation rates of empirical
distribution functions for stationary causal processes. For short-range depen-
dent processes, the oscillation rate is shown to be optimal in the sense that it is
as sharp as the one obtained under independence. The dependence conditions
are expressed in terms of physical dependence measures which are directly re-
lated to the data-generating mechanism of the underlying processes and thus
are easy to work with.

1. Introduction

Let €{),€;,1 € Z, be independent and identically distributed (iid) random variables
on the same probability space (2, A,P). For k € Z let

(1.1) Xk =9g(- k-1,€k),

where ¢ is a measurable function such that X is a well-defined random variable.
Then {Xj}rez forms a stationary sequence. The framework (1.1) is very general.
See [12, 15, 19, 23] among others. The process (X}) is causal or non-anticipative
in the sense that X} does not depend on future innovations ey, g2, . ... Causal-
ity is a reasonable assumption in practice. The Wiener-Rosenblatt conjecture says
that, for every stationary and ergodic process X, there exists a measurable func-
tion ¢ and iid innovations €; such that the distributional equality (Xg)rez =»
(9(...,€k-1,€k))kez holds; see [13, 20]. For an overview of the Wiener-Rosenblatt
conjecture see [9].

Let F be the cumulative distribution function of Xj. Assume throughout the
paper that F' has a square integrable density f with square integrable derivative f”.
In this paper we are interested in the oscillatory behavior of empirical distribution
function

1
(1.2) Fn(x) = E z; 1X,~§xa x € R.
1=

In particular, we shall obtain an almost sure bound for the modulus of continuity
for the function G,,(z) = \/n[F,(z) — F(z)]:

(1.3) An(b) = sup |Gn(z) = Gn(y)l,

|z—y|<b
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where b = b,, is a sequence of positive numbers satisfying
(1.4) b, — 0 and nb,, — cc.

Under the assumption that X; are iid, there exists a huge literature on the asymp-
totic behavior of A, (-); see Chapter 14 in [14] and the references cited therein. A
powerful tool to deal with the empirical distribution Fj, is strong approximation
[1]. In comparison, the behavior of A,,(-) has been much less studied under depen-
dence. In this paper we shall implement the new dependence measures proposed
in [23] and obtain an almost sure bound for A,,. For a recent account of empirical
processes for dependent random variables see the monograph edited by Dehling et
al [4].

The rest of the paper is structured as follows. Main results on A,, (b) are presented
in Section 2 and proved in Section 3. Section 4 contains comparisons with results
obtained under independence. Some open problems are also posed in Section 4.

2. Main results

We first introduce some notation. For a random variable Z write Z € LP (p > 0) if
1Z|l, := (E|Z|P)Y/P < co. Write || - || = || - ||2- Let for k € Z,

gk = ( .. agk—lagk)
and for k£ > 0 let &; be a coupled process of &, with ¢ replaced by ¢, i.e.,
fz = (€—17€67617 cee ,€k).

We shall write X; = g(§;). Let £ > 1 and define the conditional cumulative distri-
bution function Fj(-|¢p) by

(2.1) Fi(z|60) = P(Xy < z[&o)-

Note that (X;,&;) is stationary. Then for almost every £ € --- x R x R with respect
to P we have

(2.2) Fi(z]go =€) = P(Xy < 2l = &) = P(Xpqi < 2[& =€)
for all i € Z. In other words, Fj(-|€) is the cumulative distribution function of the
random variable g(&,€;41,...,€i+k). Assume that for all £ > 1 and almost every

€ € -+ xR x R with respect to P that Fi(x|{y = &) has a derivative fi(z|{ =
€), which is the conditional density of Xj at x given & = &. By (2.2), for any
i € Z, fr(x|&) is the conditional density of Xj,; at = given &;. Let the conditional
characteristic function

(2.3)  gr(Bléo =€) = E(eV X5 =€) = /R V=10 fi.(t]€o = €)dt,

where y/—1 is the imaginary unit. Our dependence condition is expressed in terms

of the £2 norm ||¢x(0]%0) — wr(01€5) ]l

Theorem 2.1. Assume that b, — 0, logn = O(nb,) and that there exists a positive
constant cq for which

(2.4) sup f1(z[&) < co
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holds almost surely. Further assume that

00 1/2

(25) S| [+ #atle) - eeiglta] <o
k=1 L/R

Let

(2.6) v(n) = (logn)/?loglogn.

Then

(2.7) Ay (by) = Oas. (Vb logn) 4 0,5 [brt(n)].

Roughly speaking, (2.5) is a short-range dependence condition. Recall that
fr(x|&) is the conditional (predictive) density of Xj at = given & and ¢k (6|&o)
is the conditional characteristic function. So ¢ (6|&0) — ¢x(0|€}) measures the de-
gree of dependence of @y (:|{p) on 9. Hence the summand in (2.5) quantifies a
distance between the conditional distributions [X|&o] and [X}|§5] and (2.5) means
that the cumulative contribution of ¢y in predicting future values is finite.

For the two terms in the bound (2.7), the first one O, 5. (1v/b, log n) has the same
order of magnitude as the one that one can obtain under independence. See Chapter
14 in [14] and Section 4. The second term o, s [b,t(n)] is due to the dependence of
the process (Xj). Clearly, if by *(loglogn) = o(1), then the first term dominates
the bound in (2.7). The latter condition holds under mild conditions on b, for
example, if b, = O(n™") for some n > 0.

Let k > 1. Observe that ¢ (0]£0) = E[p1(0]k—1)|€0] and

(2.8) Elp1(018k-1)16-1] = Ele1(01&5_1)I&-1] = E[p1 (0[5 —1)[80]-

To see (2.8), write h(&x—1) = ¢1(0|{k—1). Note that e;,¢(, i € Z, are iid and
k—1 > 0. Then we have E[h(&,—1)|{-1] = E[h(§;_1)|&-1] since & _; is a coupled
version of £,_1 with gy replaced by ¢(,. On the other hand, we have E[h(&}_,)[¢-1] =
E[h(&;_1)|&o] since g¢ is independent of £ ;. So (2.8) follows. Define the projection
operator Py by

PuZ =E(Z|&) —EB(Z|&—1), Z €L
By the Jensen and the triangle inequalities,

lx(0160) — @x(016)1l < llpr(01€0) — Eler (01€0) 1€ 1]l

+I1E[px(0160)[E-1] — ©r(01€5) ]
= 2"730901@‘&—1)”
< 2[|p1(01€k—1) — @1 (01&5 1) II-

Then a sufficient condition for (2.5) is

1/2

(2.9 > | [a+elatia) - a0igPe] <.
k=0 /R

In certain applications it is easier to work with (2.9). In Theorem 2.2 below we
show that (2.9) holds for processes (Xj) with the structure

(2.10) Xy =¢ep+ Ye_1,
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where Y _1is&k—1 = (..., €k_2,ek_1) measurable. It is also a large class. The widely
used linear process X = Zfio a;ek—; is of the form (2.10). Nonlinear processes of
the form

(2.11) X :m(Xk_l)—i—ek

also fall within the framework of (2.10) if (2.11) has a stationary solution. A promi-
nent example of (2.11) is the threshold autoregressive model [19]

X) = amax(Xyk_1,0) + bmin(Xy_1,0) + &,

where a and b are real parameters. For processes of the form (2.10), condition (2.5)
can be simplified. Let ¢ be the characteristic function of ¢;.

Theorem 2.2. Let 0 < o < 2. Assume (2.10),

(2.12) /]cp(t)\2(1+t2)]t|°‘dt < 50
R

and

(2.13) D IIXk = Xp [ < o0
k=0

Then (2.5) is satisfied.

Condition (2.12) does not appear to be overly restrictive. It is satisfied if |p(t)| =
O(Jt|™") as |[t| — oo, where n > (3 + «)/2. It is also satisfied for symmetric-a-
stable distributions, an important class of distributions with heavy tails. Let e
have standard symmetric « stable distribution with index 0 < ¢ < 2. Then its
characteristic function ¢(t) = exp(—[t|*) and (2.12) trivially holds.

We now discuss Condition (2.13). Recall X} = g(¢;;). Note that X} and X}, are
identically distributed and X; is a coupled version of X}, with ¢y replaced by &). If
we view (1.1) as a physical system with £ = (...,ex_1,€x) being the input, g being
a filter or tranform and X; being the output, then the quantity || X, —X} ||, measures
the degree of dependence of g(...,ex_1,£) on gg. In [23] it is called the physical or
functional dependence measure. With this input/output viewpoint, the condition
(2.13) means that the cumulative impact of € is finite, and hence suggesting short-
range dependence. In many applications it is easily verifiable since it is directly
related to the data-generating mechanism and since the calculation of | X — X ;||
is generally easy [23]. In the special case of linear process X = Z;io ajer—; with
ep € LY and a = 2, then | Xy — X} |lo = |ax||leo — €hlla and (2.13) is reduced to
Y reo lak| < oo, which is a classical condition for linear processes to be short-range
dependent. It is well-known that, if the latter condition is barely violated, then one
enters the territory of long-range dependence. Consequently both the normalization
and the bound in (2.7) will be different; see [8, 21].

For the nonlinear time series (2.11), assume that e, € £ and p = sup, |m/(x)| <
1. Then (2.11) has a stationary distribution and || X — X}||o = O(p*) (see [24]).
Hence (2.13) holds.

3. Proofs

Lemma 3.1. Let H be a differential function on R. Then for any X\ > 0,

(3.1) sup H?(z) < A/RHQ(x)dx—i—Al /R[H'(x)]de.

rz€ER
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Proof. By the arithmetic mean geometric inequality inequality, for all z,y € R,

H* () < H*(y) +

/: 2H(t)H’(t)dt‘

(3.2) < H?*(y)+ X [ H*(x)dr + X1 /[Hl(l‘)]leL‘.
R R

If infyer [H(y)| > 0, then [, H?(x)dz = oo and (3.1) holds. If on the other hand
infyer |[H(y)| =0, let (yn)nen be a sequence such that H(y,) — 0. So (3.2) entails
(3.1). O

Lemma 3.1 is a special case of the Kolmogorov-type inequalities [18]. The result
in the latter paper asserts that sup,cp H*(z) < [ H*(2)dx x [p H'(x)?dz. For the
sake of completeness, we decide to state Lemma 3.1 with a simple proof here.

Recall that Fj(-|&) is the conditional distribution function of X} given &y (cf
(2.1) and (2.2)). Introduce the conditional empirical distribution function

1 & 1 —
Fo(z)=— Y E(x,<aléio1) = - > Fi(xléioa).
i=1 i=1
Write
(3.3) Gn(z) =G (2) + Gl (x),
where

(3.4) G} (x) = Vn[Fu(z) — F, ()] and G}, (x) = Vn[F, (z) — F(z)].
Then

(3.5) VG (@) = Y difa)

is a martingale with respect to the filtration o(&,) and the increments d;(z) =
1x,<s —E(1x,<z|&—1) are stationary, ergodic and bounded. On the other hand, if
the conditional density fi(:|¢;) exists, then G, is differentiable. The latter differen-
tiability property is quite useful.

Lemma 3.2. Recall (2.6) for v(n). Let g} (x) = dG},(z)/dx. Assume (2.5). Then
(3.6) sup |g,, ()] = 0as.[t(n)].

Proof. Let k > 1. Recall that f;(x|x—1) is the one-step-ahead conditional density
of X at x given &,_1. By (2.3), we have

Por (1) = / VTP (2] € ).

By Parseval’s identity, we have

1
/|770901(t|§k—1)|2dt:2—/ Pof1(x|€k—1)?dx
R T Jr
and

1
[ Pogrttie-oPea = o [ [Pofialenr)Pda.
R T JRrR
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Let
o = / 1Pofi(xlenr) | ?de
R

and

By = /R 1Pof! (xl€e) [2de

By (2.8) and Jensen’s inequality, [|Pow1(0[&x—1)[l < [l¢r(0]60) — r(01£5)]l- So (2.5)
implies that

(3.7) > Ve + B < .
k=1

Let A=)~ Va, and for k >0

k

Hy(z) = Z[fl(xf&q) — f(2)].

=1

Then Hyp(x) = vVkgi(z). Note that for fixed I € N, Pi_;fi(z|&_1), i = 1,2,...,
are stationary martingale differences with respect to the filtration o(§;—;). By
the Cauchy-Schwarz inequality and Doob’s maximal inequality, since Hy(z) =

Py 25:1 Pi—ifi(x|&i-1),

/maka ZL‘)d$<E/Zmaxk<n‘Zz 1731 lfl(x‘fz 1)! Ad
Ri=1 Vou

/Z 4nH730f1 (@& 1)”2Ad = 4nA* = O(n).
R

=1 veau

Similarly, since Y p- ; v/Br < 00,
IE/ max |Hj,(z)|*dz = O(n).
R k‘STL
By Lemma 3.1 with A = 1, we have

i E[max;<od sup, g |Hi ()]

= 24,2(24)
o S Bl [y [Hi(o)]? + | H}0) ]
Z 24,2(24)
< EfR maxy<qd | Hg(2)]? + maxy<oa |Hy, (z) > dx
Z 2d, 2(2d>

= O(2¢
HE R
d=1

By the Borel-Cantelli lemma, sup, maxy,<ga | Hy(2)| = 04.5.[29/2(2%)] as d — oo. For
any n > 2 there is a d € N such that 2971 < n < 29, Note that maxg<,, |Hg(z)| <
maxy<od | Hy ()| and «(n) is slowly varying. So (3.6) follows. O
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Lemma 3.3. Assume logn = O(nb,) and X € LY for some o > 0. Then for any
T > 2, there exists C' = C; > 0 such that

(3.8) P| sup |G;(x)—G(y)]>Cy/bylogn| =0(n"").

|lz—y|<bn

Proof. We can adopt the argument of Lemma 5 in [22]. Let zg = n(®*7)/®_ Then
for any C' > 0, by Markov’s inequality,

Pn{F,(—xo) + 1 — F,(x0)} > c\/by logn]
(3.9) < nE{F,(—xo) + 1 — F,,(z0)}
Cv/b,logn
nzy “E(| Xo|) _
<2 =0(n 7).
C+/by,logn (n™")
It is easily seen that the preceding inequality also holds if F}, is replaced by Fr.

Recall (3.5) for G¢(z) and d;(z) = 1x,<x — E(1x,<z|&—1). Let 2 <y <z +b,.
By (2.4),

D E[(di(y) — di(2))?[&1] < Z Lo<x,<yl€i—1) < nbnco.
i=1 i=1
By Freedman’s inequality in [6], if |z — y| < b,,, we have

—C?%nb, logn
P [\/n|G () — G2 ()| > C\/nby logn| < 2 —_— :
[\/ﬁ| n(x) n(y)| n 08 n] = <%xp |:C TLbn logn + nanO:|

Let ©, = {—x9 +k/n®: k =0,...,[2z9n3]}. Since logn = O(nb,), it is easily
seen that there exists a C' = C'; such that

P

sup Vn|GS(z) — G (y)| > Cv/nby, log n]

xvyee’rm|x_y‘§bn
3.10
( ) —C?nb, logn

C+v/nb, logn + nb,co

For every = € [—z0, o], there exists a § € ©,, such that § < z < 0+ 1/n3. So (3.10)
implies that

| ot

= O(x3n?) exp

|x|§$07|y|§x07|$_y|§bn

=0(n"")

in view of the monotonicity of F,,(-) and the fact that, if § < ¢ <0+ 1/n3,

Y E(ly<x,<pléio1) < |¢ = Olnco = co/n* = o(y/nby logn).
i=1

P [ sup Vn|GS(x) — G (y)| > (C + 1)y/nb, logn]
(3.11)

Combining (3.9) and (3.11), we have (3.8). O
Proof of Theorem 2.1. By (3.3), it easily follows from Lemmas 3.2 and 3.3. O
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Proof of Theorem 2.2. By Lemma 3.1 and Parseval’s identity, (2.12) implies

supf /{f }dx——/[cp 12(1 + t*)dt < oo.

Since ¢ and Y;_1 are independent,

E[eﬁth \&;4] _ ex/jltYk,lgo(t).

Note that
e/ T (1) — &Y T (1)
_ |S0(t)|2!e\/ﬁtYk_1 . eﬁtY;_ll|2 i
< 4|<P(t)\2|! min(1, [tYe—1 — tY,_,])]]
< Ap)|"E([tY,—1 — tY_4|).
Hence (2.5) follows from (2.13). O

4. Conclusion and open problems

Let X; be iid standard uniform random variables. Stute [16] obtained the following
interesting result. Assume that b,, — 0 is a sequence of positive numbers such that

(4.1) logn = o(nb,) and loglogn = o(logb,').

Then the convergence result holds:

(4.2) lim An(bn)

e logtn!

If there exists n > 0 such that b, + (nb,)~' = O(n~"), then the bound in (2.7)

becomes /b, logn, which has the same order of magnitude as /b, logb,®, the
bound asserted by (4.2). It is unclear whether there exists an almost sure limit for

(bn)/\/bplog byt if the dependence among observations is allowed. Mason et al
[11] considered almost sure limit for A, (b,)/v/bnlogb,' when (4.1) is violated.

Deheuvels and Mason [3] (see also [2]) proved functional laws of the iterated loga-
rithm for the increments of empirical processes. Local empirical processes in high
dimensions have been studied in [5, 7, 17]. It is an open problem whether similar
results hold for stationary causal processes. We expect that our decomposition (3.4)
will be useful in establishing comparable results.

= /2 almost surely.
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Abstract: For v > —%, we provide the Karhunen-Loeve expansion of the

weighted mean-centered Wiener process, defined by

1
1
Wy (t) = —{W 127 — W (w27 du},
~(®) 1+2y ( ) o ( )
for t € (0,1]. We show that the orthogonal functions in these expansions have
simple expressions in term of Bessel functions. Moreover, we obtain that the

L2[0,1] norm of Wy is identical in distribution with the L?[0, 1] norm of the
weighted Brownian bridge tY B(t).

1. Introduction and results

1.1. KL expansions of mean-centered Wiener processes

Let {W(t) : t > 0} denote a standard Wiener process, and let

(1.1) (B(t): t >0} 2 {W(t) —tW(1): ¢t >0},

denote a standard Brownian bridge, where ” "2 denotes equality in distribution.

As a motivation to the present paper, we start by establishing, in Theorem 1.1
below, the Karhunen-Loeve [KL] expansion of the mean-centered Wiener process

(1.2) Wo(t) := W(t) — /01 W(u)du, te]0,1].

We recall the following basic facts about KL expansions (or representations). Let
d > 1 be a positive integer. It is well-known (see, e.g., [1, 3, 9] and Ch.1 in [8])
that a centered Gaussian process {((t) : t € [0,1]?}, with covariance function
K¢(s,t) = E(¢(s)¢(t)) in L?([0,1]% x [0,1]%), admits the (convergent in expected
mean squares) KL expansion

(1.3) CH) =Y wiv/ Ak ex(®),
k=1

where {wy, : k > 1} is a sequence of independent and identically distributed [iid] nor-
mal N(0,1) random variables, and the {ej : k£ > 1} form an orthonormal sequence
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in L*([0, 1]%), fulfilling

(1.4) / ext)estyat = - T =
[0,1]4 0 if k'?ég,

with dt denoting Lebesgue’s measure. The A\; > Ay > -+ > 0 in (1.3) are the
eigenvalues of the Fredholm operator h € L?([0,1]4) — T¢h € L?([0,1]%), defined

via

(1.5) Teh(t) = K¢(s,t)h(s)ds for te€[0,1]%
[0,1)¢

We have, namely, T¢ep = Apei for each k& > 1. A natural consequence of the KL
representation (1.3) is the distributional identity

(1.6) / Clt)dt 2> A,
[0,1]¢ k=1

Given these preliminaries, we may now state our first theorem.

Theorem 1.1. The KL expansion of {Wy(t) : t € [0,1]} is given by

(1.7) Wo(t) =W(t) — / W (u) w2 Zwk% for tel0,1].

The proof of Theorem 1.1 is postponed until Section 2.1. In Remark 1.1 below,
we will discuss some implications of this theorem in connection with well-known
properties of the Brownian bridge, as defined in (1.1).

Remark 1.1. (1) We will provide, in the forthcoming Theorem 1.3 (in Section
1.4), a weighted version of the KL expansion of Wy(+), as given in (1.7). These KL
expansions are new, up to our best knowledge.

(2) The well-known (see, e.g., [2] and [7]) KL expansion of the Brownian bridge
(1.1) is very similar to (1.7), and given by

o0

w V2 sin(kmt
(1.8)  B(t)=W() —th)la—Z oy Y2 Sin(kmt) ”) for 0<t¢<L.
As a direct consequence of (1.5)-(1.7)-(1.8), we obtain the distributional identities

1 ) 2
law 2 law Wi

1. W W(u = B .

(1.9) /0 { (t) — / du} dt /0 (t)dt = 2 12,0

The first identity in (1.9) is given, p.517 of [5], as a consequence of Fubini-Wiener
arguments, in the spirit of the results of [6]. The second identity in (1.9) follows
directly from (1.6), and is well-known (see, e.g., [4]).

The remainder of our paper is organized as follows. In Section 1.2 below, we
mention, as a straightforward, but nevertheless useful, observation, that the knowl-
edge of the distribution of the L? norm of a Gaussian process characterizes the
eigenvalues of its KL expansion. In Section 1.3, we extend our study to Gaussian
processes related to the Wiener sheet in [0, 1]¢. The results of [5] will be instrumen-
tal in this case to establish a series of distributional identities of L? norms, between
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various Gaussian processes of interest. In Section 1.4, we provide the KL expansion
of the weighted mean-centered Wiener process in dimension d = 1. The results of
this section, are, as one could expect, closely related to [4], where related KL de-
compositions of weighted Wiener processes and Brownian bridges are established.
In particular, in these results, we will make an instrumental use of Bessel functions.
In the case of a general d > 1, we provide KL expansions for a general version of
the mean-centered Wiener sheet. Finally, in Section 2, we will complete the proofs
of the results given in Section 1.

1.2. The L? norm and KL eigenvalues

A question raised by (1.9) is as follows. Let (1 (+) and (2(-) be two centered Gaussian
processes on [0,1]%, with covariance functions in L?([0,1]¢ x [0,1]?), and KL ex-
pansions given by, for t € [0,1]¢,

(1.10) G 'S wi/ Ay en(t) for j=1,2.

k=1

Making use of the notation of [5], we write (3 Quad (2, when the L?([0,1]%) norms
of these two processes are identical in distribution. We may therefore write the
equivalence

uad law
(111) GG e [ G [ G
[0,1]¢ [0,1]¢
What can be said of the eigenvalue sequences {\; : k > 1}, j = 1,2 when (1.11)
is fulfilled? The answer to this question is given below.
Theorem 1.2. The condition (3 Quad (2 15 equivalent to the identity

(1.12) A1 = Ag2 forall k>1.

Proof. The fact that (1.12) implies ¢4 Quad (2 is trivial, via (1.6). A simple proof
of the converse implication follows from the expression of the moment-generating
functions [mgf] (see, e.g., pp. 6061 in [4]), for j = 1,2,

(1.13) E(exp{z/{ojl]d Cf(t)dt}) = ﬁ {%}1/2 for Re(z) < 2)\11,]"

k=1

A variety of methods are available to show that the equality of the mgf’s in (1.13),
for j = 1,2, implies (1.12). A simple argument, suggested by D. M. Mason (personal
communication), uses the fact that the large deviations of the L?[0, 1] norms of the
¢;(-) are governed by Ay, j = 1,2 (see, e.g., Lemma 1.1 in [4]). This allows to
show that A1 = A;2. The proof is completed by a straightforward induction,
after substracting from (;(-), j = 1,2. the first components of their respective KL
expansions. O

1.3. Multivariate Wiener sheets and Brownian Bridges

Inspired by Theorems 1.1-1.2 and Remark 1.1, we will devote the remainder of
our paper to derive of a series of new KL expansions of Gaussian processes, in
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the spirit of (1.7). To give an additional motivation to the forthcoming results, we
introduce the following notation and definitions. For any integer d > 1, the d-variate
Wiener process (or Brownian sheet) is a centered Gaussian process W (t), defining

a continuous function of t = (t1,...,t5) € R%, with covariance function given by,
for s = (s1,...,84) € RY and t = (t1,...,tq4) € RY,
d
(1.14) E(W(s)W(t)) =[] (si Ata).
i=1

For each i = 1,...,d, denote, respectively, by A;, ¥; and ©;, the operators which
map a L'([0,1]%) function f(t) of t = (t1,...,tq) € [0,1]%, into, respectively,

(1.15) Aif(t) = f(t) —tif (trs--- tict, Litigr, ..o ta),
1

(1.16) . (t) = £(b) _/0 Fltrseo o i ta)dts,

(1.17) Oif(t) = f(t) — f(tr,- - tic1, b1, ..., ta)-

The d-variate tied-down Brownian bridge is a centered Gaussian process B*(t),
which is a continuous function of t = (¢1,...,t4) € [0,1]¢, defined, in terms of the
d-variate Wiener process W (t), via the distributional identity

(1.18) B.(t) "2 Ayo...0 AZW(t),

where “o” denotes the composition of applications. We define likewise the d-variate
mean-centered Wiener sheet by setting

(1.19) W (t) 21 0. 02 W (t).

In (1.18), we use the notation B, to distinguish the tied-down Brownian bridge B,
from the usual d-variate standard Brownian bridge B, the latter being classically
defined via the distributional identity

(1.20) B(t) "= w(t) - { [t jw(,....1).

=1

When d = 1 the processes W and B,, B, reduce, respectively, to the standard
Wiener process W, and to the standard Brownian bridge B, via the distributional
identities

(1.21) W2W and B,2 B2 B

On the other hand, for d > 2, the processes B, and B have different distributions. In
particular, their covariance functions are defined, respectively, for s = (s1,...,54) €
RY and t = (t1,...,t5) € RY, by

d
(1.22) E(B.(s)B.(t)) = H {siNt; —siti },

d d
(1.23) EB(s)B(t)) = [[{sint:} - H{siti}.

1=
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In the sequel, we will use the boldface notation W, B, and B in the general d-variate
framework when d > 1 is arbitrary, and limit the formerly used notation, W and
B, to the univariate case, when d = 1. Let now v = (71,...,74) € R% € (— 1, oo)

be a vector of constants. We define, respectively, the weighted Wiener sheet W),
and the weighted tied-down Brownian bridge BQ), by

(1.24) WO (t) = ... £*W(t) and B (t) = ...0)'B(t),
when t = (t,...,t4) € (0,1]¢. For convenience, we set W) (t) = B (t) =0,

when ¢t; = 0 for some ¢ = 1,...,d. Introduce now the upper-tail Wiener sheet
defined, for t = (t1,...,tq) € [0,1]%, by

(1.25) WO (t) = / ult L w) W (duy, .. dug).
[tl 1] X[td 1]

1

It is readily checked that, whenever v; > —35 for i = 1,...,d, we have, for all

s=(s1,...,584) €[0,1]% and t = (¢1,...,tq) € [0,1]¢,

1
Q'y‘
siVt;

{(1 — s A (L - tf”“)}

E(W(V)(s)wh)(t))

o

I
—

(2

so that we have the distributional identity (see, e.g. (3.11), p.505 in [5])

d
(L26) WO ] +127~ bW (12— g,
i=1 v

The following additional distributional identities will be useful, in view of the de-
finitions (1.16) and (1.17) of ¥; and ©,, for i = 1,...,d. We set, for convenience,
0=(0,...,0).

We define the mean-centered weighted upper-tail Wiener sheet by setting, for t =
(t17 cee 7td) € [07 1]d

(1.27) W (t) =% 000 W (1)

Lemma 1.1. For each t € [0,1]%, we have

(1.28) WO () =W(1—ty,...,1—tg) 2 O10---00,W(t),
and
(1.29) Wy ' 50 0N W(t) 25 000 N, WO 2 WO (t).

Proof. The proofs of (1.28) and (1.29) are readily obtained by induction on d. For

d = 1, we see that (1.28) is equivalent to the identity W (1 —t) = faw W(t) — W(1),
which is obvious. Likewise, (1.29) reduces to the formula

W(t) — / (W (u) — W(Q)ydu = W(t) — /0 W (u)du
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We now assume that (1.28) holds at rank d — 1, so that

W(l —t1,...,1— td—l,td> law ©10...0 @d_1W<t1, - ,td).
We now make use of the observation that
W —t1,.., 1 —ta1,1—t0) & OWL—t1,....,1—ty_1,tq).

This, in combination with the easily verified fact that the operators ©1,...,04
commute, readily establishes (1.28) at rank d. The completion of the proof of (1.29)
is very similar and omitted. O

Under the above notation, Theorem 3.1 in [5] establishes the following fact.
Fact 1.1. Ford =2 and v € (—1,00)%, we have

Quad &3
(1.30) B "= wh),

Remark 1.2. Theorem 3.1 in [5] establishes (1.30), and, likewise, Corollary 3.1 of
[5], establishes the forthcoming (1.31), only for d = 2. It is natural to extend the
validity of (1.30) to the case of d = 1. In the forthcoming Section 1.5, we will make
use of KL expansions to establish a result of the kind.

Remark 1.3. For d = 2, we may rewrite (1.30) into the distributional identity, for
’y>—% and§>—%,

/1/1 g2V¢20 W(S,t) —sW(L,t) —tW(s,1) + stW(1, 1>}2

(1.31) law/ / 37t5W (s,t) / u7t5W(u, t)du
—/ sT 5W(s v dv—l—/ / ulv 5W(u v)dudv} dsdt.
0

By combining (1.29), with (1.31), taken with v = § = 0, we obtain the distributional
identity

/ / (5,8) — SW(L, 1) — tW(s, 1) + stW(1, 1)}2

(1.32) 1:W/O/O W(s,t)—/()lW(u,t)du
_/01 W(s,v)dv-l—/ol/ol W(u,v)dudv}stdt.

1.4. Weighted mean-centered Wiener processes (d = 1)

In this section, we establish the KL expansion of the univariate mean-centered
weighted Wiener process, defined, for v > —% and t € [0,1], by

1

(1.33) W, (t) = \/ﬁ{w(tlww) - /01 W () du).
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In view of (1.24), when v = 0, we have W, Quad B therefore, by Theorem 1.2,

the eigenvalues of the KL expansions of W, and B must coincide in this case.
We will largely extend this result by giving, in Theorem 1.3 below, the complete
KL expansion of W, (-) for an arbitrary v > —%. We need first to recall a few basic
facts about Bessel functions (we refer to [12], and to Section 2 in [4] for additional
details and references).

For each v € R, the Bessel function of the first kind, of index v, is defined by
00 1,2\

x)vz (—12%) '
= Fv+k+1I(k+1)

(1.34) Ju(z) = (

N[—=

To render this definition meaningful when v € {—1,—2,...} is a negative integer,
we use the convention that a/oo = 0 for a # 0. Since, when ¥ = —n is a negative
integer, '(v +k+1) =T(n+k+1) =00 for k =0,...,n— 1, the corresponding
terms in the series (1.34) vanish, allowing us to write

(1'35> J—n(x) = (_1)an(x)

One of the most important properties of Bessel functions is related to the second
order homogeneous differential equation

(1.36) 22y’ + xy' + (2* — )y = 0.

When v € R is noninteger, the Bessel functions J,, and J_, provide a pair of linearly
independent solutions of (1.36) on (0, c0). On the other hand, when v = n is integer,
Jn(x) and J_,,(x) are linearly dependent, via (1.35). To cover both of these cases,
it is useful to introduce the Bessel function of the second kind of index v. Whenever
v is noninteger, this function is defined by

Jy(x)cosvm — J_,(x)

sin v

(1.37) Y, (z) =

)
and whenever v = n is integer, we set

(1.38) Y, (2) = ,}im Jy(x) cosvm — J,l,(x).

—n sin v

In view of the definitions (1.37)—(1.38), we see that, for an arbitrary v € R, J,, and
Y, provide a pair of linearly independent solutions of (1.36) on (0, o). The behavior
of the Bessel functions of first and second kind largely differ at 0. In particular, when
v > 0, we have, as x | 0 (see, e.g., p.82 in [4]),

(1.39) Jy(x) = (1+0(1))%,
and
(1.40) Y, (z) = (1 +0(1))¥(%x>y.

When v > —1, the positive roots (or zeros) of J, are isolated (see, e.g., Fact 2.1 in
[4]) and form an increasing sequence

(1.41) 0<2zp1 <zpa <,
such that, as k — oo,

(1.42) e ={k+ 3@ —3)}r+o(1).
The next fact is Theorem 1.4 of [4].
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Fact 1.2. For any v > —1, or, equivalently, for each v =1/(2(1++)) > 0, the KL
expansion of B (t) = t7B(t) on (0,1] is given by

(1.43) DB S w/n e (0,
k=1

where the {wy : k > 1} are i.i.d. random variables, and, for k > 1 and t € (0, 1],

=

20 2 1
(1.44) A = { v } and  ey(t) = 175~
Zv,k

Jy (zy, t%)
)

Theorem 1.3. Let v > —1, or, equivalently, let 0 < v =1/(2(1+7)) < 1. Then,

the KL expansion of W, is given by

1

1 o]
T%{W(tprz”) _/0 W(u1+27)du} law Zwk\/)\—k er(t),
k=1

(1.45) W, (t) =

where the {wy : k > 1} are i.i.d. random variables, and, for k > 1 and t € (0, 1],
Jl/—l (Zu,k t%)
\/;JV—l(ZV,k) .

The proof of Theorem 1.3 is given in Section 2.2. As an immediate consequence of
this theorem, in combination with Fact 1.2, we obtain that the relation

RY
(1.46) A = { v } and e (t) = at? 3
Zuk

(1.47) W, W po),

holds for each v > —%. A simple change of variables transforms this formula into

1
29y +1

1 1 —2y 1 —2y 2
(1.48) —/ tm{W(t) / smW(s)ds} dt
0 0

(1+2)?

faw /1 tZW{W(t) - tW(l)}2dt.

1.5. Mean-centered Wiener processes (d > 1)

In this section, we establish the KL expansion of the (unweighted) multivariate
mean-centered Wiener process, defined, for t € [0,1]%, by

(1.49) Wi(t) 2200 S,W(t).

We obtain the following theorem.

Theorem 1.4. The KL expansion of W s is given by

(1.50) W (t) 2 i i Wkl,...,kd{ ﬁ (W) };
ki=1  kg=1 i=1 '

where {wk, ...k, : k1 > 0,...,kqg > 0} denotes an array of i.i.d. normal N(0,1)
random variables.

The proof of Theorem 1.4 is postponed until Section 2.1.
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2. Proofs
2.1. Proof of Theorems 1.1 and 1.4

In spite of the fact that Theorem 1.1 is a particular case of Theorem 1.3, it is
useful to give details about its proof, to introduce the arguments which will be
used later on, in the much more complex setup of weighted processes. We start
with the following easy lemma. Below, we let Wy(t) be as in (1.2).

Lemma 2.1. The covariance function of Wy(-) is given, for 0 < s,t <1, by
(2.1) Kw,(s,t) = EWo(s)Wo(t)) = s At —s—t+ 15>+ 2t + 1.

Proof. In view of (1.2), we have the chain of equalities, for 0 < s,¢ <1,

E(Wo(s)Wo(t)) = E<W(5)W(t) —W(s) / W (u)du

t)/W du+//W W(UdUdU)
—sAt—/O(sAu)du—/O(tAudu+// (u A v)dudv,

from where (2.1) is obtained by elementary calculations. O
Recalling the definition (1.5) of T, we set below ((-) = Wy(-).

Lemma 2.2. Let {y(t) : 0 < t < 1} denote an eigenfunction of the Fredholm
transformation Ty,, pertaining to the eigenvalue X > 0. Then, y(-) is infinitely
differentiable on [0,1], and a solution of the differential equation

1
(22) 2 (0)+y(t) = [ ylwdu
0
subject to the boundary conditions

(2.3 /() =y/(1) =0
Proof. By (2.1), we have, for each ¢ € [0, 1],

Ay(t) = /Ot sy(s)ds +t/t1 y(s)ds + (31° —t) /01 y(s)ds
+/01(%82 — s+ %)y(s)ds

It is readily checked that the RHS of (2.4) is a continuous function of ¢ € [0, 1].
This, together with the condition that A > 0 entails, in turn, that y(-) is continuous
on [0, 1]. By repeating this argument, a straightforward induction implies that y(-)
is infinitely differentiable on [0, 1]. This allows us to derivate both sides of (2.4)
with respect to t. We so obtain that, for ¢ € [0, 1],

(2.4)

(2.5) M) = (E— 1) /0 y(s)ds + /t y(s)ds.

By setting, successively, t = 0 and ¢ = 1 in (2.5), we get (2.3). Finally,(2.2) is
obtained by derivating both sides of (2.5) with respect to ¢. O
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Proof of Theorem 1.1. It is readily checked that the general solution of the differ-
ential equation (2.2) is of the form

(2.6) y(t) = acos <% + b> + ¢,

for arbitrary choices of the constants a,b,c € R. The limit conditions (2.3) imply
that, in (2.6), we must restrict b and X to fulfill b = 0 and \ € {1/(k%*7?) : k > 1}.
We now check that the function y(¢) = a cos(knt) is a solution of the equation (2.4),
taken with A = 1/(k?n2). Towards this aim, we first notice that y(t) = a cos(knt)
fulfills

t=1

(2.7) /0 (s)ds = L [sin(kan)] ~ =0,

s t=0

This, in turn, readily entails that y(t) = acos(knt) satisfies the relation (2.5). By
integrating both sides of this relation with respect to t, we obtain, in turn, that
y(t) = acos(knt) fulfills

\y(t) = /Ot sy(s)ds + t/tl y(s)ds + (3t° —t) /01 y(s)ds
+ /01(532 — s+ 3)y(s)ds + C,

for some constant C' € R. All we need is to check that C' = 0 for some particular
value of ¢. If we set ¢t = 1, and make use of (2.7), this reduces to show, by integration
by parts, that

1/t 1
CC]){;SQ(?]:;T) — 5/ S2y(8)d8 = 2]{7‘(‘[ Sln(k’ﬂ't) — —/ 35111(]{;71-3
0
_ 1 =1 1 _ cos(km)
= W [t COSUWt)L:O - W/o cos(kms)ds = 2z

The just-proved fact that y(t) = acos(knt) satisfies the relation (2.5) implies, in
turn, that this same equation, taken with y(t) = a cos(knt) + ¢, reduces to

1
k2c7r2 :c/ (357 — s+ 1)ds = 0.
0

Since this relation is only possible for ¢ = 0, we conclude that the eigenfunctions of
Tw, are of the form y(t) = acos(knt), for an arbitrary a € R. Given this fact, the

0
remainder of the proof of Theorem 1.1 is straightforward. (I

To establish Theorem 1.4, we will make use of the following lemma. We let W,
be defined as in (1.19), and recall (2.1).

Lemma 2.3. We have, for s = (s1,...,54) € [0,1]¢ and t = (t1,...,tq) € [0,1]%,

(2.8) E(Wa(s)W(s) HKWO Sint;)
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Proof. 1t follows from the following simple argument. We will show that, for an
arbitrary 1 < j <d,

E({%10...08;W(s)}{Z10...05;W(t)})

{HKWO Siyti } H {si Nt;}.

=741

(2.9)

Since ¥i,...,%4 are linear mappings, the proof of (2.9) is readily obtained by
induction on j = 1,...,d. This, in turn, implies (2.8) for j = d. O

Proof of Theorem 1.4. In view of (2.8), the proof of the theorm follows readily from
a repeated use of Lemma 4.1 in [5], which we state below for convenience. Let (1 (s),
C2(t), and (3(s, t) be three centered Gaussian processes, functions of s € [0, 1]? and
t € [0, 1]7. We assume that

E(Cs(s', 1)) Ca(s", 7)) = E(Cu(s) Cu(s") E(G(t)) C2(t7).

Then, if the KL expansions of (; and (, are given by

C1(s) 1 Zwk\/ Ak eka1(s) and  Ca(t) £ Zwk A2 er2(t),

k=1

the KL expansion of (3 is given by

Cs(s, t) 2 DY wrev/ Atz eni(s)era(t),

k=1 ¢=1
where {wy ¢ : k> 1,0 > 1} denotes an array of iid normal N (0, 1) r.v.’s. O
2.2. Proof of Theorem 1.3

Recall that
(2.10) W, (t) = {W(t1+27) - /01 W(u1+27)du}.

Lemma 2.4. The covariance function of W,(-) is given, for 0 < s,t <1, by

Kw, (s,t) = E(W,(s)W,(t))

1+ 2y

2.11 = { At 142y 142y t1+2fy

(2.11) 2y +1 (sAt) y
1427 219y 4 1427 042y 2 }
2+ 2y 2+ 2y 2+27)(3 + 27)

Proof. The proof of (2.11) being very similar to the above given proof of (2.1), we
omit details. O

Lemma 2.5. Fiz any v > —%. Let e(t) be an eigenfunction of Ty, pertaining to a
positive eigenvalue, X\ > 0, of this operator. Then, the function y(z) = e(z*/1+27))
is solution on [0,1] of the differential equation

2y 1 1 2y
(2.12) (14 27)* AT o' (2) +y(z) = T 2 /0 u” T2 y(u)du
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with boundary conditions
(2.13) y'(0)=y'(1) =0.
Proof. Let e(t) fulfill, for some A > 0,
1
Ae(t) = / Kw_ (s,t)e(s)ds.
0

By (2.11), we may rewrite this identity into
t 1
(27 + 1)Ae(t) = / s 27¢e(s)ds + t1+27/ e(s)ds
0 t

1 1 14 2y 1
(2.14) —/0 sl+276(8)d3—t1+27/0 e(s)ds—i—{m}/o 5212 ¢e(s)ds

+{%}t%% /0 ele)ds + (1+ 7)23 +27) /0 ele)de.

A straightforward induction shows readily that any function e(-) fulfilling (2.14) is
infinitely differentiable on [0, 1]. This, in turn, allows us to derivate both sides of
(2.14), as to obtain the equation

(2.15) e (t) = —t*7 /t e(s)ds + t1 27 /1 e(s)ds.

Set now e(t) = y(t'*27) in (2.15). By changing variables in the LHS of (2.15), we
obtain the equation

(2.16) (14 29)Ay/ (t1127) = —/0 e(s)ds + t/o e(s)ds.

The relation (2.13) follows readily from (2.16), taken, successively, for ¢t = 0 and
t = 1. By derivating both sides of (2.16), and after setting e(s) = y(s!727)), we get

1
(14 29)2 Ay (T2 27 + y(t1727) = / y(s'27)ds.
0

After making the change of variables ¢t = z'/(1427) and s = «!/(427) we may
rewrite this last equation into

2y 1 1 2y
1 2 2)\ Tr2v ¢ = T 142y d
(142905 3 (@) 4 yla) = 15 [0 g,
which is (2.16). The proof of Lemma 2.5 is now completed. O

Recall the definitions (1.34) and (1.37)—(1.38). In view of (2.12) the following
fact will be instrumental for our needs (refer to Fact 2.3 in [4], and p.666 in [10]).

Fact 2.1. Let A > 0 and 3 > —1 be real constants. Then, the differential equation
(2.17) N () + 22Py(z) =0,
has fundamental solutions on (0,00) given by

B+ ety

/ S / —
(2.18) 21 2‘]%((54_1)\/}) and ' 2Y%<(5+1)\/X)’



74 P. Deheuvels

when 1/(2(8+ 1)) € R, and

P+
o (Grovs
when 1/(2(8 4+ 1)) is noninteger.

’

1/2 Lo
(2.19) 22 ‘W<(ﬁ+1)\/x

) and z'/?J

Lemma 2.6. Assume that v > —%. Then, the solutions on [0, 1] of the differential
equation

(2.20) (1427)* A7 o () + y(z) = 0,
with boundary conditions

(2.21) ¥ (0) =y (1) =0,

are of the form

1+~

T+2+
2.22 z) = ar'/?J_ iis (x—)
(2.22) y(x) S ATEwEWs

for some arbitrary constant a € R.

Proof. Set = —v/(1 4+ 27) in Fact 2.1, and observe that the assumption that
v > —% implies that 3 > —1, and that 1/(2(8 + 1)) is noninteger. By Fact 2.1, the
general solution on (0, 1] of the homogeneous differential equation (2.20) is of the
form

1+~ 1+~

T+2v xrI+2v
2.23 z) = bx'/?J 1ian (x—) +ax'?J_ e, (—)
(223)  yla) 205 \ (1 1 7)v/A 3\ (14 7) VA

where a and b are arbitrary constants. It is straightforward, given (1.39) and (1.40),
that, for some constant p; > 0, as x | 0,

14y
< xr T2~

(1+7)VA

whereas, for some constant ps > 0,

142y | 14~y

) = @+ o()puat A L s,

(224) (L‘l/2J 142+

2(1+7)

1+
€xr1+2vy 142y 1+~

2.25 22V 140, (—) = (14 o(1 x%—{m 27 5 .
( ) — 5015 (1+,7)\/X ( (1))p2 P2

In view of (2.21), these relations imply that b = 0, so that (2.22) now follows from
(2.23). O

Proof of Theorem 1.3. Set v =1/(2(1++)). Obviously, the condition that v > —1
is equivalent to 0 < v < 1. We will show that the eigenvalues of Ty are given by

(2.26) Ak:{QV} for k=1,2....

Zv.k
Given this notation, it is readily checked that

1+ 2y

1
——=1—v and 142y=--1.
2(1+7) T
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Therefore, letting y(x) be as in (2.22), and setting z = t!727, we see that the
eigenfunction ey (t) of Ty, pertaining to Ay is of the form

.20 exlt) = eft) = y(t7) = a4, (2 19),

for some a € R. Here, we may use Formula 50:10:2, p.529 in [11], namely, the
relation

%{x”#(x)} = 2’ Jpi1(z),

to show that, for some appropriate constant C,

d

(2.28) -

{acl_”Jl,_l(z,,,k x)} =Cz'7"J, (zy,k x) =0,

for x = 1 and x = 0. This, in turn, allows to check that the function y(x) in (2.27)
fulfills (2.21). Now, we infer from (2.27), in combination with Fact 2.2, p.84 in [4],
that

1 1
1 :/ 2 (t)dt = 2Va2/ t%J3_1<z,,7k t%u)dtz%
0 0
1
= 2ya2/ uJ?_, (z,,,k u)du =va®J? | (z,,k;)
0

Given this last result, the completion of the proof of Theorem 1.3 is straightforward.
O
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Abstract: In this paper the whole family of fractional Brownian motions is
constructed as a single Gaussian field indexed by time and the Hurst index
simultaneously. The field has a simple covariance structure and it is related
to two generalizations of fractional Brownian motion known as multifractional
Brownian motions. A mistake common to the existing literature regarding
multifractional Brownian motions is pointed out and corrected. The Gaussian
field, due to inherited “duality”, reveals a new way of constructing martingales
associated with the odd and even part of a fractional Brownian motion and
therefore of the fractional Brownian motion. The existence of those martingales
and their stochastic representations is the first step to the study of natural
wavelet expansions associated to those processes in the spirit of our earlier
work on a construction of natural wavelets associated to Gaussian-Markov
processes.

1. Introduction

The basic quantities describing movements of a viscous fluid are related through
the Reynolds number. When the Reynolds number exceeds a critical value, which
depends on the fluid, the average velocity of the region and its geometry, the flow
becomes unstable and random. In his work on the theory of turbulent flow Kol-
mogorov proposed a model [10] which assumes that the kinetic energy in large scale
motions of a turbulent flow is transferred to smaller scale turbulent motions. At
smaller scales the Reynolds number associated with that region is reduced. When
the Reynolds number of a region falls below the critical value of the region, turbulent
motion stops and the remaining kinetic energy is dissipated as heat. Kolmogorov
assumed that smaller scale turbulent motions can be described by a random field.
Kolmogorov modeling assumptions produce the random field By that is self-similar
with stationary increments and the second moment of its increments is of the form
E|By(t+s) — Bu(s)]> = c¢|t|*” . Analyzing the propertics of those fields [8, 9]
Kolmogorov obtained a spectral representation for the fields with stationary incre-
ments.

In 1968 Mandelbrot and Van Ness interpreted the nonanticipating representation
of B H,

Bu() = Ba) = [ (t=o)f "} =) ) dia),

with respect to an orthogonal white noise db, obtained earlier by Pinsker and Ya-
glom, as a fractional integral, and called By the fractional Brownian motion in
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the case when b is a Brownian motion. Most of the above information is quoted
from Molchan [14]. His paper is an excellent short review of the history of fractional
Brownian motion before 1970. The index H is sometimes called the Hurst exponent,
after the British hydrologist H.E. Hurst, who studied the annual flows of the Nile.

Fractional Brownian motion has applications in financial mathematics, telecom-
munication networks, hydrology, physical and biological sciences, just to mention a
few.

An appropriate representation of fractional Brownian motion is important for
analyzing its properties and for computational purposes. Meyer, Sellan and Taqqu
developed a method for constructing wavelet expansions of fractional Brownian mo-
tion [12]. Their construction was based on fractional integration and differentiation
of wavelet expansions of a Gaussian white noise and encompasses a large class of
wavelets.

We have found an iterative method for obtaining an orthogonal expansion of
a Gaussian Markov process [5] directly from its covariance function. It turns out
that our method produces a wavelet expansion if time is measured by the natural
measure associated to the process. It is therefore natural to ask if it is possible
to construct a "natural” wavelet expansion associated with a fractional Brownian
motion (fBm in short) in the spirit of our work in [5]. The main properties used
in our construction of wavelets associated with the Gaussian Markov processes
were the invariance of the processes on pinning (stays Markov), independence of
associated pinned processes, and the existence of associated martingales.

The first step toward finding natural wavelets for fBm is to investigate invariances
for the entire class of fractional Brownian motions. That means considering the
family of processes (Bu)g. ., Where By = (Bg (t)),cg is a fBm. Let us point
out that it is not straight forward to prove that, for the fixed Hurst index H, the
covariance function,

1) BBy (1) Bir (s) = (2 + [P — |t — s,

of fBm is indeed a positive definite form . It uses tricks and the fact that the char-
acteristic function ¢ of an 2H stable random variable is given by ¢(t) = e~alt*™ for
some constant a. In the search for invariances relevant to achieving our goal, that is
to obtaining natural wavelet expansions for fBm, we have constructed a Gaussian
field, indexed by R x (0,1), that encompasses at once all fractional Brownian mo-
tions for all H. More precisely, this field has the property that, when the second
parameter, H, is fixed, the resulting process is an H-fBm. We started our construc-
tion by using already mentioned nonanticipating representation of fBm, which, for

0 < H < 1, can be written as

_ VT (2H + 1)sin (xH) [ H-1 H-1
= Oy /_oo (t—a)" 7 () aw (2)

for t € R, where (W (t)),cp is a Brownian motion. When we started the compu-
tations our hope was that the covariance of our Gaussian field would resemble the
covariance of fractional Brownian motion (equation (1)), with 2H substituted by
H + H' modulo a function of H and H . This does not turn out to be the case. The
resulting covariance was more complex. Its form revealed that the nonanticipating
representation may not be the most ”efficient” representation of fBm. Section 3 of
this paper contains all computations relevant to finding that covariance.

Although the Gaussian field developed in Section 3 did not meet our objective, its
structure revealed what intrinsic dependences of the nonanticipating representation

2)  Bu()
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of fBm are, and what should be done to construct a new field having, for our
purposes, the "right” covariance, namely the covariance

H+H H+H H4+H
(3) EBy (t) By (s) = ayp e (81777 4[] — |t — 5|77,

We have succeeded to obtain such a field. Furthermore we have found a nonan-
ticipating representation of { By <t>}telR, HE(0,1) which, when H is fixed, equals in
distribution to the standard nonanticipating representation of fBm. Those results
are presented in Section 4.

Our new field has the property that when H + H = 1 the right hand side of
(3) becomes the covariance of a Brownian motion. In that case we call By, By a
dual pair. A particular property of a dual pair is that it generates two martingales,
one driving By and the other By . In [4] we have obtained stochastic integral
representations for those martingales. It turns out that our representation coincides
with the fundamental martingale of a fBm discovered by Molchan and Golosov
[13, 15]. Our work on that subject is in Section 5.

Lévy Véhel and Peltier [23] and Benassi et al. [2] have independently introduced
a multifractional Brownian motion. In Section 6 we clarify the relationship between
multifractional Brownian motion and the fractional Brownian fields introduced in
Section 3 and 4. Furthermore we point out and correct an error in the covariance
of the multifractional Brownian motion obtained from the nonanticipating moving
average of fBm and show that in fact the processes of Lévy Véhel and Peltier [23]
and Benassi et al. [2] are not the same, as it has been claimed in Cohen [3].

For readers convenience some basic facts about fractional Brownian motions and
the notation that is used in the paper is included in Section 2.

2. Notation and preliminaries

This section is a brief overview of some properties of the fractional Brownian motion.
The material presented here can be found in Taqqu [22], Molchan [14], chapter 7
in Samorodnitsky and Taqqu [21] and Dzhaparidze and Van Zanten [6]. All the
processes and fields considered will be real valued.

The following proposition summarizes some properties of H-self-similar processes
with stationary increments and finite second moments.

Proposition 1. If Z = {Z;}, g is H-self-similar with stationary increments and
finite second moments then

1. Zy = 0 with probability one.

2. If H# 1, then EZ; =0 for all t € R.
3. H<1.

4. The covariance of Z is given by

2
(4) E(Z,7%) = % (15 + 12 = 1s = 7).

As already mentioned in the introduction Kolmogorov described an H-self-
similar process with stationary increments and its covariance (4) in [9]. A centered
Gaussian process {Z;},.p With covariance (4) is called a fractional Brownian mo-
tion (fBm) with index H. If E(Zf) = 1, the process is a standard fBm. Since
the distribution of a Gaussian process is entirely determined by its covariance, (4)
implies that fBm is H-self-similar and has stationary increments. Conversely, an
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H-self-similar Gaussian process with stationary increments is a fBm. For H = %
a standard fractional Brownian motion is a standard Brownian motion on the real
line, that is,

Bl (-t)t <0
B%(t)_{ B%(t) t>0"

where {Btl } 507 {Bf} +>0 are two independent standard Brownian motions.

Unless otherwise stated all Brownian motions and fractional Brownian motions
appearing on this work will be assumed to be standard.

Using Kolmogorov-Centsov criterion for Holder continuity of a process, for every
~in (0, H), an H-fBm has a continuous modification that is locally Holder contin-
uous with exponent +. Throughout the paper we will assume that fBm is such a
modification.

Let {B},cp and {W}}, . p be Brownian motions on the real line. Then the process
defined by the moving average stochastic integral

1 > _1 1
(5) BH(t):—/ (t—a)" " — ()" 4B, fort € R
CH —00
is a fBm, where
I'(H~+31
(6) CH ( 2)

~ JT(2H + L)sin(nH)

and z¢ =0 if z <0 and 2§ = 2¢ if z > 0. This representation is called nonantic-
ipating, since for ¢t > 0, it involves only integration over (—oo,t]. Another moving
average representation of fBm for H # % is given by

1 > 1 1
(7) WH(t):d—/ it — 2% _ |27 W, for t € R
H J-—c
where
I'(H+1 1 —sin(rH
(8) dH: ( +2) 2( 'Sln(ﬂ- )>,
I'(2H +1) sin (mH)

and when H = % by

1 [ 1 1
(t) = @/_Oolog (m) — log <m> dW, fort € R

where d 1= This representation is called well-balanced.

9) W

=

The odd and even part of fBm play an important role in this paper. If { Zp (£)},.p
is a H-fBm, then the odd and the even process of fBm are defined by

25 (1) = 5 (a1 (1) — Zu (~)), and Z5; (0) = 5 (g (1) + Zn (1)) , 1 € R

respectively. It is straightforward to check that the processes Z¢ and Z§ are inde-
pendent and that their covariances are given by

(10) EZ9 (s) 29 (t) = % (15 + 877 15 = %)
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and

2H 2H 2H
. . s+t s+t +ls—1
(11) BZg () Zg () = D ]

|2H

for s,t in R. Both Z% and Z¢, are H-self-similar processes and by assumption have
continuous sample paths with probability 1. Clearly, each path of the process Zg
(Z%) is an odd (even) function on a set of probability 1, and so it suffices to consider
these processes for ¢t > 0. For H = % the odd and even part of fBm are Brownian
motions (up to a constant multiple).

Moving average representations for the odd and even part of fBm can be found
in Dzhaparidze and Van Zanten [6], Nuzman and Poor [17].

3. Dependent fractional Brownian field

In this section we will assume that each element of the family {By (t)},cr rreo,1)

is represented by a nonanticipating moving average stochastic integral (5) respect
to the same {B;},.p . For 0 < H,H <1 set

VI (2H + 1) sin (7H)+/T (2H' + 1) sin (7H")

CaH — - .

Theorem 2. Let K be the covariance EBy (t) By (s). If H+ H #1 then

K=yl (= (H+H)){cos (# =) F)cos ((H+H)3)

’ ’ ’

—sin ((H' —H) 3 )sin ((H+H') 7)

X (sgn @) [t = sgn(s) |s|"TT —sgn(t —s) |t — s/ )} :

(12)

IfH +H =1 andt #s,t#0, s #0, then
K =cy {cos ((H/ —H) g) g(|t| + |s| — |t — s])
. ’ 77

(13) —sm((H —H> 5)

X (tlog|t| — slog|s| — (t — s)log |t — s|)}.
IfH +H =1andt=s, t #0, then

' T\ T

(14) K=cyy Cos<<H —H> 5) 5 It + sl
IfH +H =1andt=0 ors=0, then
(15) K =0.

Fourier transform is the main tool in proving the theorem. Before proving it we
will establish some technical results.
Let f () = [0 e%® f (z) dz be the Fourier transform of a function that belong

€
—0o0

to L' (R) N L? (R) With this convention v27 || f||, = Hﬂ‘ for all f € L? (R).
2
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Lemma 3. ForO< H <1 andteR

(t—')f_g—\(—-)f_% _ ol ()
(16) ( T+ ] )(5)— i€ (i€) ,
(t— )I_{—/%_\(_ )I_{—% B _ezt.g —1, (-}
(17) < N )(f)— ic (—i¢)
where
- (H-d) _ €]~ (F=3) i3 (H=3) ¢ < ¢
(18) (i) {|§|—(H—%)e—i%(H—%) £€>0

Proof. Equation (16) follows from the theory of fractional integration and differen-
tiation, see for example Lemma 1 and Lemma 3 in [20]. Let

(t—a)! 2 — ()2

I'(H+1) ’

fi(z) =

then the identity

rEey Y
is a consequence of the relation ¢ = (—x)%. Equation (17) now follows from
(16). O
Lemma 4. Fors,t € R and 0 < H,H/ <1 let
i () e (5) - (452

oo sin + sin sin
(19) I déf/ ’ - Ij ; = /e,

0 gI+H+H

IfH+H #1 then

., 11:F<_ (H+H’))<2:os((H+H’) 7)
( o (|t _ S|H+H' B |t|H+H’ B ‘S’H+H/)

and if H+ H =1 then

L= ([t + sl =t = sl).

T
4

Proof. The proof is trivial if either s = 0 or ¢t = 0, so assume that s # 0, t # 0.
Formula 3.823 in Gradshteyn and Ryzhik [7] states

o0 I () cos (&)
p—1 - 2 _ 2 _
(21) /0 xH ™ sin® (ax) dr = ot for a >0 and —2 < Re(u) < 0.



Fractional Brownian fields 83

When H+H' # 1 set p = — <H + Hl> . Observe that sin? (x) = sin® (|z|) . Apply-
ing the identity (21) to the right hand side of (19) when s = ¢ gives

I, —-T (-H - H> cos ((H + H’) g) A
and when s # ¢
r (—H . H)

I = ——— cos ((H+H’> g) B(H + H)

!/ ’ !/
H+H H+H H+H
x{|t—s| — |t — s }

In the case of H + H =1 we will use formula 3.821 (9) from Gradshteyn and
Ryzhik [7],

oo i 2
[ = T v
0 z 2

to conclude that when s # t then Iy = w/4(|t| +|s| — |t —s|), and when s =
t then I; = 1/2|t| . O

Lemma 5. Fors,t € R and 0 < H,Hl <1 let

def /°° sin (€ (t — s)) + sin (s€) — sin (££)

(22) I, = LA H A d€.

If s=tors=0ort=0 then Iy = 0. Otherwise, ifH—FH/;él then

I,=T (— (H+ H)) sin ((H+ H’) 3)
(23) , 27 ,
. {sgn ()17 = sgn () s+ — sgn (¢ — s) [t — 5|7+ }
and ifH—l—H/ =1 then
(24) I, =tlog|t| — slog|s| — (t — s)log |t — s|.

Proof. The proof is trivial if either s =0 or t = 0 or s = ¢, so assume that s # 0,
t # 0 and s # t. Formula 3.761 (4) in Gradshteyn and Ryzhik [7] reads:

o r
(25) / o' sin (az) do = (1) sin <,u_7r) for a > 0 and 0 < |[Re (p)] < 1.
0 at 2

Set p = — (H + H/) , and observe that sin ({x) =sgn(x)sin (£ |x|) Applying (25)
to the right hand side of (22) in the case when 0 < H + H < 1 yields (23). In the
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case when 1 < H+ H < 2, by the dominated convergence theorem, it follows that

L [ sem( = s)sin(Elt— sl) + sgn () sin (1s]€) — sgn (Dsin (1]€)
ey gl+H+H ¢

b—oo

i 1
= lim
a—0T H + H/

b—oo

b
[ Gsante =)t = sleos ¢t s)

+5gn.(5) |s| cos (|s] €) — sgn (1) [¢] cos (|1]€)) €~ de
1 = 2 .
:(H+H/)(H+H’—1)/0 (—sgn(t—8)|t—8| sin (€ |t — s])

—sgn (s)|s|*sin (|s| €) + sgn (£) [¢|* sin (|| g)) glH-H e

where the last two equalities are result of integration by parts and the fact that
the boundary terms converge to zero as b — oo, and a — 07. Applying (25) with
pw=2- (H—I—H/) and using zI'(z) = I'(x + 1) the equation (23) now follows
readily.

Let us turn to the case H + H = 1. For z € [1,1.5] set

flz) = /O°° sgn (t —s)sin (€t — s|) + Sg;ﬁ;) sin (|s]€) = sgn (8) sin (F€) .

When z = H+H' the function f equals to the right hand side of (23), The integrand
that defines f is bounded by

sgn(t—s)sin(&|t—s sgn(s)sin(|s|&)—sgn(t) sin(|t
. (6) = lsgn(t—s) sin(£|t—s])+ 951%1); (s1€) =sgn(t) sin([¢[)] €e(0,1)
£1+1 5 E [1,%)
which is an integrable function. By the dominated convergence theorem f is con-

tinuous on [1, 1.5]. Finally lim,|; f (x) establishes (24), where we used (23) and the
gamma function property yI' (y) =T (y + 1) to rewrite f (z) for x € (1,1.5] as

f(x)= re-uz ) sin (%) {sgn (t) [t|" — sgn (s)|s|* — sgn (t — s) [t — s|"}

(—z) (1 -z

and L’Hospital rule to compute the limit

L sgn (1) 7 — sgn ()51 — sgn (t = ) |t — I
x|l (1—.%')

We have prepared the groundwork to prove Theorem 2.

Proof. By the Ito isometry

K= [ (-0l -l (-0l ool

CHCH' J—c0
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and by Plancherel identity and Lemma 3

F(H+1)F<H,+l> oo gité is§ _ 1 /
e : L Y Sy ag
2wegceyy oo € 1€
1 ! . .
L+ HT(H +) [ D)

2weg ey e |£|1+H+H’

o[ Gt LGt P CER) E

- e
0 |€‘1+H+H
Substituting fl = —¢ in the first integral of the last equality above and then com-

bining the two integrals yields

(26) K = (T (A +3) Re (J(H/—H)% /oo (1) (e~ 1) d§> .

n TCHCyy! |§|1+H+H'

Using Euler’s formula on ei(HLH)% and (e —1) (e7"*¢ — 1) and the identity

sin?x = # we obtain

i(H z o0 (eit§ _ 1) (e—isf _ 1)
Re <e (') /0 e

oo sin sin? (5£) — sin? (8022
(27) = cos ((H H) g) 2/ ( ) - €1+<H+)H, ( >d§
—Sin(( ) g) / sin (£ (t—s)glt;ilh([sﬁ) — sin (tf) dc.

Observing that

o8) I(H+3)0 (H/ + %) _ JTQH + 1)sin (nH) /T @H + 1)sin (nkl)

CHCH'T T

the expressions for EBy (t) By (s) now follow from equations (26), (27), (28) and
Lemmas 4, 5 o

We will call a centered Gaussian field {By (¢)},cp pre(0,1) With the covariance
given by Theorem 2 a dependent fractional Brownian field and refer to it as dfBf.
The rest of the section elaborates on a property of the field that justifies that name.

Let {BY (1)} c(0.00), e 0,1y @0 {BE (1) }c(0,00), e (0,1)> Pe the odd and even part
of the dfBf { By (t)}teR,H€(0,1)7 that is

_BaW =B (0 e gy B0+ Bt

) t>0.

For H+ H +# 1 set

VI (2H +1)sin (mH)+/T (2H' + 1) sin (rH")

r (= () yon (o = 1) ) on (1) 5)

aH,HI =

(29)
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and for H+ H =1

(30) ag gy =+/T (2H +1)T (3 —2H)sin® (nH).

Theorem 6. The covariance of the odd part and the even part of dfBf are

H+H H+H'
t+s —|t—s
(31) EB% (t) B, (s) = ag g | | 1 | |
and
EBS, (t) B¢,
) PHOPe ) , , ,
., D N e R
- HEA 2 4
respectively.

Proof. The covariance of the dfBf (Theorem 2), is of the form

B (1) By () = £ (#18) (1077 4474 o 40)

(33) /
+g (s,t,H,H ) .

It is a matter of straightforward computation to check that in both cases
EBy (t) By (s) + EBy (—t) By (—s) and EBy (t) By (—s) + EBy (—t) By (s)

the ¢ function cancels. The result of the theorem follows by simple algebraic ma-
nipulation of the first part of the right hand side of (33) only. O

The Gaussian fields {B7 ()},c10 00y me(0.1) 204 {Bf (1)} c(0.00),1re(0,1)With co-
variances given by Theorem 6, will be called the odd and the even fractional Brown-
ian field respectively. It is very simple to check that for every a > 0

o fdd ¢ Hoo
{BH(at)}te[O,oo),He(O,l) - {a BH(at)}te[O,oo),HG(O,l)

and
. fdd. ( He
{BH (at)}te[o,oo),He(O,l) - {a BH <at)}t€[0,oo),H€(O,l)’

where 4% indicates the equality of finite dimensional distributions.

Given a fBm its odd and even part are independent processes (indexed by
t). However, this is not the case with the dfBf {Bpy (t)},cg pre(o,1)- The fields
{B% (1) }e(0.00),1re(0,1) A0 { B (1) }1c(0.00),7re(0,1) are not independent. For exam-

ple if H + H =1 then

EBj; (t) By (s) = %\/F (2H + 1) sin (7H)

X \/I‘ (2H' +1)Sin(7rH’)sin((Hl —H) g)
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which is clearly not equal to 0. That is the reason for calling that field the dependent
fractional Brownian field. .

Another glance at the computation of the covariance EBE; (t) B;{, (s), 1,7 €
{0, e}, reveals that when i = j the g part of (33) cancels out while in the case when
i # j the first part of (33) cancels out leaving the g part. Therefore the existence
the g part in (33) is the reason for dependence between {Bf (£)}icp pre(o,1) 2nd
{B% (t)}1er me(0,1) - So it is natural to search for a method of creating a fractional
Brownian field that would be of the form (33) with ¢ = 0. One way of attacking
that problem is a direct verification of positive definiteness of such a form, a very
unattractive task. In the next section we present a straightforward construction of
the field with the desired covariance.

4. Fractional Brownian field

The last remark of the previous points the direction for constructing a fractional
Brownian field {Bp (!)},cg pe(o,1) With the covariance of the form of (33) with
g = 0. The new Gaussian field contains all fractional Brownian motions too.

Theorem 7. Let B = {By () }1er gre(o1) and W = {Wh () }1er mre(0,1) e two
dfBf generated by two independent Brownian motions {Bi},cp and {Wi},cp respec-
tively. Let {B}{ (t)}te[o,oo),He(O,l) ,i = o0 be the odd and i = e be the even part of
B, and let {W}{ (t)}te[o,oo),He(O,l) , 1 =0 be the odd and i = e the even part of W.
Then the fractional Brownian field {Zy (t)},cr preo,1) defined by

B+ Wg(t) fort>0
(34) Zp (1) = {B% (—t) = Wg (=t) fort <0

has the covariance

H+H' H+H' H+H'
t — |t =
(35) EZy (t) Zu: (s) = am.m {I | + |s| : It — s| }

where ap g is given by equations (29) and (30).
Proof. The proof follows from (32), (31) and independence of { B}, and {W;},p -
O

We will call the process {Zn (¢)},cr preo,1) fractional Brownian field (fBf in
short). Note that for any ¢ € R,

Zir (1) = 5 (Bir () + W (1) + Bag (~1) ~ Wi (1)),

and that {M} and {M are two independent
teR,

V2 V2 }tER,HG(O,l)
dfBf. Consequently

Xu () +Yu(-t)
V2

where { Xy (t)}er mre(o,1) @nd {Ya () }er re(o,1) are two independent fractional

(36) Zp () =

Brownian fields, that is {Zg (t)}teR,HG(O,l) is a properly symmetrized dfBf.
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Proposition 8. Let {B;},.p and {W;},cp be two independent Brownian motion
processes on the real line and let {Zp (t)},er pre(o,1) be defined by (34). Then

LI o H—} H-}
Zy (t) = NG / (t—z)y = (~a), *dB,
H-1 H-1

1 00 2 2
+ Taen /_OO (—t—xz), 2 —(—x), °>dW,.

Proof. Follows directly from (36) and (5). O

A fBf has the same self-similarity property in the time variable as the odd and
even fractional Browian field, namely for a > 0

f.d.d.
{Zu (at>}teR,He(O,1) = {QHZH <at>}teR,H€(O,1) :

Moreover, the stationary in the time variable of increments of the fBf easily follows
from Theorem 7, that is

f.d.d.
{WH (t)}tER,HG(O,l) = {WH (t + 6) —Wh (6)}teR,H€(O,1)

for any 9.
An immediate consequence of the covariance structure of a fractional Brownian
field is that when H + H' = 1 then

B |s| AJt| for 0 < s,t or 0> s,t
(37) E(Zu () Za (1)) = amn { 0 otherwise '

That property leads to a construction of martingales associated to fractional Brown-
ian motions. The methodology of the construction is the subject of the next section.

5. Duality and fundamental martingales

In what follows it is assumed that {Bp (t)},cr e (0,1) i an fBf. Whenever H+H' =
1 we will call By, By (or By, BY;, or BY;, B;,) a dual pair. Dual pairs have unique
properties. They generate martingales associated in a natural way to fractional
Brownian motions By and By/. The construction and explanation of the nature of
those martingales is the subject of this section.

Every fBf is a sum of an even and an odd part of two independent dfBf’s. For that
reason it suffices to construct martingales, My, and M7y, adapted to the filtrations
of the odd and even part of {Bp (t)},cp respectively. The filtration generated by
My, (Mg;) coincides with the filtration of the odd (even) part of fBm, and for that
reason, following the terminology used in Norros et al. [16] to describe a martingale
for the fBm originally discovered by Molchan and Golosov (see Molchan [14]), we call
My, (Mj;) a fundamental martingale for the odd (even) part of fBm. Furthermore
we derive a stochastic integral representation for those martingales. In a similar
fashion this was done in Pipiras and Taqqu [18] and Pipiras and Taqqu [19] for the
fractional Brownian motion.

For i € {o,e} set

ff’i:U(B}I(s):Ogsgt) ande’i:span(qu(s):Ogsgt),

where {BY; (t)},~, and {Bf (t)},~, are the odd and even part of { By (t)},cp-



Fractional Brownian fields 89
Fort >0, i€ {o,e} and H+ H =1 define
i i Hi
(38) My (1) = E (Bl (1) | M)
Theorem 9. {Mp; (t)},~, and {M§ (t)},~, are H-self-similar Gaussian martin-

gales adapted to the filtration {F"°}i>0 and {F1Ysorespectively.

Proof. 1t is enough to verify the statement for My, only, because the verification
for Mg, is similar. By construction M§, is a Gaussian process. It follows from (31)
that for s <'t,
H7
B%., (t) — By (s) L GJ°,

which implies

E (Mg (1) | FI0) =B (B (B, (1) | F2°) | 7<) =B (Byy (1) | F1)
= E (B () = By () | FIN°) +E (Byy (s) | FI)
=0+ M (s) = Mg (s).-

By H-self-similarity property of the odd part {B¢% (t>}te[0 00), HE(0,1) of the fBf
{Br (1) }ier me(o,) the field {Z5 (0)},ci0.00), rre(0,1) defined by

Z¢ (t) = a= 1 BY (at)

is an odd fBf and, therefore for H + H =1,

{E (23 (1)1 0(Z5 () :0<r <)} o0 "2 {ME (1)} 150-
Furthermore

o (Zg(r):0<r<t)=0(a" "By (ar):

Therefore
E(Zy (t) |0 (25 (r):0<r<t))=E (a‘HBjiI/ (at) | flf) )

which concludes the proof. O

So far we have shown that My, and My, are H-self-similar Gaussian martingales.
By construction, for i € {o,e}, M (t) is an element of Gf " and therefore it may
be possible to express it as a stochastic integral, up to time ¢, of B}I. In the case
H = 3 this is trivial, since then H f = 1 and therefore B}, = B, is a constant
multiple of Brownian motion and M}, (t) = Bi; (t). The case H # 1 has been
solved in our paper [4]. We state the result below without proof. The supporting
materials are too long for the present paper. It should also be mentioned that the
natural filtration of the martingale M}, coincides with the natural filtration of the
process B, [4].

Theorem 10. Let H € (0,1)\ {3}. If t > 0 then

Mg () = F(\/f—f"{m /0 G sQ)i‘H dBY (s)
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and

M;I@):_ﬁ/ot% (/ (@ )" o) B (9),

2271/ (3 — 2H)sin (wH)

T ) JTRH )

where

6. Remarks on multifractional Brownian motions

Lévy Véhel and Peltier [23] and Benassi et al. [2] have introduced independently,
multifractional Brownian motion. In this section we will clarify the relationship
between multifractional Brownian motion and the fractional Brownian fields intro-
duced in Sections 3 and 4. Additionally we will point out an error in the covariance
of multifractional Brownian motion obtained from the nonanticipating moving av-
erage representation of fBm which shows that in fact the processes of Lévy Véhel
[23] and Peltier and Benassi et al. [2] are not the same, as it has been claimed in
Cohen [3].

Let {Ws},cp be a Brownian motion. For ¢t > 0 Lévy Véhel and Peltier [23] called

(39) X, = W (=@ = 7O ) aw,

where H : [0,00) — (0,1) is a deterministic Holder function with exponent 3 > 0, a
multifractional Brownian motion. This process is introduced as a generalization of
fBm that has different regularity at each ¢, more precisely, if 0 < H (¢) < min (1, 3)
then at each ¢y the multifractional Brownian motion has Hélder exponent H (tg)
with probability 1. It is clear that if H (t) = H for some 0 < H < 1, then {X;},-,
is a (nonstandard) H-fBm.

Benassi et al. [2] have introduced the process

(40) Y, / o1 T
Uk Rkl o

where in ”some sense” the random measure d/I/I7 is the Fourier transform of dW
and for g,h € L? (R) it satisfies

E(/_Zg(é)dﬁs/_zh(f)dﬁs> Z/_O;g(@ﬁdﬁ

(see section 7.2.2 in Samorodnitsky and Taqqu [21]). If H (t) = H, for some
0 < H < 1, the process {Y;},~, is an H-fBm, because the right-hand-side of (40)
reduces to the well-known harmonizable representation of fBm. The result concern-
ing the Holder exponent for {X;},., holds for the process {Y;},-, too. Although
the process {Y;},, is called multifractional Brownian motion, we will refer to it
as a harmonizable multifractional Brownian motion to emphasize the differences
between the two processes.

In [3] Cohen states that both multifractional Brownian motions {X;},., and
{Y1},5, if normalized appropriately are versions of the same process. More precisely
the following is stated in [3] (as Theorem 1):
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The harmonizable representation of the multifractional Brownian motion:

4 ettt —1 =
(41) /RW%T@CZWE,

1s almost surely equal up to a multiplicative deterministic function to the well bal-

anced moving average
/R(H—SIH(”_% PLOR )dW

When H (t) = 1 (|t - SlH(t)_% - |5|H(t)_%) is ambiguous, hence the conventional

2
1 1

it —s|” —|s|” = log (—) —log <—)
|t — s 5]

s to be used. Conversely, one can show that the non anticipating moving average

(42) [ (=907 = @) aw,

s equal up to a multiplicative deterministic function to the harmonizable represen-

tation e
ers —1 =
———dWe.
/R i€ gl "0

Hence the mfBm given by the non anticipating moving average (42) has the same law
as the mfBm given by the harmonizable representation (41) up to a multiplicative
deterministic function.

The arguments used in the proof of the of Theorem 1 in Cohen [3] are based on

the fact that the Fourier transform of x — |t — x\H(t)_% — \w\H(t)_% for H (t) #
5 and of log(|t ) — log(ﬁ) for H (t) = 3 equal, up to a multiplicative con-

meamng

stant, to & — |1— and an incorrect statement that the Fourier transform

_1 _1
of v — (t—x)f(t) 2 — (—x)f(t) 2 equals, up to a multiplicative constant, to

e'tt—1
£ 7 g
Fourier transform. Consequently the last two statements of the above Theorem 1

in Cohen are incorrect. In order to see why, consider two multifractional Brownian

. The equations (16) and (18) are the correct expression for that

motions . o - .
X = / (t—x) 2 —(—x ) dBw
CH(t)
and
1 t— T2 O W, for t H (t) # L
a0 e or !
t — 0o y

dHl(t)f log(lt I|)—log(|m‘>dW H(t)=3

where t > 0, cy) and dp(y) are defined by (6), (8) respectively, d% = 7, and
{Bi},cr and {W;},cp are Brownian motions. According to the last statement of
Theorem 1 in Cohen [3] there is a deterministic function f; such that the processes
{Xi},50 and {fiY:},~, have the same law. The chosen normalization assures that
E (X?) = E (V) for all t > 0, implying that |f;| = 1 for all ¢ such that ¢t > 0. It
follows that |E (X, X)| = |[E(Y;Y,)| for all s,t. It is clear that the process {X;},-,
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can be obtained from a dependent fractional Brownian field {By (¢)}50 sre(0,1) @
{Bru() (t)}+>0. Similarly, the Gaussian field {Wg (1)},50 pe(o,1) defined for H # 2
by equation (7) and for H = 1 by (9) gives {Yi}iso via {Whw (t)}t>0. Since the
last statement of Theorem 1 in [3] is supposed to hold for every Holder function ¢ —
H (t), that statement holds if and only if the Gaussian fields { B (t)}+e[0,00), He(0,1)
and {Wg (%) }e[0,00), He(0,1) have the same covariance in absolute value. The covari-
ance of {Bg(t)}tec(o,00),He(0,1) 18 given by Theorem 2. Proposition 11 right below
gives the covariance of {Wg (t)}+e[0,00), e (0,1)- The proposition shows that if H # %
and H+H = 1 the covariance EWp (t) W (s) is a multiple of sAt. From Theorem
2 we see that this is not the case for EBy (t) By (s) .

Proposition 11. The covariance of the Gaussian field {Wn (t)}1cg pe(o,1), defined
for H # % by equation (7) and for H = % by (9) is

d H+H' H+H H+H'
kgk, —HtH |t] + |s] — |t —s|
EWg (t) Wy (5) = -1 52 ,
deH/ kH+H/ 2

2

where dg is defined by (8) and

1\ . 1\ m 1
(43) kg =—-2I (H+§> 81n(<H—§> 5) forH;«éﬁ and ky = .
Before proving Proposition 11, a few technical results are needed.
Lemma 12. Let f; 1 (z) = log ﬁ —log ‘71| for x,t € R. Then

eit§ -1

fiy (©=m—

Proof. Suppose that ¢ # 0. Since f, 1 € L' (R) N L? (R) the Fourier transform of
ft,1 can be computed as

— %0 1 1\ . o0 izl
L = log —— —log — | e™¢dx = 1 ) ey,
fiy ©) /_w(ogrt—xr "gm)e g /_oo"g(w—t\)e g

Substituting u = x — % yields

o0 t
][/'t’\l(g) _ ei%ﬁ/ log (‘U“‘ %‘) eiuﬁdu7
’ |u— 3]

and after the substitution u = —v on (—o0,0) to
I3 iteo [ roe [ 10131
fe1 (&) =e€'252i log 2+ | sin (u€) du.
h 0 ju— 5|

Formula 4.382 (1) in [7] reads:

/ log <|u + a|> sin (bz) dz = T sin (ab) for a,b > 0.
0

lu — al b

If t > 0set a =% and b= |¢] and use that sin (2£) = sgn (§) sin (z [£]) for z > 0 to

get
ftg (&) = €i§£2i|7£—| sin <%>
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Standard trigonometric identities sin (2a) = 2sin (a) cos (a) and sin? (a) = 1_+S(2“)

complete the proof for ¢ > 0. The proof for ¢ < 0 is similar. O

g1 H-1 1
Lemma 13. Let fy g (z) = [t — 2|7 % —|z|" "2 forz,t € R and H € (0,1)\ {5}

Then .
— 1\ . 1\ 7\ e —1

Proof. Rewriting f; g as

fon (x) = (t = x)fié - (x)fié T R ) L

and applying equations (16) and (17) it follows that

IGEN (H+ %) eitig ! (e)"(F=2) _ <H + 1) eité —1 (—ig)"(F=32)

and from (18) that

@5)<H%>—<—%><H%>:2iM|<Hﬂsgn<_@snl<(g._1)

2
Therefore
— ite )
fem (§) =2I <H+ %) ¢ i€ 1@' |§|7(H75) sgn (—&) sin ((H — %) g)

1 1\ 7\ et —1
=2I'( H+ = ] si H—--)— .
( +2)Sm<< 2) 2) Rkas:

We are now ready to prove Proposition 11. The idea is to use the fact that up to a

multiplicative constant j:; () E; (&) equals ft/H+\H/ &) f/H:/ (¢) and that up

to a glultiplicative constant the integral over R of the later is the covariance of an
%—me. This argument is used in Ayache et al. [1] to compute the covariance of
a multifractional Brownian motion given by (40). In Ayache et al. [1] it is also erro-
neously claimed that the covariance of the multifractional Brownian motion given
by (39) is the same, if properly normalized, as the covariance of the harmonizable
multifractional Brownian motion given by (40). Their proof is based on the last
statement of Theorem 1 in Cohen [3]. In section 3 of Lim and Muniandy [11], the
authors give another incorrect argument about the equivalence (up to a determin-
istic multiplicative function) between the harmonizable multifractional Brownian
motion (40) and the nonanticipative multifractional Brownian motion (39).

Proof of Proposition 11. By the Plancherel identity

1 o0
EWa (0 Wy ()= g [ o (o) Fo ()

(4) 1

1

| R ©T @,
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where f; g, when H = %, is the same as in Lemma 12, and, when H # %, as in and
Lemma 13. From Lemma 12 and Lemma 13 it follows

o ite _ 1) 7€ )
| Fn© o ©d = kb [ (T£|H+%) (;H,+;>dg

Let Hy = H+THI Observe that Hy € (0,1) and so

d2, k2 i€ _ 1) (ois€ _ 1)
[T o (€0 =k e [T D D

iy J jg)fots |gHota

HO 2w

= kuky k’ d%[ /_ ft.m1, (2) fs,m1, () da,

where the last equality follows from Lemma 12, Lemma 13 and Plancherel identity.
Hence

oo _— d2
| o O T (€€ = by L 27E W, () Wi, (5)

Ho

2H 2H 2H,
ek dH02 (|t| 4 |5 —Jt — 5| )
— ks .
k3, 2

Hence (44) becomes

k' k /d2 t2H0 2H0_ t— 2H0
EWy (6) Wy (5) = - 2 HD(" Ll U iy

dpdy K, 2

This finishes the proof. U
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Risk bounds for the non-parametric
estimation of Lévy processes

José E. Figueroa-Lépez' and Christian Houdré?
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Abstract: Estimation methods for the Lévy density of a Lévy process are
developed under mild qualitative assumptions. A classical model selection ap-
proach made up of two steps is studied. The first step consists in the selection
of a good estimator, from an approximating (finite-dimensional) linear model
S for the true Lévy density. The second is a data-driven selection of a linear
model §, among a given collection {Sm, }:nea, that approximately realizes the
best trade-off between the error of estimation within S and the error incurred
when approximating the true Lévy density by the linear model S. Using recent
concentration inequalities for functionals of Poisson integrals, a bound for the
risk of estimation is obtained. As a byproduct, oracle inequalities and long-
run asymptotics for spline estimators are derived. Even though the resulting
underlying statistics are based on continuous time observations of the process,
approximations based on high-frequency discrete-data can be easily devised.

1. Introduction

Lévy processes are central to the classical theory of stochastic processes, not only as
discontinuous generalizations of Brownian motion, but also as prototypical Markov
processes and semimartingales (see [27] and [5] for monographs on these topics). In
recent years, continuous-time models driven by Lévy processes have received a great
deal of attention mainly because of their applications in the area of mathematical
finance (see e.g. [14] and references therein). The scope of these models goes from
simple exponential Lévy models (e.g. [2, 10, 12] and [16]), where the underlying
source of randomness in the Black-Scholes model is replaced by a Lévy process, to
exponential time-changed Lévy processes (e.g. [11]-[13]) and to stochastic differen-
tial equations driven by multivariate Lévy processes (e.g. [3, 29]). Exponential Lévy
models have proved successful to account for several empirical features observed in
time series of financial returns such as heavy tails, high-kurtosis, and asymmetry
(see, for example, [10] and [16]). Lévy processes, as models capturing the most ba-
sic features of returns and as “first-order approximations” to other more accurate
models, should be considered first in developing and testing a successful statistical
methodology. However, even in such parsimonious models, there are several issues
in performing statistical inference by standard likelihood-based methods.

Lévy processes are determined by three “parameters”: a non-negative real o2,
a real p, and a measure v on R\{0}. These three parameters characterize a Lévy
process { X (t) }+>0 as the superposition of a Brownian motion with drift, o B(t) + ut,
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and an independent pure-jump Lévy process, whose jump behavior is specified
by the measure v in that for any A € B(R), whose indicator x4 vanishes in a
neighborhood of the origin,

V(4) = 1B |, (AX(s))]

s<t

for any ¢ > 0 (see Section 19 of [27]). Here, AX(t) = X(t) — X(¢~) denotes the
jump of X at time ¢. Thus, v(A) gives the average number of jumps (per unit time)
whose magnitudes fall in the set A. A common assumption in Lévy-based financial
models is that v is determined by a function p : R\{0} — [0,00), called the Lévy
density, as follows

V(A) = /A p@)dz, VA € B(R\{0}).

Intuitively, the value of p at zg provides information on the frequency of jumps
with sizes “close” to xy.

Estimating the Lévy density poses a nontrivial problem, even when p takes simple
parametric forms. Parsimonious Lévy densities usually produce not only intractable
marginal densities, but sometimes marginal densities which are not even expressible
in a closed form. The current practice of estimation relies on numerical approxi-
mations of the density function of X(¢) using inversion formulas combined with
maximum likelihood estimation (see for instance [10]). Such approximations make
the estimation computationally expensive and particularly susceptible to numerical
errors and mis-specifications. Even in the case of closed form marginal densities,
maximum-likelihood based methods present serious numerical problems. For in-
stance, analyzing generalized hyperbolic Lévy processes, the author of [24] notices
that the likelihood function is highly flat for a wide range of parameters and good
starting values as well as convergence are critical. Also, the separation of parame-
ters and identification between different subclasses is difficult. These issues worsen
when dealing with “high-frequency” data. Other calibration methods include meth-
ods based on moments, simulation based methods, and multinomial log likelihoods
(see e.g. [29] and [6] and references therein). However, our goal in the present paper
is not to match the precision of some of these parametric methods, but rather gain
in robustness and efficiency using non-parametric methods. That is to say, assuming
only qualitative information on the Lévy density, we develop estimation schemes
for the Lévy density p that provide fairly general function estimators p.

We follow the so-called model selection methodology developed in the context of
density estimation in [8], and recently extended to the estimation of intensity func-
tions for Poisson processes in [25]. The essence of this approach is to approximate
an infinite-dimensional, nonparametric model by a sequence of finite-dimensional
models. This strategy has its origins in Grenander’s method of sieves (see [17]). Con-
cretely, the procedure addresses two problems. First, the selection of a good estima-
tor pg, called the projection estimator, out of an approximating (finite-dimensional)
linear model S for the Lévy density. Second, the selection of a linear model Sy,
among a given collection of linear models {S,,},,, that approximately realizes the
best trade-off between the error of estimation from the first step, and the error
incurred when approximating the unknown Lévy density by the linear model S.
The technique used in the second step has the general flavor of cross-validation via
a penalization term, leading to penalized projection estimators p (p.p.e.).

Comparing our approach to other non-parametric methods for non-homogeneous
Poisson processes (see e.g. [20, 21] and [25]), we will see that the main difficulty here
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is the fact that the jump process associated with a Lévy process has potentially
infinitely many small jumps. To overcome this problem, we introduce a reference
measure and estimate instead the Lévy density with respect to this measure. In
contrast to [25], our treatment does not rely on the finiteness of such a reference
measure. Our main objective here is to estimate the order of magnitude of the
mean-square error, E ||p — p||?, between the true Lévy density and the p.p.e. To
accomplish this, we apply concentration inequalities for functionals of Poisson point
processes such as functions of stochastic Poisson integrals (see e.g. [9, 18, 25]). This
important statistical application of concentration inequalities is well-known in other
contexts such as regression and density estimation (see [8] and references therein).
The bound for the risk of estimation leads in turn to oracle inequalities implying
that the p.p.e. is at least as good (in terms of the long term rate of convergence)
as the best projection estimator (see Section 4 for details). Also, combining the
bound with results on the approximation of smooth functions by sieves, one can
determine the long-term rate of convergence of the p.p.e. on certain well-known
approximating spaces of functions such as splines.

The statistics underlying our estimators are expressed in terms of deterministic
functions of the jumps of the process, and thus, they are intrinsically based on a
continuous-time observation of the process during some time period [0,7]. Even
though this observation scheme has an obvious drawback, statistical analysis under
it presents a lot of interest for two reasons. First, very powerful theoretical results
can be obtained, thus providing benchmarks of what can be achieved by discrete-
data-based statistical methods. Second, since the path of the process can in principle
be approximated by high-frequency sampling, it is possible to construct feasible
estimators by approximating the continuous-time based statistics using discrete-
observations. We use this last idea to obtain estimators by replacing the jumps by
increments, based on equally spaced observations of the process.

Let us describe the outline of the paper. We develop the model selection approach
in Sections 2 and 3. We proceed to obtain in Section 4 bounds for the risk of
estimation, and consequently prove oracle inequalities. In Section 5 the rate of
convergence of the p.p.e. on regular splines, when the Lévy density belongs to some
Lipschitz spaces or Besov spaces of smooth functions, are derived. In Section 6,
implementation of the method using discrete-time sampling of the process is briefly
discussed. We finish with proofs of the main results.

2. A non-parametric estimation method

Consider a real Lévy process X = {X(t)},~, with Lévy density p : Ry — Ry,
where Ry = R\{0}. Then, X is a cadlag process with independent and stationary
increments such that the characteristic function of its marginals is given by

2 2
(2.1) E [ei“X(t)] = exp {t (iub _ 20 + {e“’“‘” -1- iuml[m|§1]}p(m)da:) } ,
Ro

with p : Rg — R, such that
(2.2) (1 A 2?)p(x)dr < oo.
Ro

Since X is a cadlag process, the set of its jump times

{t>0: AX(t) = X(t) — X(t7) #0}
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is countable. Moreover, for Borel subsets B of [0,00) X Ry,
(2.3) j(B)E#{t>O:(t,X(t)—X(t_))EB},

is a well-defined random measure on [0, 00) X Ry, where # denotes cardinality. The
Lévy-Itd6 decomposition of the sample paths (see Theorem 19.2 of [27]) implies that
J is a Poisson process on the Borel sets B([0, 00) x Rg) with mean measure

(2.4) // ) dt dx.

Recall also that the stochastic integral of a deterministic function f : Ry — R with
respect to J is defined by

(2.5) // f@)J(dt, dx) =Y f(AX(t

[0,T]XRo t<T

where this last expression is well defined if

T
| [ @utddn =7 [ 5@ < oo
0 Ro Ro

see e.g. Chapter 10 in [19].

We consider the problem of estimating the Lévy density p on a Borel set D €
B (Ry) using a projection estimation approach. According to this paradigm, p is
estimated by estimating its best approximating function in a finite-dimensional
linear space S. The linear space S is taken so that it has good approximation
properties for general classes of functions. Typical choices are piecewise polynomials
or wavelets. Throughout, we make the following standing assumption.

Assumption 1. The Lévy measure v(dz) = p(x)dx is absolutely continuous with
respect to a known measure 1 on B (D) so that the Radon-Nikodym derivative

(2.6) — () = s(z), z €D,
is positive, bounded, and satisfies

(2.7) / s2(x)n(dx) < oo

D
In that case, s is called the Lévy density, on D, of the process with respect to the
reference measure 7.

Remark 2.1. Under the previous assumption, the measure J of (2.3), when re-
stricted to B([0,00) x D), is a Poisson process with mean measure

(2.8) // )dtn(dx), B € B([0,00) x D).

Our goal will be to estimate the Lévy density s, which itself could in turn be
used to retrieve p on D via (2.6). To illustrate this strategy consider a continuous
Lévy density p such that

p(z) =0 (z7'), as 2 —0.
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This type of densities satisfies the above assumption with respect to the measure
n(dz) = x~2dx on domains of the form D = {x : 0 < |z| < b}. Clearly, an estimator
p for the Lévy density p can be generated from an estimator § for s by fixing
plx) = 2725(x).

Let us now describe the main ingredients of our approach. Let & be a finite
dimensional subspace of L? = L? ((D, 7)) equipped with the standard norm

12 = /D £2(2) n(dz).

The space S plays the role of an approximating linear model for the Lévy density s.
Of course, under the L? norm, the best approximation of s on S is the orthogonal
projection defined by

(2.9) st(z) = 2:1: ( /D @i(y)S(y)n(dy)) pi(a),

where {¢1, ..., @4} is an arbitrary orthonormal basis of S. The projection estimator
of s on S is defined by

d
(2.10) $(x) =D Bipi(w),
i=1
where we fix

(2.11) bi=g [[ wl@Ta.
[0,

T)xD

This is the most natural unbiased estimator for the orthogonal projection s*. No-
tice also that § is independent of the specific orthonormal basis of S. Indeed, the
projection estimator is the unique solution to the minimization problem

glelg%(f),

where v, : L? ((D,n)) — R is given by

(212) )= =3 [ f@ I+ [ ),
D

[0,T1xD

In the literature on model selection (see e.g. [7] and [25]), vp is the so-called contrast
function. The previous characterization also provides a mechanism to numerically
evaluate § when an orthonormal basis of S is not explicitly available.

The following proposition provides both the first-order and the second-order
properties of 5. These follow directly from the well-known formulas for the mean
and variance of Poisson integrals (see e.g. [19] Chapter 10).

Proposition 2.2. Under Assumption 1, § is an unbiased estimator for s~ and its
“mean-square error”, defined by

W= [l — 52 = / (3(z) — 5*(2))* n(dz),
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1s such that
d
(2.13) E[y*] = %Z /D 2 ()s(x) n(dz).

The risk of § admits the decomposition
A2 e oLy2 2
(2.14) IE[Hs—an] = ||s —s*)2 + E [x?] .

The first term in (2.14), the bias term, accounts for the distance of the unknown
function s to the model S, while the second term, the variance term, measures the
error of estimation within the linear model S. Notice that (2.13) is finite because s
is assumed bounded on D and thus,

(2.15) E ] < lslle -

3. Model selection via penalized projection estimator

A crucial issue in the above approach is the selection of the approximating linear
model S. In principle, a “nice” density s can be approximated closely by general
linear models such as splines or wavelet. However, a more robust model S’ con-
taining S will result in a better approximation of s, but with a larger variance.
This raises the natural problem of selecting one model, out of a collection of linear
models {S,,, m € M}, that approximately realizes the best trade-off between the
risk of estimation within the model and the distance of the unknown Lévy density
to the approximating model.

Let 3,, and s~ be respectively the projection estimator and the orthogonal pro-
jection of s on S,,. The following equation, readily derived from (2.14), gives insight
on a sensible solution to the model selection problem:

(3.1) E lls = $mll?] = llsll2 + B |~l|3m]2 + pen(m)] .

Here, pen(m) is defined in terms of an orthonormal basis {¢1,m., - .., ¥d,, m} of Sm
by the equation:

(3.2) pen(m

dm
/ (Z %0?,m(x)> J(dt, dz).

2

=
0,7]xp =1

Equation (3.1) shows that the risk of §,, moves “parallel” to the expectation of
the observable statistics —||3,]|> + pen(m). This fact justifies to choose the model
that minimizes such statistics. We will see later that other choices for pen(-) also
give good results. Therefore, given a penalization function pen : M — [0,00), we
consider estimators of the form

(3.3) 5

Siins
where §,, is the projection estimator on S,, and

T = argmin,, ¢ a4 {—||§m||§ + pen(m)} .
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An estimator § as in (3.3) is called a penalized projection estimator (p.p.e.)
on the collection of linear models {S,,,m € M}.

Methods of estimation based on the minimization of penalty functions have a long
history in the literature on regression and density estimation (for instance, [1, 22],
and [28]). The general idea is to choose, among a given collection of parametric
models, the model that minimizes a loss function plus a penalty term that controls
the variance term, which will forcefully increase as the approximating linear models
become more detailed. Such penalized estimation was promoted for nonparametric
density estimation in [8], and in the context of non-homogeneous Poisson processes
in [25].

4. Risk bound and oracle inequalities

The penalization idea of the previous section provides a sensible criterion to select
an estimator § = §;, out of the projection estimators {5,, : m € M} induced by a
given collection of approximating linear models {S,,, m € M}. Ideally, one wishes
to choose that projection estimator $,,~ that minimizes the risk; namely, such that

(4.1) E [HS — 8

ﬁ]gﬁﬁw—gmmy for all m € M.

Of course, to pick the best s, is not feasible since s is not available to actually
compute and compare the risks. But, how bad would the risk of s be compared
to the best possible risk that can be achieved by projection estimators? One can
aspire to achieve the smallest possible risk up to a constant. In other words, it is
desirable that our estimator § comply with an inequality of the form

(4.2) E[ls—4?] < if E[lls— ],
n meM m

for a constant C' independent of the linear models. The model S,,« that achieves
the minimal risk (using projection estimation) is the oracle model and inequalities
of the type (4.2) are called oracle inequalities. Approximate oracle inequalities were
proved in [25] for the intensity function of a nonhomogeneous Poisson process. In
this section we show that for certain penalization functions, the resulting penalized
projection estimator § defined by (3.3) satisfies the inequality
2 A 112 ¢’

(4.3) E|ls =32 <C inf E[ls—snl?] + .
for some “model free” constants C,C’ (remember that the time period of observa-
tions is [0, T]). The main tool in obtaining oracle inequalities is an upper bound for
the risk of the penalized projection estimator 5. The proof of (4.3) follows essentially
from the arguments in [25]; however, to overcome the possible lack of finiteness on
the reference measure 7 (see Assumption 1), which is required in [25], and to avoid
superfluous rough upper bounds, the dimension of the linear model is explicitly
included in the penalization and the arguments are refined.

Let us introduce some notation. Below, d,, denotes the dimension of the linear
model S,,, and {1 m, ..., ¥d,,,m} is an arbitrary orthonormal basis of S,,,. Define

(4.4) Do = sup {|IfI% : £ € S, IF12 =1},

which is assumed to be finite and can be proved to be equal to || Zf;”l 02 lloo-
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We make the following regularity condition, introduced in [25], that essentially
controls the complexity of the linear models. This assumption is satisfied by splines
and trigonometric polynomials, but not by wavelet bases.

Assumption 2. There exist constants I' > 0 and R > 0 such that for every positive
integer n,

#{m e M:d,, =n} <T'n'.
We now present our main result.

Theorem 4.1. Let {S,,,m € M} be a family of finite dimensional linear subspaces
of L?>((D,n)) satisfying Assumption 2 and such that D,, < oo. Let My = {m €
M : D, < T}. If 5,, and s are respectively the projection estimator and the
orthogonal projection of the Lévy density s on S,, then, the penalized projection
estimator 3, on {Sm},,cr, defined by (3.3) is such that

/

- . C
(45)  E|ls—52| <0 it {lls—snl? +Epen(m)]} + 7.

whenever pen : M — [0,00) takes either one of the following forms for some fized
(but arbitrary) constants c > 1,¢d >0, and " > 0:

(a) pen(m) > Pzl N 4 ¢dm where N = J([0,T] x D) is the number of jumps
prior to T with sizes in D and where it is assumed that p = [, s(x)n(dz) < oo;

(b) pen(m) > ¢ m, where Vi, is defined by

(4.6) z—// (Zg@m ) (dt, dz),

0,7]xD N=1

and where it is assumed that 8 = inf,,,c m E[Vin]
(c) pen(m) > ¥ 4 ¢/ Lo 4 ¢

In (4.5), the constant C depends only on ¢, ¢’ and ¢, while C' varies with ¢, ¢,
C,/7 F? R? H8Hn7 HSHOO7 p7 67 and ¢'

Remark 4.2. It can be shown that if ¢ > 2, then for arbitrary ¢ > 0, there is a
constant C’(g) (increasing as ¢ | 0) such that

> 0 and that ¢ = inf,epm 2= > 0;

a2 : _oL2
(A7) Els=3l? < (1+2) inf {lls = k]2 +Elpen(m)]} + —

One important consequence of the risk bound (4.5) is the following oracle in-
equality:

Corollary 4.3. In the setting of Theorem 4.1(b), if the penalty function is of the
form pen(m) = c— for every m € My, B> 0, and ¢ > 0, then

(48) E[ls—5,02) <C i {E [Hs—ém|\§]}+%,

or a constant C epending only on c, and a constan C epending on c, I', R,
tant C' d d [ d tant C' d d I' R

I5ll,.; Islloc, B, and ¢.
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5. Rate of convergence for smooth Lévy densities

We use the risk bound of the previous section to study the “long run” (7" — o0)
rate of convergence of penalized projection estimators based on regular piecewise
polynomials, when the Lévy density is “smooth”. More precisely, on a window of
estimation D = [a,b] C Ry, the Lévy density of the process with respect to the
Lebesgue measure n(dx) = dx, denoted by s, is assumed to belong to the Besov
space (also called Lipschitz space) BS (LP([a,b])) for some p € [2,00] and o > 0 (see
for instance [15] and references therein for background on these spaces). Concretely,
B (LP([a,b])) consists of those functions f € LP([a,b],dx) if 0 < p < oo (or f
continuous if p = co) such that

1 T
‘f|Bgo(LP) = sup o Sup HAh(f’ ')HLP([Q,,b],drc) < o0,
550 0% 0<h<s

where Ap(f,z) = f(z + h) — f(z) and A} (f,z) is the r'"-order difference of f
defined by

AZ(f, ':E) = Ah(A;;il(fa ')7 iU),
for  such that z +rh € D and r € N. The following spaces are closely related.
For k € N and 8 € (0, 1] such that a = k + 3, let Lip(a, L”(]a, b])) be the class of
functions f such that f,..., f*~1) are absolutely continuous on [a,b] with f(*) €
LP((a,b)) satisfying

HAh(f(k)a ')HLP([a,b],M) < Mhﬁ’

for some M < oo. It is know that if & > 0 is not an integer and 1 < p < oo, then
f € Lip(a, LP([a, b])) if and only if f is a.e. equal to a function in B (LP([a,b])).
In general, Lip(a, LP([a, b])) C BS (LP([a,b])), for any 0 < p < oo and « > 0 (see
e.g. [15]).

An important reason for the choice of the Besov class of smooth functions is the
availability of estimates for the error of approximation by splines, trigonometric
polynomials, and wavelets (see e.g. [15] and [4]). In particular, if S¥ denotes the
space of piecewise polynomials of degree at most k, based on the regular partition
of [a,b] with m intervals (m > 1), and s € B% (LP([a,b])) with & > a — 1, then
there exists a constant C(s) such that

(5.1) dp (S,an) < C(s)ym™%,

where d,, is the distance induced by the LP-norm on ([a,b],dx) (see [15]). The
following gives the rate of convergence of the p.p.e. on regular splines.

Corollary 5.1. With the notation of Theorem 4.1, taking D = [a,b] and n(dzx) =
dz , let 5, be the penalized projection estimator on {S¥ } e, with penalization

en(m) = cv—m —f—C/% +c"d—m
P — T T T

for some fized ¢ > 1 and ¢’, ¢ > 0. Then, if the restriction to D of the Lévy density
s belongs to B (LP([a,b))), with2 <p < oo and 0 < a < k + 1, then

lim sup 72/ 22+ DR [Hs - §Tl|ﬂ < 0.
T—o0
Moreover, for any R >0 and L > 0,

(5.2) limsup 72%/(2eY)  qup E [HS - §T||2i| < o0,
T—o0 s€O(R,L) '
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where O(R, L) consists of all the Lévy densities f such that || f| o< ([a,p),dz) < R, and
such that the restriction of f to [a,b] is a member of BS, (LP([a, b])) with | f|gs (Lr) <
L.

The previous result implies that the p.p.e. on regular splines has a rate of con-
vergence of order T—2%/(22+1) for the class of Besov Lévy densities O(R, L).

6. Estimation based on discrete time data

Let us finish with some remarks on how to approximate the continuous-time sta-
tistics of our methods using only discrete-time observations. In practice, we can
aspire to sample the process X (t) at discrete times, but we are neither able to
measure the size of the jumps AX(¢t) = X (¢) — X(¢7) nor the times of the jumps
{t : AX(t) > 0}. In general, Poisson integrals of the type

(6.1) // f@)J(dt,dz) =Y f(AX (),

[0,T]XRo t<T
are not accessible. Intuitively, the following statistic is the most natural approxi-
mation to (6.1):

n

(6.2) L(f) =) f(AX),

k=1
where A, X is the k' increment of the process with time span h,, = T'/n; that is,
ApX =X (khy,) — X ((k—=1Dhy,), k=1,...,n

How good is this approximation and in what sense? Under some conditions on f,
we can readily prove the weak convergence of (6.2) to (6.1) using properties of the
transition distributions of X in small time (see [5], Corollary 8.9 of [27], and [26]).
The following theorem summarizes some known results on the small-time transition
distribution.

Theorem 6.1. Let X = {X(t)},~, be a Lévy process with Lévy measure v. The
following statements hold true.

(1) For each a > 0,

(63) lim P (X () > ) = ([0, 00)),
(6.4) lim TP (X(1) < ~a) = v((~o0, ~a]).

(2) For any continuous bounded function h wvanishing in a neighborhood of the
origin,

1
(6.5) %E% ;]E [h (X (1))] :/R h(x)v(dz).
(3) If h is continuous and bounded and if lim,_o h(z)|z|~? = 0, then
1
,}ii% ;]E [h(X(t)] = /RO h(z)v(dz).

Moreover, if fRO(|x| A1)v(dx) < oo, it suffices to have h(zx)(|z| A1)~ contin-
uous and bounded.
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Convergence results like (6.5) are useful to establish the convergence in distrib-
ution of I, (f) since

sfor] « (O - (1)

where a,, = nE [k (X (£))] with h(z) = /@) — 1. So, if f is such that

(6.6) lim 1IE [ uf (X)) _ 1] = / (auf(w) — 1) v(dz),
R

t—0 ¢
0

then a,, converges to a = TfRO h(z)v(dz), and thus

lim (1 i “-”)n — lim enles(1+) — o
n

n—oo n—oo
We thus have the following result.

Proposition 6.2. Let X = {X(t)},~, be a Lévy process with Lévy measure v.

Then,
nlLHoloE [eiu[n(f)] = exp {T/RO <ei“f(x) — 1> V(dx)} ,

if f satisfies either one of the following conditions:

(1) f(x) = 1(ap(@)h(x) for an interval [a,b] C Ry and a continuous function h;
(2) f is continuous on Rg and lim,_q f(x)|z|~2 = 0.

In particular, I,(f) converges in distribution to I(f) under any one of the previous
two conditions.

Remark 6.3. Notice that if (6.5) holds true when replacing h by f and f2, then
the mean and variance of I,(f) obey the asymptotics:

lim E[L,(f)] =T | f(z)v(dr);

n—oo RO

nli_)n;oVar I,(f)] =T A A (z)v(dx).

Remark 6.4. Very recently, [23] proposed a procedure to disentangle the jumps
from the diffusion part in the case of jump-diffusion models driven by finite-jump
activity Lévy processes. It is proved there that for certain functions r : Ry —
Ry, there exists N(w) such that for n > N(w), a jump occurs in the interval
((k = 1)hy, khy) if and only if (ApX)? > r(hy,). Here, h, = T/n and A, X is the
k" increment of the process. These results suggest to use statistics of the form

zn:f ApX) 1 [(AX)* > 7(hn)]
k=1

instead of (6.2) to approximate the integral (6.1).
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7. Proofs
7.1. Proof of the risk bound

We break the proof of Theorem 4.1 into several preliminary results.

Lemma 7.1. For any penalty function pen : M — [0,00) and any m € M, the
penalized projection estimator s satisfies

(7.1) s =512 < lls = spll2 +2x3, + 2vp (55, — sm) + pen(m) — pen(in),
where X2, = |5 — §m|\72] and where the functional vp : L* ((D,n)) — R is defined
by
J(dt,dr) — s(x) dt n(dx
(7.2 wo(p= [[ sl A=A,
[0, T]xD

The general idea in obtaining (4.5) is to bound the “inaccessible” terms on the
right hand side of (7.1) (namely x2, and vp (s3, — sy )) by observable statistics.
In fact, the penalizations pen(-) given in Theorem 4.1 are chosen so that the right
hand side in (7.1) does not involve m. To carry out this plan, we use concentration
inequalities for y2% and for the compensated Poisson integrals vp(f). The following

result gives a concentration inequality for general compensated Poisson integrals.

Proposition 7.2. Let N be a Poisson process on a measurable space (V,V) with
mean measure p and let f:V — R be an essentially bounded measurable function
satisfying 0 < |[f|I? = [y, f2(v)u(dv) and [, |f(v)|u(dv) < oo. Then, for anyu > 0,

@3 P| [ S0 - u(o) 2 11, VE G ] <

In particular, if f:V — [0,00) then, for any € > 0 and u > 0,
(7.4)
1 5)

plaa ([ s+ (g4 g Iln) = [ feutdn)] =1-e

For a proof of the inequality (7.3), see [25] (Proposition 7) or [18] (Corollary
5.1). Inequality (7.4) is a direct consequence of (7.3) (see Section 7.2 for a proof).

The next result allows us to bound the Poisson functional x2,. This result is
essentially Proposition 9 of [25].

Lemma 7.3. Let N be a Poisson process on a measurable space (V,V) with mean
measure p(dv) = p(v)¢(dv) and intensity function p € L*(V,V,(). Let S be a finite
dimensional subspace of L?(V,V, () with orthonormal basis {@1, ..., %4}, and let

(75) p0 =3 ([ ety s

d
(7.6) p )= 3 ([ stw)itonan)) 2i)
Then, x*(S) = ||p —pLH? is such that for any u >0 and e > 0

77 P[x(S) > (1+)VEN(S)] + 2k Msu + k(g)Bsu} <e
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where we can take k = 6, k(¢) = 1.25 4 32/¢, and where

(7.8) MsESUP{ /V PpE)(d) - f €S, |l =1},
(7.9) BSESUP{HJCHOO:JCES7 Hng :1}'

Following the same strategy as in [25], the idea is to obtain from the previous
lemmas a concentration inequality of the form

P[lls =512 < C (Jls = sl + pen(m) ) + h(&)] = 1= €',

for constants C' and C’, and a function k() (all independent of m). This will prove
to be enough in view of the following elementary result (see Section 7.2 for a proof).

Lemma 7.4. Let h:[0,00) — Ry be a strictly increasing function with continuous
derivative such that h(0) = 0 and limg_,o e Sh(€) = 0. If Z is random variable
satisfying

P[Z > h(€)] < Ke™*,

for every £ > 0, then
EZ < K/ e “h(u)du.
0

We are now in a position to prove Theorem 4.1. Throughout the proof, we
will have to introduce various constants and inequalities that will hold with high
probability. In order to clarify the role that the constants play in these inequalities,
we shall make some convention and give to the letters x, y, f, a, b, &, IC, ¢, and C,
with various sub- or superscripts, special meaning. The letters with x are reserved to
denote positive constants that can be chosen arbitrarily. The letters with y denote
arbitrary constants greater than 1. f, f1, f2,... denote quadratic polynomials of
the variable £ whose coefficients (denoted by a’s and V's) are determined by the
values of the z’s and y’s. The inequalities will be true with probabilities greater
that 1 — Ke~¢, where K is determined by the values of the z’s and the y’s. Finally,
s and (C's are used to denote constants constrained by the z’s and y's. It is
important to remember that the constants in a given inequality are meant only for
that inequality. The pair of equivalent inequalities below will be repeatedly invoked
throughout the proof:

(i) 2ab < za®+ 1b?, and

(7.10) (i) (a+0)*<(A+az)a®+ (1+ )0 (forz >0).

Also, for simplicity, we write below || - || to denote the L>—norm with respect to the
reference measure 1.
Proof of Theorem 4.1. We consider successive improvements of the inequality

(7.1):

Inequality 1. For any positive constants x1, xo2, x3, and x4, there exist a positive
number IC and an increasing quadratic function f (both independent of the family
of linear models and of T') such that, with probability larger than 1 — Ke™¢,

s = 31> < lls = s 1> + 2x%, + 221|535, — sim1”

Dy, D,, dgp,

A1 — — —
(7 ) +J}2 T +l‘3 T + x4 T

f(€)

+ pen(m) — pen(m) + N
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Proof. Let us find an upper bound for vp (s, —st), m’,m € M. Since the operator
vp defined by (7.2) is just a compensated integral with respect to a Poisson process
with mean measure p(dtdr) = dtn(dz), we can apply Proposition 7.2 to obtain

that, for any =/ , > 0, and with probability larger than 1 — e~ Tm

il Lt
n " 3T

In that case, the probability that (7.12) holds for every m’ € M is larger than
1= weme “m because P(AN B) > 1 —a — b, whenever P(A) > 1 —a and
P(B) > 1—b. Clearly,

1

L
(7.12) vp (S — Sp) < Hw

S — 5 | S (1) — 55,(2) )
T = / < T ) s(z)dtn(dx)
[0,T]xD

Isimr = smll®

< Jlsfloo 22—

Using (7.10)(i), the first term on the right hand side of (7.12) is then bounded as
follows:

SJ_/ _SJ_
7.13 H_m;__iﬁ
(7.13) -

5]l oo

1 1
Qx’lrn/ S m]-||S'n’l,/ - SmH2 + 2T.T1 Y

©

for any z; > 0. Using (4.4) and (7.10-1),

sz = smnlloo®inr < (s lloo + lls7lloc) 2

< (VDwllsill + VDullsi ) @
< /Do 81| + /Dol lsl|

2 12
L (1 1
< 329D,y + 323Dy, + W (11
12 o T3

for all x5 > 0, x3 > 0. It follows that, for any x1 > 0, 2 > 0, and z3 > 0,

D, D
VD (sﬁl, — Si‘l) < $1HSTJ{1/ — sf;le + :I;ng + mng
2
sl sl
2T x4 36Tz

where we set

8|~

= é + é Next, take

1 1
LIZ‘;n/ = T4\ dm/ (H A —> —|—€

I5]loo

Then, for any positive x1, x2, x3, and x4, there is a K and a function f such that,
with probability greater than 1 — Ke™¢,

D, D
vp (S — S ) < 1|80 — s |I? —i—:L‘ng —i—ngm

(714 b () o SO ot e

18z  2z,) T T
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Concretely,

4o

= FZ” eXp( (R i)

Here, we used the assumption of polynomial models (Definition 2) to come up with
the constant K. Plugging (7.14) in (7.1), and renaming the coefficient of d,,, /T, we
can corroborate inequality 1. O

(7.15)

Inequality 2. For any positive constants y1 > 1, xo, x3, and x4, there are positive
constants Cy < 1, C; > 1, and K, and a strictly increasing quadratic polynomial f
(all independent of the class of linear models and of T') such that with probability
larger than 1 — Ke™¢,

Cills = 311 < Cills = spll* + y1x7,

Dy, Dy, din
f(&)

+ pen(m) — pen(1n) + T
Moreover, if 1 < y1 < 2, then C{ = 3 —y1 and C; = y1 — 1. If y1 > 2, then
C{ =1+4xy and C; = 1 — 4z, where x1 is any positive constant related to f via
to the equation (7.15).

Proof. Let us combine the term on the left hand side of (7.11) with the first three
terms on the right hand side. Using the triangle inequality followed by (7.10-ii),
sz = smll® < 2lls — sl + 257 — sl

~

2 and |55 —s||? = ||s — 8 l|® — lIs5 — 3|, it follows

Then, since X%@ = ||37J7-1 — 8,5,
that
Is — st |12 + 2x2, 4 221 |55 — 55|12 — ||ls — 8
< (L+4w) s = sl + (2 = dz) [l — 8
+ (4w — 1) [Is = 3%,

for every x1 > 0. Then, for any y; > 1, there are positive constants C > 0, C] > 1,
and C7 < 1 such that

Is = smll* + 2x%, + 2C s, — smll® = lls = 3|2
< Cills = sl + y1xi — Cills — 312

Combining (7.11) and (7.17), we obtain (7.16). O

(7.17)

Inequality 3. For any yo > 1 and positive constants x;, + = 2,3,4, there exist
positive reals C; < 1, C1 > 1, an increasing quadratic polynomial of the form
f2(&) = a&? + b€, and a constant Ko > 0 (all independent of the family of linear
models and of T') so that, with probability greater than 1 — Kye™¢,

Cills = 51* < Cills — 571

Vin Dy, di, .
(7.18) + Y2 + Ty~ + T3~ pen(m)

+ x4D—j:n + pen(m) + @
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Proof. We bound x?2,, using Lemma 7.3 with V = R} x D and p(dx) = s(x)dtn(dz).
We regard the linear model S,,, as a subspace of L?(R, x D, dtn(dx)) with ortho-

normal basis ‘p\}%” e @%m }. Recall that
2
R J(dt,dx) — s(z)dtn(dx
o=l =l =32 | [ (o) L) sl
=1 l0,77x D

’
Z

Then, with probability larger than 1 —3%" e,

(7.19) VT X < (14 20/ Vi 4+ 1/ 2kMyi!, + k(1) By )

for every m’ € M, where B,,,y = \/ D,/ /T,
(7.20) /“(Ej%nl ) (2)n(d),
m«—wp{/f’ ulde) £ € Syl =1}

Now, by Cauchy-Schwarz [, f2(z)s(z)n(dz) < || fllsolls|, when | f|| = 1, and so the
constant M, above is bounded by ||s|[v/D,, . In that case, we can use (7.10-i) to
obtain

kH H o

HOWYE

2kM,,, x’ o < T

for any x5 > 0. On the other hand, by hypothesis Dm/ § T, and (7.19) implies that

D, k
\/_Xm < (1 —f—.Tl \/ m! T T2 m’ T < ” ” ( 1)) xm’
Choosing the constant x/ , as

/ . T3V dm’
Tm' = Fs] +&
E + k‘(ib‘l)

we get that for any x7 > 0, 2 > 0, z3 > 0, and & > 0,

(7.21) VT X < (1+ 21)V/ Vi + 22/ Doy + 233/ dpr + f1(€)

with probability larger than 1 — Kie~¢, where

AGE (@L” )&

K1 :r;n%xp (-ﬁxg/ <k” il + k(z )))

Squaring (7.21) and using (7.10-ii) repeatedly, we conclude that, for any y > 1,
x9 > 0, and x3 > 0, there exist both a constant K1 > 0 and a quadratic function
of the form fo(&) = a&? (independent of T, m/, and of the family of linear models)
such that, with probability greater than 1 — ICie™¢,

Vm’ Dm/ dm/ f2 (5)

(7.23) X2, <y T + T T + x3 T + i vm' € M.

Then, (7.18) immediately follows from (7.23) and (7.16). O

(7.22)




112 J. E. Figueroa-Lopez and C. Houdré

Proof of (4.5) for the case (c). By the inequality (7.4), we can upper bound V,
by V,, on an event of large probability. Namely, for every =/ , > 0 and = > 0, with

probability greater than 1 —3%" ,_\, e*:v’m,7
1 5) D,

(724)  (1+2) (Vm, i <% +2) L

x;n/> > Vm’, Vm, € M,

(recall that D, = || zf’:"l ©7 mlloo). Since by hypothesis D,,, < T, and choosing
m;n’ = l'/dm’ + 57 (LIZ‘/ > 0)7

it is seen that for any « > 0 and x4 > 0, there exist a positive constant Ko and
a function f(§) = b¢ (independent of 7" and of the linear models) such that with
probability greater than 1 — Koe™¢

(7.25) (1 + )Vt + 24y + f(E) > Vi, Y € M.

Here, we get Iy from the polynomial assumption on the class of models. Combining
(7.25) and (7.18), it is clear that for any yo > 1, and positive x;, i = 1,2,3, we
can choose a pair of positive constants C; < 1, C] > 1, an increasing quadratic
polynomial of the form f(£) = a&? + b€, and a constant K > 0 (all independent of
the family of linear models and of T') so that, with probability greater than 1—Ke=¢

Cills =3 < Cills — smll?
Vs Dy, dy,

(7.26) + Y27 + o= +@a s — pen(i)

O
=

Dy,
+ T3~ + pen(m) +

Next, we take yo = ¢, 1 = ¢, and x5 = ¢’ to cancel —pen(m) in (7.26). By Lemma
7.4, it follows that

1
(7.27) CiE [ls = §%] < Cills = sml* + (1 + =) E [pen(m)] + L.
Since m is arbitrary, we obtain the case (c) of (4.5). O

Proof of (4.5) for the case (a). One can bound V,,/, as given in (7.20), by D,/ p
(assuming that p < 00). On the other hand, (7.4) implies that

- e (S (2 2) ) 2

with probability greater than 1 —e~¢. Using these bounds for V;,,, and the assump-
tion that D,,» < T, (7.18) reduces to

Cills = 3lI* < Cills — s 12

DN dn, .
(7.29) + yT + 1'1? — pen(h)
m f(€)
Tt pen(m) + T

which is valid with probability 1 — Ke™¢. In (7.29), y > 1, 2; > 0 and z5 > 0 are
arbitrary, while C7, C1, the increasing quadratic polynomial of the form f(§) =
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aé? + b¢, and a constant X > 0 are determined by y, z;, and x» independently of
the family of linear models and of 7. We point out that we divided and multiplied
by p the terms D,;,/T and D,,/T in (7.18), and then applied (7.28) to get (7.29).
It is now clear that y = ¢, and z1 = ¢ will produce the desired cancelation. O

Proof of (4.5) for the case (b). We first upper bound Dy, by 71V, and d; by
(86) "V in the inequality (7.18):
Vi

Cills =517 < Cills = smll* + (y + 2157 + 22(80) ™) -

Vi
— pen(m) + $3571T + pen(m) + @
Then, using d,,y < (8¢)" 1V, in (7.25) and letting x4(8¢)~! vary between 0 and
1, we verify that for any 2’ > 0, a positive constant 4 and a polynomial f can be

found so that with probability greater than 1 — ICse ¢,
(7.31) (14 2 VW + f(E) > Vi, V' € M.

Putting together (7.31) and (7.30), it is clear that for any y > 1 and z; > 0, we can
find a pair of positive constants C; < 1, Cf > 1, an increasing quadratic polynomial
of the form f(£) = a&? + b€, and a constant K > 0 (all independent of the family
of linear models and of T') so that, with probability greater than 1 — Ke™¢,

(7.30)

Cills = 3|* < Cills = spull* + y 3 — pen(in)

7.32
( ) +x1 V%” + pen(m) + @

In particular, by taking y = ¢, the term —pen(m) cancels out. Lemma 7.4 implies
that
cy

(7.33) CiE [||s — 3]|°] < Cills — smll? + (1 + 1) E [pen(m)] + =

Finally, (4.5) (b) follows since m is arbitrary. O

Remark 7.5. Let us analyze more carefully the values that the constants C' and
C' can take in the inequality (4.5). For instance, consider the penalty function of
part (c). As we saw in (7.27), the constants C' and C’ are determined by Cy, C}, CY,
and x3. The constant C'; was proved to be y; —1 if 1 < y; < 2, while it can be made
arbitrarily close to one otherwise (see the comment immediately after (7.16)). On
the other hand, y; itself can be made arbitrarily close to the penalization parameter
¢ since ¢ = yp = y1(1 + x)y, where x is as in (7.24) and y is in (7.23). Then, when
¢ > 2, Cy can be made arbitrarily close to one at the cost of increasing CY in (7.27).
Similarly, paying a similar cost, we are able to select C] as close to one as we wish
and x3 arbitrarily small. Therefore, it is possible to find for any € > 0, a constant
C'(e) (increasing in €) so that
C'(e)

.34 Ells — 5|12 < (1 inf —stIP+E .
(7.34) s —3[" < ( +€)nggM{Hs sml? + E [pen(m)]} + T

A more thorough inspection shows that

lim C'(e)e = K,

e—0

where K depends only ¢, ¢/, ¢, T', R, ||s||, and ||s||cc. The same reasoning applies
to the other two types of penalty functions when ¢ > 2. In particular, we point out
that C' can be made arbitrarily close to 2 in the oracle inequality (4.8) at the price
of having a large constant C'.
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7.2. Some additional proofs

Proof of Corollary 5.1. The idea is to estimate the bias and the penalized term
in (4.5). Clearly, the dimension d,, of S¥ is m(k + 1). Also, D,, is bounded by
(k+1)?2m/(b—a) (see (7) in [8]), and

E[Vm] :/

a

b
(Z so?,m(a:)> s(z)de < (k + 1)ml|s o,

since the functions ¢; ,, are orthonormal. On the other hand, by (10.1) in Chapter
2 of [15], if s € B, (LP([a,b])), there is a polynomial ¢ € S¥ such that

s —qllze < calslBe () (b —a)*m™.
Thus,
1-1l4a —
Is = sinll < €rag(b—a)2 "% |s|pe (Lrym ™.

By (4.5)), there is a constant M (depending on C, ¢, ¢, ¢, a, k, b—a, p, |s|pa (Lv),
and ||s]|), for which

C/

E[|s— 3 2<M'f{_2a T} —.

s =5 IF] < M il \m™ + 70+ 7

It is not hard to see that, for large enough 7', the infimum on the above right hand
side is Oy (T—2¢/(22+1)) (where O, means that the ratio of the terms is bounded
by a constant depending only on «). Since M is monotone in |s[ga (rr) and [|s||oo,
(5.2) is verified. O

Proof of Lemma 7.1. Let

(7.35) o(f) = - / f(2) T(dt, dx) + /D £ () n(dz),

2
T
[0,T]xD

which is well defined for any function f € L2?((D,n)), where D € B(Ry) and
n is as in (2.6)-(2.8). The projection estimator is the unique minimizer of the
contrast function yp over S. Indeed, plugging f = Z?Zl Bipi in (7.35) gives

Yo (f) = Z?:l(—QﬁiBi + (32), and thus, yp(f) > — fo:l 32, for all f € S. Clearly,
o (f) = 112 = 2(f,s) = 2vp(f) = |[f = s* = [Is]* = 2vp(f).
By the very definition of s, as the penalized projection estimator,
7p(3) +pen(iin) < yp(8,) + pen(m) < vp(sy) + pen(m),
for any m € M. Using the above results,

15 = slI* = vp(3) + [Is]|* + 2vp(3)
< () + [Is[|* + 2vp(8) + pen(m) — pen(in)
= |l — slI* + 2vp(3 — s;,) + pen(m) — pen(in).

Finally, notice that vp(5—s5) = vp(§—s+)+vp(st — sy ) and that vp (8, —s5)
2
Xm-

oo
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Proof of inequality (7.4). Just note that for any a,b,e > 0:

1 a 1 5
] —V2ab— =b> =+ 2 )y
(7.36) “ ab 3 1+e¢ (26 6)

Evaluating the integral in (7.3) for —f, we can write

P f(z)N(dx) > f(x)ﬂ(dx)_||f”um_1||f”oou >1—e "
foremarz [ i

Using [|£]17 < [[fllc Jx [f(x)|n(dz) and (7.36), lead to

P\ [ ot > i [ st - (54§ ) Iflleu] 21

1+e¢
which is precisely the inequality (7.4). O
Proof of Lemma 7.4. Let Z* be the positive part of Z. First,

E[Z]<E[z*] = /Oo P[Z > a]da.

Since h is continuous and strictly increasing, P[Z > z] < K exp(—h~!(z)), where
h~1! is the inverse of h. Then, changing variables to u = h~!(x),

/ P[Z > z|dz < K/ e @y = K/ e "“h'(u)du.
0 0 0

Finally, an integration by parts yields [}~ e™"h/(u)du = [;° h(u)e™"du. O
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Abstract: In this paper the multi-dimensional random walk models governed
by distributed fractional order differential equations and multi-term fractional
order differential equations are constructed. The scaling limits of these random
walks to a diffusion process in the sense of distributions is proved.

1. Introduction

In this paper we construct new random walks connected with fractional order differ-
ential equations. Namely, the governing equations corresponding to the constructed
random walks are multi-term or distributed fractional order differential equations.
Nowadays the connection between random walk and fractional order dynamics is
well known, see, for instance [1, 17, 26, 33, 38]. A number of constructive random
walk models governed by fractional differential equations in the one-dimensional
case were studied by Gillis, et al. [12], Chechkin, et al. [7], Gorenflo, et al. [15, 16],
and in the n-dimensional case by Umarov [35], Umarov, et al. [36], Andries, et al.
[3]. The governing equation in these studies depends on parameters § € (0, 1] and
a € (0,2], and is given by the fractional order differential equation

(1) DPu(t,z) = D§u(t,z), t > 0, z € RY,

where DP is the time-fractional derivative in some sense, and D§,0 < a < 2,1is the
pseudo-differential operator with the symbol —|£|*. The precise definitions will be
given below.

In the present paper we construct the random walks the governing equation of
which is a distributed space fractional order differential equation

2
(2) %u(t, x) = /0 a(a)Dyu(t,z)da, t > 0, 2 € RY,
where a(«) is a positive integrable function (positively defined distribution).

The study of properties of distributed order differential operators and their ap-
plications to diffusion processes has been developed extensively in recent years,
although such operators were first mentioned by Caputo [5, 6] in 1960th. The dis-
tributed order differential equations have been used by Bagley, et al. [4] to model
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the input-output relationship of linear time-variant system, by Lorenzo, et al. [22]
to study of rheological properties of composite materials, by Chechkin, et al. [8] to
model some ultraslow and lateral diffusion processes. Diethelm, et al. [9] studied the
numerical aspects of such equations. Umarov, et al. [37] studied general properties
of distributed order differential equations and solvability problems of the Cauchy
and multipoint value problems.

The method used in this paper for construction of multi-dimensional random
walks are essentially based on the symbolic calculus of pseudo-differential operators
and on the convergence properties of some simple cubature formulas. This method
is new even in the one-dimensional case and was suggested recently in [35, 36].
We note that the scaling limits are obtained in terms of characteristic functions
of transition probabilities. The equivalence of corresponding convergence notions is
well-known (see, [11, 13]). See also the recent book by M. Meerschaert and Scheffler
where the multi-dimensional operator stable probability distributions are studied
and analogs of different type limits considered. Multi-dimensional random walks are
frequently used in modeling various processes in different areas [1, 2, 24-26, 31].

The present report is organized as follows. In Section 2 we give preliminaries
simultaneously introducing the terminology that will be used in the paper. We also
recall some properties of pseudo-differential operators with constant symbols and
lay out some elementary properties of symbols. These properties play an essential
role later in the study of the diffusion limits of random walks. In Section 3 we
formulate our random walk problem in terms of sequences of i.i.d. (independent
identically distributed) random vectors. In this Section we also formulate the main
results.

2. Preliminaries

We use the following notation. RY is the N-dimensional Euclidean space with
coordinates = (r1,...,7x); Z" is the N-dimensional integer-valued lattice with
nodes j = (j1,...,jn). We denote by z; = (hj1,...,hjn),j € ZV, the nodes of the
uniform lattice Z# defined as (hZ)" with a positive number h, the mesh width.

We assume that a walker is located at the origin ¢ = (0,...,0) at the initial time
t = 0. In our random walk, at every time instants ¢ty = 7,to = 27,...,t, = n7,...
the walker jumps through the nodes of the lattice ZY. By p;,j € Z", we denote
transition probabilities. Namely, p; means a probability of jumping of the walker
from a point z;, € Z1¥ to a point Tjtk € ZY where j and k are in ZY. Transition
probabilities satisfy the non-negativity and normalization conditions:

1. ijO,jGZN;
2. ZjEZN pj =1.
Transition probabilities {p;,j € Z} are associated with a discrete function p :

ZN — [0,1]. For given two transition probabilities, p and ¢ we define the convolution
operation p *x g by

(P*aq); = Y prtj—k,j €ZN.
kezN

Let f be a continuous function integrable over RY. Then, as is known [32], the
rectangular cubature formula

(3) f(x)de =N Y f(x;) +o(1)

N
R jezZN



Random walk associated with distributed order differential equations 119

is valid.

The operators in our random walk models have a close relationship to pseudo-
differential operators with the symbols depending only on the dual variables. Sym-
bols are allowed to have singularities. For general orientation to the theory of such
operators we refer to [10, 14, 18-21, 34].

Let A(D),D = (D1,...,Dn),D; = 0/i0z;,j = 1,..., N, be a pseudo-differential
operator with a symbol A(£) not depending on x, and defined in RY. We refer to
the variable ¢ as a dual variable. Both type of variables, x and ¢ belong to R (more
precisely, £ belongs to the conjugate (RY)* = R™). To avoid confusion sometimes
we write Riv and RY, indicating their relevance to the variables  and ¢ respec-
tively. Further, for a test function ¢(z) taken from the classical space S(RY) of
rapidly decreasing functions, the Fourier transform

26 = FlA©O = [ pla)e*da

is well defined and belongs again to S (RéV ). Let S’(R™) be the space of tempered
distributions, i.e. the dual space to S(R”). The Fourier transform for distributions

f € S'(RY) is usually defined by the extension formula (f(€), ¢(€)) = (f(z), ¢(z)),
with the duality pairing (.,.) of S’ (Ré\]) and S(]Rév).

Definition 2.1. Assume G to be an open domain in Rg . Let a function f be
continuous and bounded on RY and have a Fourier transform (taken in the sense
of distributions) f (¢) with compact support in G. We denote by g (RY) the set of
all such functions endowed with the following convergence. A sequence of functions
fm € Ue(RY) is said to converge to an element fo € U (R,Y) iff:

1. there exists a compact set K C G such that supp fm C Kforallm=1,2,...;
2. Hfm - fOH = Sup |fm — f0| — 0 for m — oo.

In the case G = R we write simply U(R,") omitting RY in the index of g (RY).

Note that according to the Paley-Wiener theorem functions in ¥ (RY) are entire
functions of finite exponential type (see [27], [10]).

Denote by H*(RY),s € (—oo,+00) the Sobolev space of elements f € S'(RL)
for which (1 + [£[2)*/2|f(€)| € La(RY). It is known [18] that if f € L,(R,") with
p > 2, then its Fourier transform f belongs to H_S(Rév), s> N(3 - %) Letting
p — oo we get f € H*S(Rg),s > % for f € Loo(R,Y). It follows from this fact
and the Paley-Wiener theorem that the Fourier transform of f € Ug(RY) belongs
to the space

() Ho°(6),

s>%

where H; *(G) is a negative order Sobolev space of functionals with compact sup-
port on G. Hence f is a distribution, which is well defined on continuous functions.

Let \I’;G(RN ) be the space of all linear bounded functionals defined on the space
Vs (RY) endowed with the weak (dual with respect to \Ilg(RN» topology. By the
weak topology we mean that a sequence of functionals g,, € ¥_,(RY) converges
to an element gy € ¥, (RYN) in the weak sense if for all f € ¥g(RY) the sequence

of numbers (g.,,, f) converges to (go, f) as m — oo. By (g, f) we mean the value of
g€V _,(RY) on an element f € Ug(RY).
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Definition 2.2. Let A({) be a continuous function defined in G C Ré\] . A pseudo-
differential operator A(D) with the symbol A(¢) is defined by the formula

(4) AD)p(r) = (3, A€)e™ ), p € T(RY).

(27)

Obviously, the function A(£)e~*¢ is continuous in G. Thus, A(D) in Eq. (4) is
well defined on W (RY). If ¢ is an integrable function with supp ¢ C G, then (4)
takes the usual form of pseudo-differential operator

1 .
A(D = —— [ A(©)p()e " d
(D)ela) = o [ Al€)2(E)e e

with the integral taken over GG. Note that in general this integral may not make
sense even for infinitely differentiable functions with finite support (see [14]).

Now we define the operator A(—D) acting in the space ¥~ (RY) by the exten-
sion formula

(5) <A(=D)f,p>=< f,AD)p >, fe U _4RY), pec UgRY).

We recall (see [14]) some basic properties of pseudo-differential operators introduced
above.

Lemma 2.3. The pseudo-differential operators A(D) and A(—D) with a continuous
symbol A(&) act as

1. A(D) : Wg(RN) — WG (RV),
2. A(=D): ¥_,(RN) - ¥'_,(RN)

respectively, and are continuous.
Lemma 2.4. Let A(€) be a function continuous on RN . Then for ¢ € RN
A(D){e™ ™5} = A(¢)e =
Proof. For any fixed £ € RY the function e~*¢ is in U(R"Y). We have
1 A
A —and
G~ /[R | Alm)e™due(n),

where djig() = Fyle~"¢]dn = (2m)N3(y — €)dn. Hence A(D){e~7€} = A(g)e—io¢.
]

A(D){em ) =

Corollary 2.5. 1. 'A(g) = (A(D)e~¢)eiE,
2. A(€) = (A(D)e ) ,o;
3. A(¢) =< A(—D)é(z),e "¢ >, where § is the Dirac distribution.

Remark 2.6. Since the function e~%*¢ does not belong to S(RY) and D(RY), the
representations for the symbol obtained in Lemma 2.4 and Corollary 2.5 are not
directly applicable in these spaces.

Denote by Dg, 0 < o < 2, the pseudo-differential operator with the symbol
—[€|*. It is evident that D§ coincides with the Laplace operator A for ao = 2. For
«a < 2 it can be considered as a fractional power of the Laplace operator, namely

D§ = —(=A)*/2. D§ can also be represented as a hypersingular integral (see, e.g.
[29])
AL f(z)
6 D§ f(z) = b(a / Y dy,
(6) 0.f(x) ()Rglle“La
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where AZQI is the second order centered finite difference in the y direction, and b(«)
is norming constant defined as

ozF(%)F(N;'O‘) sin ¢

(7) bla) = 92—a 1+ N/2

It is seen from (7) that in the representation (6) of D§ the value aw = 2 is singular.
Lemma 2.7. For the symbol of D§ the following equalities hold true:
. 5 ixg
®) (D&W%uﬂ=wwqégwwgﬁmmo=—m20<a<z
Proof. This statement is a direct implication of Corollary 2.5 applied to the operator

Dg. O

The cubature formula (3) yields for the integral in the right hand side of (6)

2 . .
(9) /R Mdy:ho‘ > ALS; +o(1), j e ZN,

x Ty 2 TR

where f; = f(z;) and |k| is Euclidean norm of k = (k1,...,ky) € ZV.
Consider the distributed space fractional order differential equation

2
(10) %u(t, x) = / a(a)Dgu(t, z)da, t >0, z € RY,
0

where a(«) is a positive (in general, generalized) function defined in (0, 2]. A distri-
bution G(t, x), which satisfies the equation (10) in the weak sense and the condition

(11) G(0,z) = 6(z),z € RY,

where §(z) is the Dirac’s distribution, is called a fundamental solution of the Cauchy
problem (10), (11). In the particular case of

M
(12) a(a):Zamé(a—am),0<a1<---<aM§2,

m=1

with positive constants a,, we get a multiterm space fractional differential equation

M
9
(13) 57t 2) = D anDgmu(t x)t > 0, x € RY.

m=1

Denote the operator on the right hand side of the equation (10) by B(D). It can be
represented as a pseudo-differential operator with the symbol

2
(1) B = - [ ata)ig*da.
0
It is not hard to verify that the fundamental solution of equation (10) is

(15) G(t,z) = F (etms)) 7
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where F~! stands for the inverse Fourier transform. In the particular case of a(a) =
d(a — 2) we have the classical heat conduction equation

au(t,x) = Au(t,z), t >0, z € RV,
whose fundamental solution is the Gaussian probability density function evolving
in time
1 —|=|?
= —¢ 4t
(4mt)n/?

For a(a) = d(a — ), 0 < ap < 2, the corresponding fundamental solution is the
Levy ayp-stable probability density function [30]

Gg(t, .’E)

1 oo
]_6 GO{ t = _tlsl 0 7,$£d .
(16) (t0) = e [ e e
The power series representation of the stable Levy probability density functions is
studied in [3, 23, 33]. Recall also that oy = 1 corresponds to the Cauchy-Poisson
probability density (see [28])

r(e) 1

Gi(t,z) = m(n+1)/2 (2|2 4 ¢2)(n+1)/2°

3. Main results: construction of random walks

In this Section we construct random walks associated with distributed space frac-
tional order differential equations (10). More precisely, we show that the special
scaling limit of the constructed random walk is a diffusion process whose probabil-
ity density function is the fundamental solution of (10).

Let X be an N-dimensional random vector [25] which takes values in Z". Let the
random vectors Xy, X, ... also be N-dimensional independent identically distrib-
uted random vectors, all having the same probability distribution, common with
X. We introduce a spatial grid {z; = jh,j € Z"}, with h > 0 and temporal grid
{tn, = ny,n = 0,1,2,...} with a step 7 > 0. Consider the sequence of random
vectors

S, =hX;y+hXg+---+hX,,n=1,2,...

taking Sy = 0 for convenience. We interpret X, Xo, ..., as the jumps of a particle
sitting in x = g = 0 at the starting time t = {5 = 0 and making a jump X,, from
Sn—1 to S,, at the time instant ¢ = ¢,,. Then the position S(¢) of the particle at

time ¢ 1s
> x.
1<k<t/T

Denote by y;(t,) the probability of sojourn of the walker at z; at the time ¢,.
Taking into account the recursion S,,+1 = S,, + hX,, we have

(17> yj(tn+1) = Z pky]—k(tn)aj GZan:Oala"'
kezZN

The convergence of the sequence S,, when n — oo means convergence of the discrete
probability law (y;(t,)) ez~ , properly rescaled as explained below, to the probabil-
ity law with a density u(¢, x) in the sense of distributions (in law). This is equivalent
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to the locally uniform convergence of the corresponding characteristic functions (see
for details [25]). We use this idea to prove the convergence of the sequence of char-
acteristic functions of the constructed random walks to the fundamental solution
of distributed order diffusion equations.

In order to construct a random walk relevant to (10) we use the approximation
(3) for the integral on the right hand side of (6), namely

o Ujk(t) — 2u;(T) + uj—p (¢
D u(t,xj) o b(a) Z J+k( ) ’k|Ni(a31a J k( ) :
kezZN

and the first order difference ratio

Ou U (1) —u;(tn)
ot T

for ¢ with the time step 7 = ¢/n. Then from (10) we derive the relation (17) with
the tran81t10n probabilities

2T m (h ),1f k= 0;
(18) pr = {2 Ql;:l(%%m;éo m[~ Frzo
where
(19) Qi) = [ i p(as k), pla by = 22D
Assume that the condition
(20) o(r,h) =271 le(h) 1.
m+£0

is fulfilled. Then, obviously, the transition probabilities satisfy the properties:

LY hezn Pk =1
2. pg ZO,]{JEZN.

Introduce the function

oo

M,
R(a) = g |k|N+a: g p , 0<a<2,
k#0 m=1

where M,, = Z| kj=m L- (In the one-dimensional case R(«) coincides with the Rie-
mann’s zeta-function, R(«) = 2¢(1 + «).) The Eq. (20) can be rewritten as

(21) o(t,h) =21 /02 Wda <1

It follows from the latter inequality that A — 0 yelds 7 — 0. This, in turn, yields
n =t/T — oo for any finite ¢.

Now we assume that the singular support of a does not contain 2, i.e., {2} ¢
singsupp a

1This condition relates only to distributions.
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Theorem 3.1. Let X be a random vector with the transition probabilities pp =
P(X = xy),k € ZN, defined in Eqgs: (18), (19) and, which satisfy the condition (20)
(or, the same, (21)). Then the sequence of random vectors S,, = hXy + - -+ hX,,
converges as n — oo in law to the random wvector whose probability density func-
tion is the fundamental solution of the distributed space fractional order differential
equation (10).

Proof. We have to show that the sequence of random vectors S,, tends to the
random vector with pdf G(¢,x) in Eq. (15), or the same, the discrete function
yj(tn) tends to G(t,x) as n — oo. It is obvious that the Fourier transform of
G(t,x) with respect to the variable x is the function G(¢t,¢) = e'B©) where B(¢) is
defined in Eq. (14). Let p(—¢) be the characteristic function corresponding to the
discrete function py, k € Z", that is

= Z pkeiké

kezZN

It follows from the recursion formula (17) (which exhibits the convolution) and
the well known fact that convolution goes over in multiplication by the Fourier
transform, the characteristic function of y;(t,) can be represented in the form

i (tn, =€) = p"(=9).
Taking this into account it suffices to show that
(22) P (—h€) — PO n — oo,

The next step of the proof is based on the following simple fact: if a sequence s,
converges to s for n — oo, then

(23) lim(1 + 22y = e,
n
We have

e = (17 Y v (L= et )

k0
a(a)b(a ikEh
(24) —(1- / %1 ety
2T A
2 ikéh
t 7 af @) Y gptwrah VYo
=(1+ : )
It follows from (3) and Corollary 2.5 that
AZeikéh
ba) ) TTh[VTa
kezZN
tends to (D§e'™)._, = —|¢|* as h — 0 (or, the same, n — oo ) for all a € (0,2].

Hence

2 AZ2eikéh
Sp = /O a(a){b(a) Y WhN}da — B(£), n— oo (h — 0).

Thus, in accordance with (23) we have

P(—he) — eBE n - . O
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The random walk related to the multiterm fractional diffusion equation can be
derived from Theorem 3.1. Assume that a(a) has the form (12) with 0 < ay <
<o < agy < 2. So, we again exclude the case {2} € singsupp a.

Theorem 3.2. Let the transition probabilities pr = P(X = z1.),k € ZN, of the
random vector X be given as follows:

M
1—2 57 ,ua.a(a ), if k=0;
o] e BV s
Pr = | b(cn)
Mo, Qo O\ Oty .

: ; if k#0,

BN 2 Jjjon

where f, = hi—Tm,m =1,...,M. Assume,

M
Z A b )R ) o < 1.
m=1

Then the sequence of random vectors S,, = hX1+---+hX,,, converges asn — oo
in law to the random wvector whose probability density function is the fundamental
solution of the multiterm fractional order differential equation (13).

Remark 3.3. The condition {2} ¢ singsupp a is required due to singularity of the
value a = 2 in the definition of D§ (see (7)). The particular case a(a) = §(a — 2)
reduces to the classic heat conduction equation and corresponding random walk is
the classic Brownian motion. In more general case of a(a) = ", ;6% (a — 2) this
condition leads to the scaling limit with o(7, h) = h2lns (see, also [16]).

This work was supported in part by NIH grant P20 GMO67594.
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Abstract: Let {us(x),t > 0,2 € R} be a random string taking values in
R4, specified by the following stochastic partial differential equation [Funaki
(1983)]:
2
Ou(x) _ 0% ut(x) e
ot Ox?
where W (x,t) is an R%valued space-time white noise.

Mueller and Tribe (2002) have proved necessary and sufficient conditions for
the R?-valued process {us(x) : t > 0, € R} to hit points and to have double
points. In this paper, we continue their research by determining the Hausdorff
and packing dimensions of the level sets and the sets of double times of the
random string process {u¢(z) : t > 0, x € R}. We also consider the Hausdorff
and packing dimensions of the range and graph of the string.

1. Introduction and preliminaries

Consider the following model of a random string introduced by Funaki [5]:

() 0u51(5:1:) _ 0 g;gx)

+ W,

where W (z,t) is a space-time white noise in R%, which is assumed to be adapted
with respect to a filtered probability space (€2, F, F¢,P), where F is complete and
the filtration {F;,t > 0} is right continuous. The components W1 (z, 1), ..., Wy(z, t)
of W(x, t) are independent space-time white noises, which are generalized Gaussian
processes with covariance given by

]E[Wj(x,t)Wj(y, s)] =d0(x—y)(t—s), (=1,...,d).

That is, for every 1 < j < d, W;(f) is a random field indexed by functions f €
L?([0,00) x R) and, for all f,g € L?([0,00) x R), we have

E[W;(£)W;(9)] = / N / £t 2)g(t, z) ddt.

Hence W;(f) can be represented as

W)= [ [ fta Wytdoas),
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Note that W(f) is F;-measurable whenever f is supported on [0, t] x R.

Recall from Mueller and Tribe [9] that a solution of (1) is defined as an F;-
adapted, continuous random field {us(x) : t > 0, x € R} with values in R? satisfying
the following properties:

(1) wo(-) € Eexp almost surely and is adapted to Foy, where Eexp = Ur>0€x and
& ={/ e CRRY: [f(@)] e =0 as |a| — oo}

(ii) For every t > 0, there exists A > 0 such that us(-) € €y for all s < ¢, almost

surely;
(iii) For every ¢ > 0 and = € R, the following Green’s function representation
holds
t
(2) u(x) = /RGt(ﬂl7 — y)uo(y)dy + /0 Gi—r(z —y) W(dydr),

CU2 . . .
where Gi(x) = \/i? e~ 4 is the fundamental solution of the heat equation.

We call each solution {us(x) : t > 0, z € R} of (1) a random string process with
values in R?, or simply a random string as in [9]. Note that, whenever the initial
conditions ug are deterministic, or are Gaussian fields independent of Fy, the ran-
dom string processes are Gaussian. We recall briefly some basic properties about
the solutions of (1), and refer to Mueller and Tribe [9] and Funaki [5] for further
information on stochastic partial differential equations (SPDEs) related to random
motion of strings.

Funaki [5] investigated various properties of the solutions of semi-linear type
SPDEs which are more general than (1). In particular, his results (cf. Lemma 3.3
in [5]) imply that every solution {u;(z) :t > 0, z € R} of (1) is Holder continuous
of any order less than % in space and % in time. This anisotropic property of the
process {u(x) : t > 0, x € R} makes it a very interesting object to study. Recently
Mueller and Tribe [9] have found necessary and sufficient conditions [in terms of
the dimension d] for a random string in R? to hit points or to have double points
of various types. They have also studied the question of recurrence and transience
for {us(x) : t > 0, x € R}. Note that, in general, a random string may not be
Gaussian, a powerful step in the proofs of Mueller and Tribe [9] is to reduce the
problems about a general random string process to those of the stationary pinned
string U = {U¢(x),t > 0, x € R}, obtained by taking the initial functions Up(+) in
(2) to be defined by

3) o) = [ [ (Gt =) = Go(e) W(dzar)

where W is a space-time white noise independent of the white noise W. One can
verify that Uy = {Up(z) : # € R} is a two-sided R? valued Brownian motion
satisfying Up(0) = 0 and E[(Up(x) — Up(y))?] = |& — y|. We assume, by extending
the probability space if needed, that Uy is Fy-measurable. As pointed out by Mueller
and Tribe [9], the solution to (1) driven by the noise W (x, s) is then given by

" Ui(z) = /Gt(l’ — 2)Uo(2)dz + /Ot/Gr(x — 2)W (dzdr)
_ /OOO (Grir(w — 2) — Go(2)) W(dzdr) + /Ot [ 6t = W dzar).
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A continuous version of the above solution is called a stationary pinned string.
The components {U/(z) : t > 0, z € R} for j = 1,...,d are independent and
identically distributed Gaussian processes. In the following we list some basic prop-
erties of the processes {U/(z) : t > 0, z € R}, which will be needed for proving the
results in this paper. Lemma 1.1 below is Proposition 1 of Mueller and Tribe [9].

Lemma 1.1. The components {U}(z):t >0,z € R} (j =1,...,d) of the station-
ary pinned string are mean-zero Gaussian random fields with stationary increments.
They have the following covariance structure: for x,y € R, t > 0,

(5) E|(UF (@) = U} )*] = = = yl.

and for all x,y € R and 0 < s < t,

(6) E[(U7 (@) = U2)"] = (t = )2 F (jo — yl(t - 5)72),
where

F(a) = (2m)~ '/ + ! Gi(a—2)Gi(a—2')(|z| + [Z'] — |z — #|) dzdZ’.
2 JrJr

F(z) is a smooth function, bounded below by (2r)~/2, and F(z)/|z| — 1 as |z| —

0o. Furthermore there exists a positive constant c, , such that for all s,t € [0,00)
and all x,y € R,

(7)o (ko =yl + 1t = s1"2) SE[(UF (@) - U2)"] <2(j2 =yl + |t = 5'/2).

It follows from (6) that the stationary pinned string has the following scaling
property [or operator-self-similarity]: For any constant ¢ > 0,

(8) (¢ WUay(2) > 0,2 € R} £ {Uy(z) : t >0, z € R},

where < means equality in finite dimensional distributions; see Corollary 1 in [9].
We will also need more precise information about the asymptotic property of the
function F'(x). By a change of variables we can write it as

9) F(z) = —(2m)"Y/2 4 %/R/RGl(z)Gl(z’)(]z — x|+ |2 — z]) d2d2’.

Denote the above double integral by H(z). Then it can be written as

(10) H(z) = /RGl(z) 2 — 2| dz.

The following lemma shows that the behavior of H(x) is similar to that of F(x),
and the second part describes how fast H(x)/|z| — 1 as z — oo.

Lemma 1.2. There exist positive constants c, , and c, , such that
(11) ¢, (Jo—yl+lt=s|"?) < [t=s|'"2H (Jo—yl[t—s]7/?) < e, , (lz—yl+]t—s]'/?).
Moreover, we have the limit:

(12) lim |H(z) —z| =0.

r— 00
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Proof. The inequality (11) follows from the proof of (7) in [9], p. 9. Hence we only
need to prove (12).
By (10), we see that for > 0,

H(x)—a::/RGl(z)(|z—x|—:1:)dz
(13) :/Oo(z—QsL‘)Gl(z)dz—/w 2G1(2)dz

— 00

= 238/:0(2’ — ) G1(2) dz.

Since the last integral tends to 0 as x — oo, (12) follows. O

The following lemmas indicate that, for every j € {1,2,...,d}, the Gaussian
process {U](z),t > 0,z € R} satisfies some preliminary forms of sectorial local
nondeterminism; see [13]| for more information on the latter. Lemma 1.3 is implied
by the proof of Lemma 3 in [9], p. 15, and Lemma 1.4 follows from the proof of
Lemma 4 in [9], p. 21.

Lemma 1.3. For any given € € (0,1), there exists a positive constant ¢ which

depends on € only, such that

1,47

(14) Var (U7 @)|U2 () > e, (ja = ol + |t = 572

for all (t,z), (s,y) € [g,e71] x [—e71,e71].

Lemma 1.4. For any given constants € € (0,1) and L > 0, there exists a constant
¢, s > 0 such that

Var <Utj2 (x9) — Utjl (xl)‘ng (y2) — Ugl (3/1))

(15)
Z 01,5 (‘1'1 - y1\ + |332 — yz’ + ’tl — 81‘1/2 + |t2 — 82’1/2>

for all (tg,zr), (sk,yx) € [e,e | x[—e71,e71], where k € {1,2}, such that |ta—t1| >
L and |se — s1| > L.

Note that in Lemma 1.4, the pairs £; and 5, s1 and s, are well separated. The
following lemma is concerned with the case when t; = t5 and s; = ss.

Lemma 1.5. Lete € (0,1) and L > 0 be given constants. Then there exist positive
constants ho € (0, %) and ¢, ; such that

(16) Var (U7 (v2) = UF (20)| U2 (2) = U2 () ) = e, 5 (Is—t1/2+|or =g +|o2—02 )

for all s,t € [e,e7 Y] with |s—t| < hg and all xy, yx € [—e~ 1,7, where k € {1,2},
such that |xo — x1| > L, |y2 — 1| > L and |z — y| < % for k=1,2.

Remark 1.6. Note that, in the above, it is essential to only consider those s,t €
[e,671] such that |s —¢| is small. Otherwise (16) does not hold as indicated by (5).
In this sense, Lemma 1.5 is more restrictive than Lemma 1.4. But it is sufficient for
the proof of Theorem 4.2.
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Proof. Using the notation similar to that in [9], we let (X,Y) = (Ui7 (x2) —
U (1), Ui(ga) — U2 (1)) and wiite 0% = E(X2), 0% = B(Y?) and j, =
E[(X —Y)?]. Recall that, for the Gaussian vector (X,Y), we have

(Pxy — (ox —0ov)?)((ox +ov)* = pXy)

(17) Var(X|Y) = 102

Lemma 1.1 and the separation condition on xj and y, imply that both 0% and o2
are bounded from above and below by positive constants. Similar to the proofs of
Lemmas 3 and 4 in [9], we only need to derive a suitable lower bound for p?Xy. By
using the identity

(a—b+c—d)?=(a—b2+(c—d?*+(a—d)?+(b-c)?—(a—c)—(b—d)?
and (5) we have
Py =t —s[V2F (lz2 — yollt — s|72) + |t = s|"2F (Jyr — ||t — 5| 71/?)
(18) +Jwp — @] = [t = s[V2F (Jzp — ||t — 5| 71/?)
+ly1 — 2l — |t — s|'V/2F (|21 — yol[t — s|71/2).
By (9), we can rewrite the above equation as
Py = [t —s|V2H oy — yollt — s|71/?)
+ |t —s|"2H (lyr — a1||t — s|7/?)
+ [y —@1| = [t — 5[V H (lwg — ya|[t — s[7V/?)
+ly1 = yol = |t = s|"2H (Jo1 — gol|t — s|7/2).

(19)

Denote the algebraic sum of the last four terms in (19) by S and we need to derive

a lower bound for it. Note that, under the conditions of our lemma, |zo — y1| > %
012’2 , there exists

and |z1 —ys| > % Hence Lemma 1.2 implies that, for any 0 < 6 <
a constant hg € (0, £) such that

- o
(20) [t = s|'2H (Jz2 — i llt = s|7?) < a2 — | + 3 [t —s[!/?

whenever |t — s| < hg; and the same inequality holds when |z — y1] is replaced by
|1 — yo|. It follows that

S > (lzo — 1] = 2o — o + |y1 — vo| — |21 —2|) — S [t — s'/*

21
() = 5|t —s|V/?,

because the sum of the four terms in the parentheses equals 0 under the separation
condition. Combining (19) and (11) yields

C
(22) Pxy > 12’2 (|t—5|1/2+\$1—yl|+|l‘2—y2|)

whenever xy, yr (k = 1,2) satisfy the above conditions.

By (5), we have (ox —oy)? < ¢ (|yr — 21|+ |22 — y2])2. It follows from (17) and
(22) that (16) holds whenever |y; — z1| + |22 — y2| is sufficiently small. Finally, a
continuity argument as in [9], p. 15 removes this last restriction. This finishes the
proof of Lemma 1.5. O
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The present paper is a continuation of the paper of Mueller and Tribe [9]. Our
objective is to study the fractal properties of various random sets generated by
the random string processes. In Section 2, we determine the Hausdorff and packing
dimensions of the range u ([0,1]?) and the graph Gru ([0,1]?). We also consider
the Hausdorff dimension of the range u(E), where E C [0,00) x R is an arbitrary
Borel set. In Section 3, we consider the existence of the local times of the random
string process and determine the Hausdorff and packing dimensions of the level set
Ly = {(t,z) € (0,00) x R : u¢(x) = u}, where u € R%. Finally, we conclude our
paper by determining the Hausdorff and packing dimensions of the sets of two kinds
of double times of the random string in Section 4.

2. Dimension results of the range and graph

In this section, we study the Hausdorff and packing dimensions of the range
u([0,1]%) = {w(z) : (t,z) € [0,1]*)} C R? and the graph Gru([0,1]?) =
{((t,2),ue(2)) : (¢, 2) € [0,1]*} C R?T4. We refer to Falconer [4] for the definitions
and properties of Hausdorff dimension dim,, (-) and packing dimension dim(-).

Theorem 2.1. Let {w(x) : t > 0, x € R} be a random string process taking
values in R%. Then with probability 1,

(23) dim, u([0,1]?) = min {d; 6}
and
2+%d if 1<d<4,
(24) dim, Gru([0,1)) = ¢ 3+ 3d if 4<d <6,
6 if 6<d.

Proof. Corollary 2 of Mueller and Tribe [9] states that the distributions of {u(z) :
t > 0, z € R} and the stationary pinned string U = {Uy(z) : t > 0, z € R} are
mutually absolutely continuous. Hence it is enough for us to prove (23) and (24)
for the stationary pinned string U = {U¢(z) : t > 0, € R}. This is similar to the
proof of Theorem 4 of Ayache and Xiao [2]. We include a self-contained proof for
reader’s convenience.

As usual, the proof is divided into proving the upper and lower bounds separately.
For the upper bound in (23), we note that clearly dim,U([0,1]?) < d a.s., so we
only need to prove the following inequality:

(25) dim, U([0,1]) <6  as.

Because of Lemma 1.1, one can use the standard entropy method for estimating
the tail probabilities of the supremum of a Gaussian process to establish the mod-
ulus of continuity of U = {U(z) : t > 0, x € R}. See, for example, Kono [8]. It
follows that, for any constants 0 < ;3 <} < 1/4 and 0 < 3 < 75 < 1/2, there
exist a random variable A > 0 of finite moments of all orders and an event €27 of
probability 1 such that for all w € €4,

Us(y,w) — Ur(z,w)|

(26) sup , 1< Aw).
(s,9),(t)ef0,1]2 |$ — | + |z — y|72

Let w € Q1 be fixed and then suppressed. For any integer n > 2, we divide
[0, 1]% into n% sub-rectangles {R,, ;} with sides parallel to the axes and side-lengths
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n~% and n~2, respectively. Then U([O, 1]2) can be covered by the sets U(R, ;)
(1 <i<n%). By (26), we see that the diameter of the image U(R,, ;) satisfies

(27) diamU (R, ;) <c,, n~1to,

where 0 = max{1 —4v{,1 —2v4}. We choose v} € (71,1/4) and 75 € (7y2,1/2) such

that
1 1
(1-19) (—+—> > 6.
Ba! 72

it follows from (27) that

Hence, for v = =~ +

1 1
Y1 Y2

nG

gl
(28) [dlamU(Rn i ] <c¢,,n° n~ (=97 0
=1

as n — oo. This implies that dim,U([0,1]?) < ~ a.s. By letting v 1 1/4 and
~v2 1 1/2 along rational numbers, respectively, we derive (25).

Now we turn to the proof of the upper bound in (24) for the stationary pinned
string U. We will show that there are three different ways to cover GrU ([0, 1]2),
each of which leads to an upper bound for dim, GrU ([0, 1]?).

e For each fixed integer n > 2, we have

’I’L6

(29) GrU ([0,1)*) € | Rnyi x U(Rn i)

It follows from (27) and (29) that GrU ([0, 1]?) can be covered by n® cubes in
R?*4 with side-lengths ¢, , 7' and the same argument as the above yields

(30) dim, GrU([0,1]*) <6  as.

e Observe that each R, ; x U(R, ;) can be covered by ¢, cubes in R2td of
sides n~%, where by (26)

_ d
by < o
n,1 S Cy M- X n—4

Hence GrU([O, 1]2) can be covered by n® x £,, 1 cubes in R?T¢ with sides n=%.
Denote

m=2+(1-m)d

Recall from the above that we can choose the constants 1, 7} and 75 such
that 1 — 0 > 4~;. Therefore
nS x £, 1 x (71_4)771 <ec,  n (70=4m)d _,

2,5

as n — co. This implies that dim, GrU ([0,1]?) < 71 almost surely. Hence,

(31) dim, GrU([0,1]%) <2 + Zd, a.s.
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e We can also cover each R, ; x U(R, ;) by ¢, 2 cubes in R2+4 of sides n™2,

where by (26)
. n-1+o\ 4
£n72 ~ 02,6 F .

Hence GrU ([0,1]?) can be covered by n® x £, > cubes in R?*% with sides n~2.
Denote 72 = 3 4+ (1 — 72)d. Recall from the above that we can choose the
constants 79, v} and 7% such that 1 — § > 2v5. Therefore

—(1-6—272)d

nd x lyo X (n_z)?72 <c¢,,n —0

as n — oo. This implies that dim, GrU ([0,1]?) < 1, almost surely. Hence,

1
(32) dim, GrU ([0,1]%) < 3+ 34 a.s.
Combining (30), (31) and (32) yields
1
(33) dimHGrU([O, 1]2) < min {6, 2+ Zd, 3+ id} ,  a.s.

and the upper bounds in (24) follow from (33).
To prove the lower bound in (23), by Frostman’s theorem it is sufficient to show
that for any 0 < v < min{d, 6},

1
34 &y = / / E( ) dsdydtdr < oco.
(34) " Joup Joe T\ Gi@P

See, e.g., [7], Chapter 10. Since 0 < v < d, we have 0 < E(|Z|~7) < oo, where = is
a standard d-dimensional normal vector. Combining this fact with Lemma 1.1, we
have

1 1 1 1 1
(35) Ey <,y / ds/ dt/ dy/ dz.
! 0 0 0 0 (|s—t[/2+ |x—y])7/2

Recall the weighted arithmetic-mean and geometric-mean inequality: for all integer
n>2and x; >0, 5 >0 (i=1,...,n) such that > | 3; = 1, we have

n n

(36) H ot < Z Biw;.
i=1

=1

Applying (36) with n =2, §; = 2/3 and (2 = 1/3, we obtain
2 1
B7)  Js =t eyl 2 Sls— 12+ Sa—yl 2 [s — o e~y

Therefore, the denominator in (35) can be bounded from below by |s—t|7/¢|2—y|7/6.
Since v < 6, by (35), we have £, < oo, which proves (34).

For proving the lower bound in (24), we need the following lemma from Ayache
and Xiao [2].
Lemma 2.2. Let o, 3 and n be positive constants. For a > 0 and b > 0, let

! dt
(38) J = J(a,b):/o PERDEETTh

Then there exist finite constants c,, and c, ,,, depending on «, B3, n only, such
that the following hold for all reals a, b > 0 satisfying a'/® < Cyob:
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(i) if a8 > 1, then
(39) J<c¢

(ii) if B =1, then

1

(40) J < ¢, o log (1 + ba’l/o‘);

(iii) if0<af <1 and af+n# 1, then

(41) J< ey (W% + 1).

Now we prove the lower bound in (24). Since dim,, GrU ([0, 1]?) > dim, U ([0, 1]?)
always holds, we only need to consider the cases 1 < d < 4 and 4 < d < 6,
respectively.

Since the proof of the two cases are almost identical, we only prove the case
when 1 < d < 4 here. Let 0 < v <2+ %d be a fixed, but arbitrary, constant. Since
1 < d < 4, we may and will assume v > 1+d. In order to prove dim, GrU ([0, 1)) > v
a.s., again by Frostman’s theorem, it is sufficient to show

1
9, =/ / E[ 7 dsdydtdzx
) o2 Sz L(]s — t2 + |z — y[2 + |Us(y) — Up()[2)”
< o0

Since v > d, we note that for a standard normal vector = in R? and any number
a € R,
1
E < —(v—d)
[(a2+|5|2)”/2} Shnt o

see e.g. [7], p. 279. Consequently, by Lemma 1.1, we derive that
(43) G, < / / L dsdydtd
5 <c, — dsdydtdzx.
“ Joaoap (Is — 172 4 o — y)) 7P (s =t + |z —y[)?T

By Lemma 2.2 and a change of variable and noting that d < 4, we can apply (41)
to derive

1 1
1
97 < Cy13 /O dZE/O (t1/2 + LL‘)d/2<t + x)w—ddt

1
1
302,14/0 (W+1> dr < oo,

where the last inequality follows from v — %d — 1 < 1. This completes the proof of
Theorem 2.1. O

(44)

By using the relationships among the Hausdorff dimension, packing dimension
and the box dimension (see Falconer [4]), Theorem 2.1 and the proof of the upper

bounds, we derive the following analogous result on the packing dimensions of
u([0,1]?) and Gru([0,1]?).
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Theorem 2.3. Let {u;(z): t >0, z € R} be a random string process taking values
in R%. Then with probability 1,

(45) dim,u([0,1]*) = min {d; 6}
and

2+%d if 1<d<4,
(46) dim, Gru([0,1]*) =< 34 2d if 4<d <6,

6 if 6<d.

Theorems 2.1 and 2.3 show that the random fractals u ([0, 1]?) and Gru([0, 1]?)
are rather regular because they have the same Hausdorff and packing dimensions.

Now we will turn our attention to find the Hausdorff dimension of the range
u(E) for an arbitrary Borel set E C [0,00) x R.

For this purpose, we mention the related results of Wu and Xiao [13] for an
(N, d)-fractional Brownian sheet BY = {BH(t) : t € RY} with Hurst index H =
(Hy,...,Hy) € (0,1)Y. What the random string process {u:(z) : t > 0, z € R}
and a (2, d)-fractional Broanian sheet B¥ with H = (1, ) have in common is that
they are both anisotropic.

As Wu and Xiao [13] pointed out, the Hausdorff dimension of the image B (F')
cannot be determined by dim, F' and H alone for an arbitrary fractal set F', and
more information about the geometry of F' is needed. To capture the anisotropic
nature of B¥, they have introduced a new notion of dimension, namely, the Haus-
dorff dimension contour, for finite Borel measures and Borel sets and showed that
dim,, B (F) is determined by the Hausdorff dimension contour of F. It turns out
that we can use the same technique to study the images of the random string.

We start with the following Proposition 2.4 which determines dim,u(E) when
E belongs to a special class of Borel sets in [0, 00) x R. Its proof is the same as that
of Proposition 3.1 in [13].

Proposition 2.4. Let {us(x) : t > 0, x € R} be a random string in R?. Assume
that By and Eq are Borel sets in [0, 00) and R, respectively, which satisfy dim, E; =
dim, Fy or dim, Fy = dim, Fy. Let E = E; X Ey C [0,00) X R, then we have

(47) dim,u(E) = min {d; 4dim, Fy + 2dim, F>}, a.s.

In order to determine dim,u(FE) for an arbitrary Borel set E C [0,00) X R, we
recall from [13] the following definition. Denote by M T (FE) the family of finite Borel
measures with compact support in F.

Definition 2.5. Given y € M (E), we define the set A, C R% by

B B 2 1 pn(R((t, x),7)) _
e e

for p-a.e. (t,x) € [0,00) X R},

where R((t,z),r) = [t —r*,t + 4] x [x —r? 2 +1r?].

The properties of set A, can be found in Lemma 3.6 of Wu and Xiao [13]. The
boundary of A, denoted by 0A,, is called the Hausdorff dimension contour of .
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Define
AE) = | An

peMI (E)
and define the Hausdorff dimension contour of E by Uue Mm(p) My It can be

verified that, for every b € (0,00)?2, the supremum sup, ¢ A(e) (A, b) is achieved on
the Hausdorff dimension contour of E (Lemma 3.6, [13]).

Theorem 2.6. Let u = {u;(z) : t > 0, x € R} be a random string process with
values in RY. Then, for any Borel set E C [0,00) x R,

(49) dim,u(E) = min {d; s(E)}, a.s.

where s(E) = supea(p) (4A1 + 2A2).

Proof. By Corollary 2 of Mueller and Tribe [9], one only needs to prove (49) for
the stationary pinned string U = {Uy(z) : t > 0, x € R}. The latter follows from
the proof of Theorem 3.10 in [13]. O

3. Existence of the local times and dimension results for level sets

In this section, we will first give a sufficient condition for the existence of the local
times of a random string process on any rectangle I € A, where A is the collection
of all the rectangles in [0,00) X R with sides parallel to the axes. Then, we will
determine the Hausdorff and packing dimensions for the level set L, = {(t,x) €
[0,00) x R : uz(z) = u}, where u € R? is fixed.

We start by briefly recalling some aspects of the theory of local times. For an
excellent survey on local times of random and deterministic vector fields, we refer
to Geman and Horowitz [6].

Let X (t) be a Borel vector field on RY with values in R?. For any Borel set
T C RY, the occupation measure of X on T is defined as the following measure on
R%:

() = )\N{t eT:X(t) e o}.

If 41, is absolutely continuous with respect to A4, the Lebesgue measure on R¢,
we say that X (t) has local times on T, and define its local time [(e,7T) as the
Radon-Nikodym derivative of u,. with respect to A4, i.e.,

d:u’T d

l(u,T) = n, (u), Yu € R%.
In the above, u is the so-called space variable, and T is the time variable. Sometimes,
we write [(u, t) in place of [(u, [0, t]). It is clear that if X has local times on T, then

for every Borel set S C T, I(u, S) also exists.

By standard martingale and monotone class arguments, one can deduce that the
local times have a measurable modification that satisfies the following occupation
density formula: for every Borel set T C RY, and for every measurable function

f:R? SR,
(50) /Tf(X(t)) dt = /Rd f)l(u,T)du.

The following theorem is concerned with the existence of local times of the
random string.
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Theorem 3.1. Let {u;(z) : t >0, z € R} be a random string process in R%. If
d < 6, then for every I € A, the string has local times {l(u,I), u € R} on I, and
I(u,I) admits the following L* representation:

1) ()= (2m) /

e~ Hv:w /e“v’“t(“"»dtdxdv, Y u e RY
R I

Proof. Because of Corollary 2 of Mueller and Tribe [9], we only need to prove the
existence for the stationary pinned string U = {U;(x) : ¢t >0, = € R}.

Let I € A be fixed. Without loss of generality, we may assume I = [g,1]?. By
(21.3) in [6] and using the characteristic functions of Gaussian random variables, it
suffices to prove

(52) J() := /Idtdm/I dsdy/Rd du/Rd |Eexp (i(u, Uy(z)) +i(v, Us(y))) |dv < oo.

Since the components of U are i.i.d., it is easy to see that
(53) J(I) = (27r)d/dtdx/ [detCOV (Utl(az:)7 Ul (y))}_d/2 dsdy.
I I

By Lemma 1.3 and noting that I = [¢,1]?, we can see that

detCov(Uj (z), Ul(y)) = Var (Ui (y)) Var (U} (2)|U? (y))

54
o > ¢, (Jo =yl +1t—s]"?)

The above inequality, (37) and the fact that d < 6 lead to

1 1 1 1
(55) j([)gcm/ / |s—t|d/6dtds/ / |x—y|7d/6dxdy<oo7

which proves (52), and therefore Theorem 3.1. O

Remark 3.2. It would be interesting to study the regularity properties of the
local times I(u,t), (u € R% t € [0,00) x R) such as joint continuity and moduli of
continuity. One way to tackle these problems is to establish sectorial local nondeter-
minism (see [13]) for the stationary pinned string U = {U;(z) : t > 0, = € R}. This
will have to be pursued elsewhere. Some results of this nature for certain isotropic
Gaussian random fields can be found in [15].

Mueller and Tribe [9] proved that for every u € R,
P{u;(z) = u for some (t,z) € [0,00) x R} >0

if and only if d < 6. Now we study the Hausdorff and packing dimensions of the
level set Ly, = {(¢t,z) € [0,00) X R: w(x) = u}.

Theorem 3.3. Let {u;(z): t >0, z € R} be a random string process in R with
d < 6. Then for every u € R?, with positive probability,

2 - 1d if 1<d<4,

(56)  dim,, (L N[0,1]%) = dim, (Lu N [0,1]%) = {3 ddifa<da<e
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Proof. As usual, it is sufficient to prove (56) for the stationary pinned string
U={Uy(x): t>0, x € R}. We first prove the almost sure upper bound

2—%61 if 1<d<4,
3-1dif 4<d<6.

2

(57) dim, (L, N [0,1]%) < {

By the o-stability of dim,,, it is sufficient to show (57) holds for L, N[e, 1]? for every
e € (0,1). For this purpose, we construct coverings of Ly, N [0,1]? by cubes of the
same side length.

For any integer n > 2, we divide the square [, 1]? into n® sub-rectangles R,, s of
side lengths n=* and n™2, respectively. Let 0 < § < 1 be fixed and let 7, ¢ be the
lower-left vertex of R,, ;. Then

P{u € U(Rn)} < IP’{ max  |Us(y) — U(z)| <n 179 ue U(RM)}
(Svy)v(tvw)ERn,Z

(Sry)v(trx)ERn,l
<P{JU(rne) —ul <n 7070} 4 emen

- (1—0)d

+P max \Us(y) — Up(z)| > n~ (10
s { |

26

IN

03,3

In the above we have applied Lemma 1.1 and the Gaussian isoperimetric inequality
(cf. Lemma 2.1 in [11]) to derive the second inequality.

Since we can deal with the cases 1 < d < 4 and 4 < d < 6 almost identically,
we will only consider the case 1 < d < 4 here and leave the case 4 < d < 6 to the
interested readers.

Define a covering {R], ,} of Ly N[e,1]> by R, , = Ry, if u € U(R, ;) and

;h , = 0 otherwise. Note that each R’n, , can be covered by n? squares of side length
n~%. Thus, for every n > 2, we have obtained a covering of the level set L, N g, 1]?
by squares of side length n~%. Consider the sequence of integers n = 2% (k > 1),
and let N;, denote the minimum number of squares of side-length 274* that are
needed to cover L, N [e, 1]2. It follows from (58) that

(59) E(Ny) < ¢, , 208 . 22k .97 k(1=0)d — (  ok(8=(1=0)d),

By (59), Markov’s inequality and the Bore-Cantelli lemma we derive that for any
d" € (0,0), almost surely for all k large enough,

(60) Ny < ¢, , 28B=1=0)d),

By the definition of box dimension and its relation to dim, (cf. [4]), (60) implies
that dim,, (Ly N[e, 1]?) < 2—(1—4")d/4 a.s. Since £ > 0 is arbitrary, we obtain the
desired upper bound for dim,, (Ly N [g, 1]?) in the case 1 < d < 4.

Since dim, F < dim,, E for all Borel sets E C R?, it remains to prove the following
lower bound: for any € € (0, 1), with positive probability

2 - 1dif 1<d<4,

: 2
(61) dlmP(Luﬂ[&l])Z{ —5d if 4<d<6.

We only prove (61) for 1 < d < 4. The other case is similar and is omitted. Let
0 > 0 such that

(62) 7::2—%(1+6)d>1.
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Note that if we can prove that there is a constant ¢, , > 0 such that
(63) P{dim, (L N [e,1]*) > v} > ¢, ,,

then the lower bound in (61) will follow by letting § | 0.

Our proof of (63) is based on the capacity argument due to Kahane (see, e.g.,
[7]). Similar methods have been used by Adler [1], Testard [12], Xiao [14], Ayache
and Xiao [2] to various types of stochastic processes.

Let M7 be the space of all non-negative measures on [0, 1) with finite y-energy.
It is known (cf. [1]) that M is a complete metric space under the metric

w(dt, dz)p(ds, dy
(64) lull, = [, [ HEEHED)
2 (|t — sl + |z —y[?)

We define a sequence of random positive measures y,, on the Borel sets of [, 1]? by

n|U(z) — uf?

) pn(C) = /0(27m)d/2 exp < - 5 )dtdx

:// ex _@+ (6, Ue) —w) ) de dtde,  C € B([e, 11).
C JRA

It follows from Kahane [7] or Testard [12] that if there are positive constants c, ,

and ¢, ¢, which may depend on u, such that
(66) E(lunll) = cs5  E(lleall?) < ey,
(67) E(llpally) < +o0,

where ||pn]| = 1n([g, 1]%), then there is a subsequence of {p, }, say {in, }, such that
fin;, — pin M7 and p is strictly positive with probability > cf’s /(2¢, ). It follows
from (65) and the continuity of U that u has its support in LyN|e, 1]? almost surely.
Hence Frostman’s theorem yields (63).

It remains to verify (66) and (67). By Fubini’s theorem we have

) = [ [ e exp (= 55 B (e 01000 )t

= i(€,u) L
_/51 Rde exp< 2(n1+02(ta$))‘§|2>d§dtdx

d/2 ul?
— dtd
/[51 n-1+ 02 t m)) P ( 2(n~1 + 02(15,90))> v
uf?

(
/
Z/1 (1-1—027537 )dze p(_m)dt = Cy5;

where o%(t,z) = E [(U}(m))Q].

Denote by Is4 the identity matrix of order 2d and by Cov(Us(y), Ui(x)) the co-
variance matrix of the Gaussian vector (U, (y), U()). Let T' = n= 1 Iyg +Cov(U,(y),
Ui(z)) and let (£,7n)" be the transpose of the row vector (£,7). As in the proof of

(68)
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(52), we apply (14) in Lemma 1.3 and the inequality (36) to derive

E([|n]?)
‘ 1
= / / / / e~ HE+n.u) exp ( —=(&n)T (&, n)’) dédn dsdydtdx
[e,1]2 Ve, Rd JR4 9
(69) /[ 1 / (2(17;t P ( - %(“7 u) T~ (u, u)’) dsdy dtda
e,1]%2 J[g,1]?

d
/ / (2m) 173 dsdy didz
e N e ]N [detCov(UL(y), Ul (z))]

)

< 03’7/ / |s — t|d/6dtds/ / |z — y|~ VS dady = Cy e < OO
g 3 g g

Similar to (69) and by the same method as in proving (43), we have

E([l1ll-) / / dsdy dtdx
! ez Jie (s = t2 + o — y[2)""?
—1 u 1
<[] e o (< Sem T en)) dgdn
(70) R JRE

/ / dsdydtdx
e 12 Ve 112 (s — t]V/2 + |z — ]) (\s—zﬁH—\ac—y\)7

where the last inequality follows from Lemma 2.2 and the facts that d < 4 and
d/4+~—1 < 1. This proves (67) and thus the proof of Theorem 3.3 is finished. [

4. Hausdorff and packing dimensions of the sets of double times

Mueller and Tribe [9] found necessary and sufficient conditions for an R?-valued
string process to have double points. In this section, we determine the Hausdorff
and packing dimensions of the sets of double times of the random string.

As in [9], we consider the following two kinds of double times for the string
process {u;(x) : t >0, z € R}.

e Type I double times:
(71) L, = {((tl,xl), (t2,72)) € ((0,00) X R)?, © uy, (1) = th(xQ)},
where
((0,00) x R)i — {((ts, 1), (t2,72)) € ((0,00) x R)® : (t1,21) # (t2,72)}.

In order to determine the Hausdorff and packing dimensions of L, ,, we in-
troduce a (4, d)-random field Au = {Au(ty,x1;t2, 22)} defined by

(72) Au(ty, @1;t2,22) = ug,(x2) — g, (21), (1,21, t2,22) € ((0,00) X R)2-

Then L,, can be viewed as the zero set of Awu(ty,x1;ts,z2), denoted by
(Au)~ 1(0) and its Hausdorff and packing dimensions can be studied by using
the method in Section 3.
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e Type II double times:
Ly, = {(t,xl,xg) € (0,00) x ]Ri sug(xy) = ut(:ch)},
where Ri ={(z1,22) €R?: 11 # 32}

In order to determine the Hausdorff and packing dimensions of L
consider the (3, d)-random field Au = {Au(t; z1,x2)} defined by

110y We will

(73) Au(t; 11, 22) = ug(w2) — wg (1), Y (t,21,12) € (0,00) x R,

Then we can see that L ., is nothing but the zero set of Aus

11,2
L,,= {(t,fcl,xg) € (0,00) x Ri : &u(t;xl,xg) = O}.

For any constants 0 < a; < ag and by < by, consider the squares Jy = [as, ar +
h]x [be,be+h) (£ =1,2). Let J = [[5_, Jo C ((0,00) x R)? denote the corresponding
hypercube. We choose h > 0 small enough, say,

h < min (1,2—&17 bz — by =L.
3 3

Thus |to — t1]| > L for all {5 € [ag, az + h] and t; € [a1, a1 + h]. We will use this
assumption together with Lemma 1.4 to prove Theorem 4.1 below. We denote the
collection of the hypercubes having the above properties by J.

The following theorem gives the Hausdorff and packing dimensions of the Type
I double times of a random string.

Theorem 4.1. Let u = {ui(z) : t > 0, = € R} be a random string process in
Re. If d > 12, then L, =0 as. Ifd <12, then, for every J € J, with positive
probability,

. . 4—1d if 1<d<s8,
(74) dlmH(LLzﬂJ) :dlmP(LmﬂJ):{ —%d if 8<d<12

Proof. The first statement is due to Mueller and Tribe [9]. Hence, we only need to
prove the dimension result (74).

Thanks to Corollary 2 of Mueller and Tribe [9], it is sufficient to prove (74) for
the stationary pinned string U. This will be done by working with the zero set of
the (4, d)-Gaussian field AU = {AU(t1,x1;t2,22)} define by (72). That is, we will
prove (74) with L, , replaced by the zero set (AU)~*(0). The proof is a modification
of that of Theorem 3.3. Hence, we only give a sketch of it.

For an integer n > 2, we divide the hypercube J into n'? sub-domains 7T, , =
Ry, ,xR2 , where R}, . R7 = C (0,00) xR are rectangles of side lengths n~*h and

n~2h, respectively. Let 0 < § < 1 be fixed and let Tﬁm be the lower-left vertex of
Rk (k=1,2). Denote

AVEvzute T = AU (ty, 215 te, 12) — AU (81, y1; S2,Y2),

81,Y1:52,Y2
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then the probability P{0 € AU(T, )} is at most

P max AVivmitzr ) < =170, 0 € AU(T,
{ (t1,@15t2,22),(51,Y1;52,y2) €Tn p ’ SLoY1s2Y2 ‘ - ’ ( n,p)
+P max AVivzitees| 5 =(1-9)
{ (t1,z15t2,72),(51,91;52,Y2)€ETn,p ‘ SLoYLisz,y2 |
(75)
1-6
< P{|aU(sh 72, < w070}
+P max AVivaiitzes| 5 =(1-9)
{ (t1,x15t2,22),(51,y1;82,92)ETh,p ‘ S1YLE2,02 |
By the definition of J, we see that AU(7} P 72 p) is a Gaussian random variable

with mean 0 and variance at least ¢ L'/2. Hence the first term in (75) is at most
—(1-68)d
Ciy M .

On the other hand, since

2
‘A Stlla’;ll,::;:yﬂz‘ <c Z |Usk (yk) - Utk (xk) s
k=1
we have

]P{ max }A tl’ml’tz’r2|>n (1- 5)}

(tlyﬂfl;tzym) (81,91;52,92)E€ETn,p FLYLis.Y2

n—1-9)
(76) < Z { max ‘Usk (yr) — Upr <xk>’ > }

(kY )s(tr,xx) ERE 2c

26
< 6704’2 n

— bl

where the last inequality follows from Lemma 1.1 and the Gaussian isoperimetric
inequality (cf. Lemma 2.1 in [11]).
Combine (75) and (76), we have

(77) Pl0€ AU(T, )} < ey n 09 4 emtaa™

Hence the same covering argument as in the proof of Theorem 3.3 yields the desired
upper bound for dim,, ((AU)~*(0) N J). This proves the upper bounds in (74).
Now we prove the lower bound for the Hausdorff dimension of (AU)™1(0) N J.
We will only consider the case 1 < d < 8 here and leave the case 8 < d < 12 to the
interested readers.
Let 6 > 0 such that

1
(78) vi=d- (1 +0)d>2.

As in the proof of Theorem 3.3, it is sufficient to prove that there is a constant
¢, 5 > 0 such that

(79) P{dimH (LL2 N J) > fy} >c,,

Let N be the space of all non-negative measures on [0, 1]* with finite y-energy.
Then N T is a complete metric space under the metric

|l/|| / / dt1d$1dtzd.’l)g)l/(dsldyldSQdyz)
Y — )
R4 IR ([t — 81| + |21 — y1]? + [t2 — 52]2 + |22 — 2 )7/2

(80)
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see [1]. We define a sequence of random positive measures v,, on the Borel set J by

A . 2
l/n(C) = / (271'71)%6 XP (— n| U(t1732:1,t27$2)| )dtldxldtgdil?g

=y €2
= / / exp ( — = +i(¢, AU(tl,xl,tg,xg)>) d§ dtydxdtadxs.
C JRA

It follows from Kahane [7] or Testard [12] that (79) will follow if there are positive
constants ¢, , and ¢, ; > 0 such that

(82) E(llval) = ciws E(lwnll®) < e,
(83) E(llvnlly) < +o0,
where |1, || = v, (J).

The verifications of (82) and (83) are similar to those in the proof of Theorem
3.3. By Fubini’s theorem we have

E(llvall)

2
= / / €xXp ( ‘5‘ ) Eexp <i<§,AU(t1,l‘1;t2,.’L‘2)>) df dtldl'ldtgdﬂﬁg
J JRA

= / / exp ( — §f(n—11d + COV(AU(tl, x1;to, 1;2))>£/> df dtidx1dtodzs
J JRd
(27)%

(84)
N /J \/det(n—ud + Cov(AU (t1, z1; t2, 22)))

dt1d$1 dtgdl?z

/ (2m)*
\/det I + Cov( AU(t1,$1,t2,$2)))

dtld(IIldthl’g =Cyy

Denote by Cov(AU(sl,yl;Sg,yg),AU(tl,xl;tg,xg)) the covariance matrix of the
Gaussian vector (AU(sl, Y13 S2,Y2), AU(tl,xl;tQ,xg)) and let

I =n"'Iog + Cov(AU(s1,y1; $2,y2), AU (t1, 713 t2, 22)).
Then by the definition of J and (15) in Lemma 1.4, we have

E([lvnl?)
1
:/// / exp(—i(ﬁ,n)f‘(ﬁ,n)'> d&dn dsydyydsodysdtydzy dtadxs
JJg Jra Jra

L

/ / 27r)dd31dy1d32dy2dt1da:1dtgdxg
detCov AU1<81 Y13 Sg,yg) AUl(tl,,iIIl;tQ,SEQ))]
/ / dSldyldSQdygdtldlildthl‘g
|21 — 11| + w2 — yo| + |t1 — 51|22 + [ta — 82|1/2]
/ / d%ldyldilfgdygdtldb‘ldtgdSQ
|71

—y1l|z2 — y2llt1 — s1|lta — s2

dSl dy1 dSQddetl d$1dt2d1’2

/2

/2

Hd/12 =c, 5 <00,

where the last inequality follows from d < 12. In the above, we have also applied
the inequality (36) with 8; = 32 = 1/6 and 83 = 8, = 1/3.
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Similar to (85) and by the same method as in proving (43), we have that E(||v,,]|)
is, up to a constant factor, bounded by

/ / dSldyldSQddetldafldtgde'g
|21 =yl + 22 — yo| + [t1 — s1] + [t2 — s2)”

<[ e (= 5lemr € ny) dedy
<

1
Cc
(86) o /J/J (lz1 = yal + 22 — yo| + [t1 — s1] + [t — s2[)”
dxldyldxgdygdtldsldthSQ

|931 1| + |2 — yo| + [t1 — s1|V/2 + [t2 — 52|1/2)

dt
(t; + 21 + 22)Y2(ty + to + 21 + 22)7

X

/2

where the last inequality follows from Lemma 2.2, d < 8 and the definition of ~
[We need to consider three cases: d < 4, d = 4 and 4 < d < 8, respectively|. This
proves (83) and hence Theorem 4.1. O

For a > 0 and by < b, let K = [a,a+h] x [by, b1 +h] x [ba, by +h] C (0,00) x R2.
We choose h > 0 small enough, say,

by — by
3

Then |xo — x1| > k for all xy € [ba, ba + h| and 1 € [by, by + h]. We denote the
collection of all the cubes K having the above properties by K.

By using Lemma 1.5 and a similar argument as in the proof of Theorem 4.1,
we can prove the following dimension result on L, ,. We leave the proof to the
interested readers.

h <

Theorem 4.2. Let u = {ui(z) : t > 0, = € R} be a random string process in
Re. If d > 8, then L., =0 as. Ifd <8, then for every K € K, with positive
probability,

(87) dim, (L, , N K) = dim, (L, , N K) =

11,2 11,2

i‘d if 1<d<4,
5d if 4<d<S8.

Remark 4.3. Rosen [10] studied k-multiple points of the Brownian sheet and
multiparameter fractional Brownian motion by using their self-intersection local
times. It would be interesting to establish similar results for the random string
processes.
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Abstract: This note deals with a problem of the probabilistic Ramsey theory
in functional analysis. Given a linear operator T' on a Hilbert space with an
orthogonal basis, we define the isomorphic structure X(T') as the family of all
subsets of the basis so that T restricted to their span is a nice isomorphism.
Our main result is a dimension-free optimal estimate of the size of X(T). It
improves and extends in several ways the principle of restricted invertibility
due to Bourgain and Tzafriri. With an appropriate notion of randomness, we
obtain a randomized principle of restricted invertibility.

1. Introduction
1.1. Randomized Ramsey-type problems

Finding a nice structure in a big unstructured object is a recurrent theme in math-
ematics. This direction of thought is often called Ramsey theory, although Ramsey
theory was originally only associated with combinatorics. One celebrated example
is Van der Waerden’s theorem: for any partition of the integers into two sets, one
of these sets contains arbitrary long arithmetic progressions.

Ramsey theory meets probability theory when one asks about the quality of
most sub-structures of a given structure. Can one improve the quality of a struc-
ture by passing to its random sub-structure? (a random subgraph, for example).
A remarkable example of the randomized Ramsey theory is Dvoretzky’s theorem
in geometric functional analysis in the form of V.Milman (see [4], 4.2). One of its
corollaries states that, for any n-dimensional finite-dimensional Banach space, a
random O(logn)-dimensional subspace (with respect to some natural measure) is
well isomorphic to a Hilbert space.

1.2. The isomorphism structure of a linear operator

In this note we are trying to find a nice structure in an arbitrary bounded linear
operator on a separable Hilbert space. Let T be a bounded linear operator on a
Hilbert space H with an orthonormal basis (e;);cn. We naturally think of T" as being
nice if it is a nice isomorphism on H. However, this situation is rather rare; instead,
T may be a nice isomorphism on the subspace spanned by some subsets of the basis.
So, instead of being a “global” isomorphism, 7" may be a “local” isomorphism when
restricted to certain subspaces of H. A central question is then — how many such
subspaces are there? Let us call these subspaces an isomorphism structure of T
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Definition 1.1. Let T be a bounded linear operator on a Hilbert space H, and
(€;)ien be an orthonormal basis of H. Let 0 < & < 1. A set o of N is called a set of
e-1somorphism of T if the equivalence

(1) 1= Y llaTel? < | S aTe? < (1 +2) Y laTe?

1€0 i1€0 i€o

holds for every choice of scalars (a;)ics. The e-isomorphism structure 3(T, €) con-
sists of all such sets o.

How big is the isomorphism structure? From the probabilistic point of view, we
can ask for the probability that a random subset of (a finite interval of) the basis is
the set of isomorphism. Unfortunately, this probability is in general exponentially
small. For example, if T acts as T'e; = ef(;41)/2), then every set of isomorphism
contains no pairs of the form {2i—1, 2i}. Hence a random subset of a finite interval
is unlikely to be a set of isomorphism of 7. However, an appropriate notion of
randomness yields a clean optimal bound on the size of the isomorphic structure.
This is the main result of this note, which extends in several ways the Bourgain-
Tzafriri’s principle of the restricted invertibility [1], as we will see shortly.

Theorem 1.2. Let T be a norm-one linear operator on a Hilbert space H, and let
0 < e < 1. Then there exists a probability measure v on the isomorphism structure

X(T,¢), such that
(2) v{ioc € X(T,e) |i € o} > ce?||Te;||*  for alli.
Here and thereafter ¢, C, ¢y, ... denote positive absolute constants.

Theorem 1.2 gives a lower bound on the average of the characteristic functions
of the sets of the isomorphism. Indeed, the left hand side in (2) clearly equals
Js (T.e) Xo (1) dv(o). Thus, in absence of “true” randomness in the isomorphic struc-

ture X(7, €), we can still measure the size of X(7T',¢) by bounding below the average
of the characteristic functions of its sets. It might be that considering this weak type
of randomness might help in other problems, in which the usual, strong randomness,
fails.

1.3. Principle of restricted invertibility

One important consequence of Theorem 1.2 is that there always exists a big set of
isomorphism of T. This extends and strengthens a well known result due to Bour-
gain and Tzafriri, known under the name of the principle of restricted invertibility
[1]. We will show how to find a big set of isomorphism; its size can be measured
with respect to an arbitrary measure p on N. For the rest of the paper, we denote
the measure of the singletons u({i}) by ;. Summing over ¢ with weights p; in (2)
and using Theorem 1.2, we obtain

o)dv(o)= i o(1) dv(o
/Z(T,@’“‘” @)= /Z(T’E)x (i) dv(o)
= Zui v{ioc € X(T,e) |i€o} > ce? Zﬂ(i)HTeiHQ-

Replacing the integral in the left hand side of (4) by the maximum shows that there
exists a big set of isomorphism:



150 R. Vershynin

Corollary 1.3. Let T be a norm-one linear operator on a Hilbert space H, and let
1 be a measure on N. Then, for every 0 < e < 1, there exists a set of e-isomorphism
o of T such that

(4) o) > ce? Z/M‘HTQZ‘”Q'

Earlier, Bourgain and Tzafriri [1] proved a weaker form of Corollary 1.3 with
only the lower bound in the definition (1) of the set of isomorphism, for a uniform
measure i on an interval, under an additional assumption on the uniform lower
bound on ||Te;||, and for some fixed e.

Theorem 1.4 (Bourgain-Tzafriri’s principle of restricted invertibility).
LetT be a linear operator on an n-dimensional Hilbert space H with an orthonormal
basis (e;). Assume that ||Te;|| = 1 for alli. Then there exits a subset o of {1,...,n}
such that |o| > en/||T? and

ITfl = el £
for all f € span(e;)ico-

This important result has found applications in Banach space theory and har-
monic analysis. Corollary 1.3 immediately yields a stronger result, which is
dimension-free and which yields an almost isometry:

Corollary 1.5. LetT be a linear operator on a Hilbert space H with an orthonormal
basis (e;). Assume that ||Te;|| = 1 for all i. Let p be a measure on N. Then, for
every 0 < & < 1, there ezits a subset o of N such that p(o) > c£2/||T||?> and such
that

() A=A < ITfIl < (X +)f]]

for all f € span(e;)ice-

Szarek [5] proved a weaker form of Corollary 1.3 with only the upper bound in
the definition (1) of the set of isomorphism, and with some fixed e.

For the counting measure on N, Corollary 1.3 was proved in [7]. In this case,
bound (4) reads as

(6) o] > ce?|I T [fis.

where ||T'||gs denotes the Hilbert-Schmidt norm of 7. (If 7' is not a Hilbert-Schmidt
operator, then an infinite o exists).

2. Proof of Theorem 1.2

Corollary 1.3 is a consequence of two suppression results due to Szarek [5] and
Bourgain-Tzafriri [2]. We will then deduce Theorem 1.2 from Corollary 1.3 by a
simple separation argument from [2].

To prove Corollary 1.3, we can assume by a straighforward approximation that
our Hilbert space H is finite dimensional. We can thus identify H with the n-
dimensional Euclidean space ¢4, and identify the basis (e;)_; of H with the canon-
ical basis of ¢5. Given a subset o of {1,...,n} (or of N), by ¢ we denote the
subspace of ¢4 (of ¢ respectively) spanned by (e;);c,. The orthogonal projection
onto /9 is denoted by Q.

With a motivaiton different from ours, Szarek proved in ([5], Lemma 4) the
following suppression result for operators in /5.
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Theorem 2.1 (Szarek). Let T be a norm-one linear operator on €y. Let A1, ..., An,
St A = 1, be positive weights. Then there exists a subset o of {1,...,n} such
that

(7) D> il Tesl| 2 > c

1€0

and such that the inequality

1Y aiTes||* <CD llaiTe||?

€0 i€o

holds for every choice of scalars (a;)ico -

Remark 2.2. Inequality (7) for a probability measure A on {1, ...,n} is equivalent
to the inequality

® p(0) = e il Teil?

for a positive measure p on {1,...,n}.
Indeed, (7) implies (8) with
\o_ mallTel®
> il Tes]?
Conversely, (8) implies (7) with p; = \;||Te; || 2.

Theorem 2.1 and Remark 2.2 yield a weaker version of Corollary 1.3 — with only
the upper bound in the definition (1) of the set of isomorphism, and with some
fixed e.

To prove Corollary 1.3 in full strength, we will use the following suppression
analog of Theorem 1.2 due to Bourgain and Tzafriri [2].

Theorem 2.3 (Bourgain-Tzafriri). Let S be a linear operator on {3 whose matric
relative to the unit vector basis has zero diagonal. For a 6 > 0, denote by X' (S, 0)
the family of all subsets o of N such that ||QsSQ.|| < 6||S||. Then there exists a
probability measure v' on ¥'(S,0) such that

(9) V{oc € ¥(S,6)|ic€o}>co? foralli.
Proof of Corollary 1.3. We define a linear operator 77 on H = /3 as
Tie; =Te;/||Teil, i=1,...,n.

Theorem 2.1 and the remark below it yield the existence of a subset o of {1,...,n}
whose measure satisfies (8) and such that the inequality

1T < ClIfI]

holds for all f € span(e;);c,. In other words, the operator

T2 - TlQO’
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satisfies
(10) 1Tl < C.
We will apply Theorem 2.3 for the operator S on ¢9 defined as
(11) S=T5Ty — I and with §=¢/[S]|.
Indeed, S has zero diagonal:

(Sei, ey = |Toei||* —1 = ||The]|> —1=0 forallico.
Also, S has nicely bounded norm by (10):

IS < T2l +1 < C* +1,

which yields a lower bound on §:

(12) §>¢e/(C%+1).

So, Theorem 2.3 yields a family ¥'(S,6) of subsets of o and a measure v/ on this

family. It follows as before that 3'(S,d) must contain a big set, because

/2'(5,5) o) dv'(’) = Z Mz‘/ Xo (2) dV' (o)

€0 2(8,9)
= Zui V'{o' € ¥/(S,9) | i€ o’}
1€0

> Zui - c6® > e p(o)

1€0

where the last inequality follows from (12) with ¢/ = ¢(C? +1)~2. Thus there exists

a set o/ € ¥/(S,0) such that by (8) we have

u(o’) > e’ (o) > 'e” ZMZ’HTeiH2=
i=1

so with the measure as required in (4).

It remains to check that ¢’ is a set of e-isomorphism of 7. Consider an f €
span(e;)ico’, || f|l = 1. By the suppression estimate in Theorem 2.3 and by our

choice of S and ¢ made in (11), we have

€= 5”5” Z |<Q0’SQa’fa f>|
= |(Sf, f)| because Q. f = f
= |[ITof|I*> = IfII?| by the definition of S

= |||Tlf||2 - 1| because Qa’f = Qaf = f as o' Co.

It follows by homogeneity that

L =a)llfI* < ITuflI? < @+ o) fII* for all f € span(e;)icor-

By the definition of T}, this means that ¢’ is a set of e-isomorphism of 7. This

completes the proof.

O
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Proof of Theorem 1.2. We deduce Theorem 1.2 from Corollary 1.3 by a separation
argument, which is a minor adaptation of the proof of Corollary 1.4 in [2].

We first note that, by Remark 2.2, an equivalent form of the consequence of
Corollary 1.3 is the following. For every probability measure A on N, there exists a
set 0 € X(T,¢) such that

(13) Z)‘iHTGiH_2 > ce?.

€0

We consider the space of continuous functions C(X(7,¢)) on the isomorphism
structure X(7T', ), which is compact in its natural topology (of pointwise convergence
of the indicators of the sets o € (T, ¢)). For each i € N, define a function 7; €
C(X(T,¢)) by setting

7:(0) = xo (i) |Tei| 2, o € S(T,2).

Let C be the convex hull of the set of functions {m;,i € N}. Every 7 € C can be
expressed a convex combination 7 = Y. A\;m;. By Corollary 1.3 in the form (13),
there exists a set 0 € X(T,¢) such that m(0) > c£2. Thus ||7||cxre)) = ce’
We conclude by the Hahn-Banach theorem that there exists a probability measure

v e C(X(T,e))* such that
v(m) = / m(o) dv(o) > cs? for all m € C.
3(T,e)
Applying this estimate for m = m;, we obtain
[ xeliydvo) = e,
>(T,e)

which is exactly the conclusion of the theorem. O

Remark 2.4. The proof of Theorem 1.2 given above is a combination of previously
known tools — two suppression results due to [5] and [2] and a separation argument
from [2]. The new point was to realize that the suppression result of Szarek [5],
developed with a different purpose in mind, gives a sharp estimate when combined
with the results of [2]. To find a set of the isomorphism as in (1), one needs to reduce
the norm of the operator with [5] before applying restricted invertibility principles
from [2].

Acknowledgement. I am grateful to the referee for numerous comments and
suggestions.
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Abstract: We demonstrate the strength of a coupling derived from a Gaussian
approximation of Zaitsev (1987a) by revisiting two strong approximation re-
sults for the empirical process of Dudley and Philipp (1983), and using the
coupling to derive extended and refined versions of them.

1. Introduction

Einmahl and Mason [17] pointed out in their Fact 2.2 that the Strassen-Dudley
theorem (see Theorem 11.6.2 in [11]) in combination with a special case of Theorem
1.1 and Example 1.2 of Zaitsev [42] yields the following coupling. Here |-|, , N > 1,
denotes the usual Euclidean norm on R¥.

Coupling inequality. Let Yi,...,Y, be independent mean zero random vectors in
RN, N > 1, such that for some B > 0,

Yily < B, i=1,...,n.

If (Q,T,P) is rich enough then for each § > 0, one can define independent nor-
mally distributed mean zero random wvectors Z-,...,Z, with Z; and Y; having the
same variance/covariance matriz fori = 1,...,n, such that for universal constants

Ci>0 andC’2>0,

n

Cy6
E 2
(1.1) P 2 Y: — Z;) N > 6§ <CiN-exp (—m) ,

(Actually Einmahl and Mason did not specify the N2 in (1.1) and they applied
a less precise result in [43], however their argument is equally valid when based
upon [42].) Often in applications, N is allowed to increase with n. This result
and its variations, when combined with inequalities from empirical and Gaussian
processes and from probability on Banach spaces, has recently been shown to be
an extremely powerful tool to establish a Gaussian approximation to the uniform
empirical process on the d—dimensional cube (Rio [34]), strong approximations for
the local empirical process (Einmahl and Mason [17]), extreme value results for the

TRMAR, Université Rennes 1, Campus de Beaulieu, 35042 Rennes, France, e-mail:
philippe.berthet@univ-rennesl.fr

2Statistics Program, University of Delaware, 206 Townsend Hall, Newark, DE 19716, USA,
e-mail: davidm@udel . edu

*Research partially supported by an NSF Grant.

AMS 2000 subject classifications: primary 62E17, 62E20; secondary 60F15.

Keywords and phrases: Gaussian approximation, coupling, strong approximation.

155



156 P. Berthet and D. M. Mason

Hopfield model (Bovier and Mason [3] and Gentz and Lowe [19]), laws of the iter-
ated logarithm in Banach spaces (Einmahl and Kuelbs [15]), moderate deviations
for Banach space valued sums (Einmahl and Kuelbs [16]), and a functional large
deviation result for the local empirical process (Mason [26]). In this paper we shall
further demonstrate the strength of (1.1) by revisiting two strong approximation
results for the empirical process of Dudley and Philipp [14], and use (1.1) to derive
extended and refined versions of them.

Dudley and Philipp [14] was a path breaking paper, which introduced a very
effective technique for obtaining Gaussian approximations to sums of i.i.d. Banach
space valued random variables. The strong approximation results of theirs, which
we shall revisit, were derived from a much more general result in their paper. Key
to this result was their Lemma 2.12, which is a special case of an extension by
Dehling [8] of a Gaussian approximation in the Prokhorov distance to sums of
i.i.d. multivariate random vectors due to Yurinskii [41]. In essence, we shall be
substituting the application of their Lemma 2.12 by the above coupling inequality
(1.1) based upon Zaitsev [42]. We shall also update and streamline the methodology
by employing inequalities that were not available to Dudley and Philipp, when they
wrote their paper.

1.1. The Gaussian approximation and strong approximation problems

Let us begin by describing the Gaussian approximation problem for the empirical
process. For a fixed integer n > 1 let X, X1,...,X,, be independent and identically
distributed random variables defined on the same probability space (2,7,P) and
taking values in a measurable space (X, .A). Denote by E the expectation with
respect to P of real valued random variables defined on (©2,7) and write P = PX.
Let M be the set of all measurable real valued functions on (X, .A4). In this paper we
consider the following two processes indexed by a sufficiently small class F C M.
First, define the P-empirical process indexed by F to be

(1.2) an(f)=%g{f(Xi)—Ef(X)}, feF.

Second, define the P-Brownian bridge G indexed by F to be the mean zero Gaussian
process with the same covariance function as «,,,

(1.3)  (f,h) = cov(G(f),G(h)) = E(f(X)h(X)) — E(f(X)) E(h(X)), f,g€F.

Under entropy conditions on F, the Gaussian process G has a version which is
almost surely continuous with respect to the intrinsic semi-metric

(1.4) dp(f,h) = VE(F(X) - h(X))?, f,g € F,

that is, we include dp-continuity in the definition of G.
Our goal is to show that a version of X1,...,X,, and G can be constructed on
the same underlying probability space (£2,7,P) in such a way that

(1.5) lom = Gl z = sup |an(f) = G(f)]
fer

is very small with high probability, under useful assumptions on F and P. This
is what we call the Gaussian approximation problem. We shall use our Gaussian
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approximation results to define on the same probability (2, 7,P) a sequence X1, Xo,
..., 1i.d. X and a sequence G1,Gso, ..., i.i.d. G so that with high probability,

(1.6) n~1/? max
1<m<n

\/mam - i Gz
i=1

F

is small. This is what we call the strong approximation problem.

1.2. Basic assumptions

We shall assume that F satisfies the following boundedness condition (F.i) and
measurability condition (F.ii).

(F.i) For some M >0, for all f € F, || fllx = supyex |f (x)] < M/2.
(F.ii) The class F is point-wise measurable, i.e. there exists a countable subclass

Fso of F such that we can find for any function f € F a sequence of
functions {fm} in Foo for which lim, .o fm(x) = f(z) for all x € X.

Assumption (F.i) justifies the finiteness of all the integrals that follow as well as
the application of the key inequalities. The requirement (F.ii) is imposed to avoid
using outer probability measures in our statements — see Example 2.3.4 in [38].

We intend to compute probability bounds for (1.5) holding for any n and some
fixed M in (F.i) with ensuing constants independent of n.

2. Entropy approach based on Zaitsev [42]

We shall require that one of the following two Ls-metric entropy conditions (VC)
and (BR) holds on the class F. These conditions are commonly used in the context
of weak invariance principles and many examples are available — see e.g. van der
Vaart and Wellner [38] and Dudley [12]. In this section we shall state our main
results. We shall prove them in Section 5.

2.1. Ls-covering numbers

First we consider polynomially scattered classes F. Let F' be an envelope function
for the class F, that is, F' a measurable function such that |f (z)| < F (z) for all
x € X and f € F. Given a probability measure @ on (X, .A) endow M with the
semi-metric dg, where d3)(f,h) = [, (f — h)?dQ . Further, for any f € M set
Q(f?) = dé(f, 0) = [ f2dQ. For any € > 0 and probability measure @) denote by
N(e, F,dg) the minimal number of balls {f € M : dg(f,h) < €} of dg-radius ¢
and center h € M needed to cover F. The uniform Ls-covering number is defined
to be

(2.1) Np(e,]:):sgpN(sx/Q(Fz),f,dQ>,

where the supremum is taken over all probability measures @ on (&X', A) for which
0 < Q(F?) < co. A class of functions JF satisfying the following uniform entropy
condition will be called a VC class.
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(VC) Assume that for some cog > 0, vy > 0, and envelope function F,
(2.2) Np(e,F) <coe™™, 0<e< 1.

_ The name “VC class” is given to this condition in recognition to Vapnik and
Cervonenkis [39] who introduced a condition on classes of sets, which implies (VC).
In the sequel we shall assume that F':= M/2 as in (F.i).

Proposition 1. Under (F.i), (F.ii) and (VC) with F := M/2 for each A > 1 there
exists a p(\) > 0 such that for each integer n > 1 one can construct on the same
probability space random vectors Xy,..., X, t.i.d. X and a version of G such that

(2.3) P{llon —Gllz>p(N)n~ ™ (logn)™} <n™*,

where 71 = 1/(2+ bvy) and 7o = (4 + 51p) /(4 + 10v).

Proposition 1 leads to the following strong approximation result. It is an indexed
by functions generalization of an indexed by sets result given in Theorem 7.4 of
Dudley and Philipp [14].

Theorem 1. Under the assumptions and notation of Proposition 1 for all 1/
(2m) < a < 1/ and v > 0O there exist a p(a,y) > 0, a sequence of i.i.d.
X1,Xo,..., and a sequence of independent copies G1,Go,..., of G sitting on the
same probability space such that

1<m<n

(2.4) IP’{ max ‘\/ﬁam - iGi

> Cp (a,7)n*?77() (log n)”} <n~7
f
and

m

\/mam - Z Gz

=1

(2.5) max

1<m<n

=0 (nl/Z_T(O‘) (log n)Tz) , a.S.,
F

where T (a) = (am, —1/2) /(1 +a) > 0.

2.2. Bracketing numbers

A second way to measure the size of the class F is to use Lo (P)-brackets instead of
Ly(Q)-balls. Let | € M and u € M be such that | < u and dp (I,u) < €. The pair
of functions [, u form an e-bracket [[,u] consisting of all the functions f € F such
that | < f < wu. Let N[](s, F,dp) be the minimum number of e-brackets needed to
cover F. Notice that trivially we have N (e, F,dp) < Njy(e/2,F,dp).

(BR) Assume that for some by >0 and 0 < 1o < 1,
(2.6) log Nj(e, F,dp) < bge >, 0 <e < 1.

We derive the following rate of Gaussian approximation assuming an exponen-
tially scattered index class F, meaning that (2.6) holds. Note that we get a slower
rate in Proposition 2 than that given Proposition 1.
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Proposition 2. Under (F.i), (F.ii) and (BR) for each A\ > 1 there exists a p (A) > 0
such that for each integer n > 1 one can construct on the same probability space
random vectors Xq,..., X, t.i.d. X and a version of G such that

(2.7) P{llon = Gllz > p (V) (logn) ™} <n™?,

where k= (1 —1rg)/2r0.
Proposition 2 leads to the following indexed by functions generalization of an

indexed by sets result given in Theorem 7.1 of Dudley and Philipp [14].

Theorem 2. Under the assumptions and notation of Proposition 2, with k < 1/2
(1/2 < ro < 1), for every H > 0 there exist p(r,H) > 0 and a sequence of i.i.d.
X1,Xo,..., and a sequence of independent copies G1,Go,..., of G sitting on the
same probability space such that

\/Eam - zm: Gz
i=1

(2.8) IP’{ max > /np (1, H) (log n)T} < (logn)™#

1<m<n
f
and
(2.9) 1r§nw?>§<n vVmag, — ;Gi =0 (\/ﬁ(log n)~ ) , @.S.,
i= F

where T =k (1/2 — k) /(1 — k).

3. Comments on the approach based on KMT

Given F, the rates obtained in Proposition 1 and Theorem 1 are universal in P.
If one specializes to particular P, the rates in Propositions 1 and 2 and Theorem
1 and 2 are far from being optimal. In such situations one can get better and
even unimprovable rates by replacing the use of Zaitsev [42] by the Komlds, Major
and Tusnddy [KMT] [22] Brownian bridge approximation to the uniform empirical
process or one based on the same dyadic scheme. (More details about this approx-
imation are provided in [4, 13, 25, 27, 28].) This is especially the case when the
underlying probability measure P is smooth. To see how this works in the empirical
process indexed by functions setup refer to Koltchinskii [21] and Rio [33] and in
the indexed by smooth sets situation turn to Révesz [32] and Massart [29]. One can
also use the KMT—type bivariate Brownian bridge approximation to the bivariate
uniform empirical process as a basis for further approximation. For a brief outline
of this approximation consult Tusnady [36] and for detailed presentations refer to
Castelle [5] and Castelle and Laurent-Bonvalot [6].

4. Tools needed in proofs

For convenience we shall collect here the basic tools we shall need in our proofs.

4.1. Inequalities for empirical processes

On a rich enough probability space (2, 7,P), let X, X1, Xo ..., X,, beii.d. random
variables with law P = PX and €, €s, ..., €, be i.i.d. Rademacher random variables
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independent of X1,...,X,. By a Rademacher random variable ¢;, we mean that
P(e; = 1) = P(e; = —1) = 1/2. Consider a point-wise measurable class G of
bounded measurable real valued functions on (X, .A).

The following exponential inequality is due to Talagrand [35].

Talagrand’s inequality. If G satisfies (F.i) and (F.ii) then for all m > 1 and
t > 0 we have, for suitable finite constants A >0 and Ay > 0,

P{Han“g > A (E ( ‘%;QQ(XQ g) +t>}

Aqt? A
< 2exp <— 12t ) + 2exp (— 1]2\54\/ﬁ> ,
o

g

(4.1)

where 0 = sup e Var(g(X)).

Moreover the constants A and A; are independent of G and M. Next we state
two upper bounds for the above expectation of the supremum of the symmetrized
empirical process.

We shall require two moment bounds. The first is due to Einmahl and Mason
[18] — for a similar bound refer to Giné and Guillou [20].

Moment inequality for (VC). Let G satisfy (F.i) and (F.ii) with envelope func-
tion G and be such that for some positive constants 3, v, ¢ > 1 and o < 1/(8¢) the
following four conditions hold,

E(G*(X)) < % Ng(e,G) <ce™, 0<e<1; supE(g*(X)) < o%
geg

and

\/na2/log(ﬁ V1/o)
su < .
gegHgHX = oo I 1

Then we have for a universal constant As not depending on (3,

(4.2) E <|

Next we state a moment inequality under (BR). For any 0 < o < 1, set

%qu()ﬁ}) ) < Ayy/vo?log(BV 1/0).

g

(4.3) J(0,G) = / \/log Niy(s,G,dp) ds
[an'}

and

(4.4) a(0,G) = \/10gNH(0'7g>dP).

The second moment bound follows from Lemma 19.34 in [37] and a standard sym-
metrization inequality, and is reformulated by using (4.3).

Moment inequality for (BR). Let G satisfy (F.i) and (F.ii) with envelope G
and be such that sup g E (92 (X)) < 0% < 1. We hawve, for a universal constant
A37

(4.5) E (H% Z €ig(Xi)

1=

) < A3 (J(0,G6) +Vn P{G(X) > vn a(0,G)}).

g
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4.2. Inequalities for Gaussian processes

Let Z be a separable mean zero Gaussian process on a probability space (2,7 ,P)
indexed by a set T'. Define the intrinsic semi-metric p on T' by

(4.6) p(s,t) = \JE(Z — Z,)°.

For each € > 0 let N (¢,T,p) denote the minimal number of p-balls of radius ¢
needed to cover T. Write ||Z|; = sup,er|Zi| and 07, (Z) = sup,cp E (Z7). The
following large deviation probability estimate for ||Z||,. is due to Borell [2]. (Also
see Proposition A.2.1 in [38].)

Borell’s inequality. For all t > 0,

(47 P{IZl; — E(1Zll7)] > t} < 2exp (—m) |

According to Dudley [9], the entropy condition

(4.8) / Vieg N (¢,T, p) de < o0
[0,1]

ensures the existence of a separable, bounded, dp-uniformly continuous modifica-
tion of Z. Moreover the above Dudley integral (4.8) controls the modulus of conti-
nuity of Z (see Dudley [10]) as well as its expectation (see Marcus and Pisier [24],
p. 25, Ledoux and Talagrand [23], p. 300, de la Penia and Giné [7], Cor. 5.1.6, and
Dudley [12]). The following inequality is part of Corollary 2.2.8 in van der Vaart
and Wellner [38].

Gaussian moment inequality. For some universal constant Ay > 0 and allo > 0
we have

p(s,t)<o

(4.9) E ( sup |Z; — ZS\) < A4/ V1og N (e,T, p) de.
[0,0]

We shall be applying these inequalities to the Gaussian process Z = G defined
in introduction, so that T'=F and p = dp.

4.3. A maximal inequality

The following version of a maximal inequality due to Montgomery—Smith [30] (see
also Theorem 1.1.5 in [7]) will come in handy.
A maximal inequality. Let Xq,...,X,, n > 1, be i.t.d. random vartables taking
values in a separable Banach space. Then for all t > 0,
t
> % .

1} <or

m

> x,

=1

n

>x

1<m<n ;
=1

(4.10) P { max
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5. Proofs of main results

5.1. Description of construction of (an,G)

Under (F.i), (F.ii) and either (VC) or (BR) for any € > 0 we can choose a grid
H(e)={hy:1<k<N(e)}

of measurable functions on (X,.A) such that each f € F is in a ball {f € M :
dp(hg, f) < e} around some hy, 1 < k < N (¢). The choice

(5.1) N (e) < N(¢/2,F,dp)
permits us to select hy € F. Set
F)={(f.fYeF:dp(f [) <e}.

Fix n > 1. Let X, X;,...,X,, be independent with common law P = PX and
€1,...,€, be independent Rademacher random variables mutually independent of
X1,...,X,. Write for € > 0,

Mn(5>:E{ sup \/—Zelf 1) (Xi)

(f,f)eF(e)

and

f:1)eF(e)

ple) =E {( sup  |G(f) - G(f’)l} :

Given € > 0 and » > 1, our aim is to construct a probability space (2,7 ,P) on
which sit Xq,..., X, and a version of the Gaussian process G indexed by F such
that for H (¢) and F (¢) defined as above and for all A >0, § > 0 and ¢ > 0,

P (llon — Glly > Apn (&) + 1 (€) 45+ (A+ 1)1}
SIP’{ max |, (h) — G(h )]>5}

heH(e)

(5.2) —I—IP{ sup | (f) — an (f)| > Apn, (e)—l—At}
(f,f)eF(e)

+Pq  sup  [G(f) = G(f) >t +pu(e)
(f.f")EF(e)
=:P,(0) +Qn(t,e) + Q(t,e),
with all these probabilities simultaneously small for suitably chosen A > 0, 6 > 0
and t > 0. Consider the n i.i.d. mean zero random vectors in RV ()

1

Y = 7 (h1 (Xi) = E(h1 (X)), -+ hivee) (X3) = E(hne) (X)), 1 <i<n.
First note that by hy € F and (F.i), we have
Yilne < M N(g), 1<i<n.

n
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Therefore by the coupling inequality (1.1) we can define Y7, ...,Y,, ii.d.
Y = <Y1,...,YN(5))

and Z1,...,24, i.i.d.
7 = (Zl,...,ZN(E)>

mean zero Gaussian vectors on the same probability space such that

) Co/11 &
) < ClN g) ex — )
> 65 < (€)" exp < (N(e))5/2M>

> (Yi—2)

=1

(5.3) P, (6) <P

N(e)

where cov(Z', Z%) = cov(Y',Y*) = (h;, hy). Moreover by Lemma Al of Berkes
and Philipp [1] (also see Vorob’ev [40]) this space can be extended to include a
P-Brownian bridge G indexed by JF such that

G(hk) =n~ /2 Z Zf.
=1

The P, (§) in (5.2) is defined through this G. Notice that the probability space on
which Y7,...,Y,, Z1,...,Z, and G sit depends on n > 1 and the choice of ¢ > 0
and 6 > 0.

Observe that the class

G)={f-f:(,f)eF()}

satisfies (F.i) with M/2 replaced by M, (F.ii) and

0t = suwp  Var(f(X)—f(X))< sup dp(f,f) <
(f,fEF(e) (f,.fHeF(e)

Thus with A > 0 as in (4.1) we get by applying Talagrand’s inequality,

Qn (t,8) =P {lanllge) > A (un (e) + 1)}

(5.4) )
< 2exp (_A;; ) + 2exp (—Al\/ﬁt) .

M

Next, consider the separable centered Gaussian process Zs sy = G(f) — G(f')
indexed by T' = F (¢). We have

o7 (Z)= sup  E((G(f)-G(f)?) = sup Var(f(X)-f(X))
(f.f")EF(e) (f.f")eF(e)

< sup  dp(f,.f) <€
(f,f")EF(e)
Borell’s inequality (4.7) now gives

(55 Qe :P{ s [G(f) — G| > t+u(€)} < 2exp (—;—) .
(f.f)EF(e) €
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Putting (5.3), (5.4) and (5.5) together we obtain, for some positive constants A, A,
and A5 with A5 < 1/2,
P{lan —G|lz>Apn(e) +p(e) +6+ (A+1) t}
C )
(5.6) < 1N (2)* exp (-%)
(N (e))"" M

2
+ 2exp (—Alﬂ\gﬁt> + 4 exp (—A;t > .

Proof of Proposition 1. Let us assume that (VC) holds with F' := M /2, so that for
some ¢g > 0 and vy > 0, with ¢; = ¢o(2V PF?)"0 = ¢cgM™,

N (e) < N(g/2,F,dp) <cre”, 0<e<1.
Notice that both
N(e,G(e),dp) < (N(g/2, F,dp))* < cje=2

and
N(e, F(e),dp) < (N(e/2, F,dp))* < cfe~".

Therefore we can apply the moment bound assuming (VC) given in (4.2) taken
with G =G(e), G:= M, v =2y and = M, to get for any 0 < e < 1/e and n > 1
so that

Ve >M
2v/1+ 2vp4/log(M V 1/e)

(5.7)

the bound

pin (€) < Ager/2uvlog(M V 1/e).
Whereas, by the Gaussian moment bound (4.9), we have for all 0 < ¢ < 1/e,

w(e) < A4\/2y0/ Vd1og(1/z)dx.
[0,€]
Hence, for some D > 0 it holds for all 0 < € < 1/e and n > 1 so that (5.7) holds,
(5.8) Apin (€) + 11 (e) < Den/log (1/e).
Therefore, in view of (5.8) and (5.6) it is natural to define for suitably large positive

71 and 79,
d =me/log(1/e) and t = yee+/log (1 /).

We now have for all 0 < ¢ < 1/e and n > 1 so that (5.7) is satisfied on a suitable
probability space depending on n > 1, € and § so that (5.6) holds,

P{llaw — Gllz > (D +7 + (1+ 4) 72) e/ log (1/2) |
2
< 0101 exp (_7155\/5 51+5V0/2 IOg (1/€)>
c,’"M

€2U0

+ 2exp (—%ﬁ E\/log(l/s)) +4dexp (—A575 log (1/¢)) .
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By taking ¢ = ((logn)/n)Y/ (350 which satisfies (5.7) for all large enough n, we
readily obtain from these last bounds that for every A\ > 1 there exist D > 0, v; > 0
and 5 > 0 such that for all n > 1, ,, and G can be defined on the same probability
space so that

logn\ /) Mogn .y
Pallan =Gllz > (D47 + 1+ A)72) { — s (S

It is clear now that there exists a p (A) > 0 such that (2.3) holds. This completes
the proof of Proposition 1. O

Proof of Proposition 2. Under (BR) as defined in (2.6) we have, for some 0 < ry < 1
and by > 0,

279 b(2)

N (e) < N(g/2,F,dp) < Npj(e/2, F,dp) < exp (—

627’0

>,O<€<1,

and as above both

N(e,G(e),dp) < Nij(e,G(e),dp) < (N[](6/2,]-", dP))2 < exp (22 mbo)

527‘0

and

NG Fe)dp) < N(e F(e) dr) < (N (e/2.7,p)° < exp (2500,

527‘0
Setting o = ¢ in (4.3) and (4.4) we get

TG <V [ s V2o 1-r,

[0,€] s T 1—r1rg

and
c €1+T0

= > .
VIog Ni1(e.G(e),dp) — v2bo
Hence by the moment bound assuming (BR) given in (4.5) taken with G (X) = M,

a(e,6(e))

V/2bg

<

1—r
g 0 +\/EH{M>‘/EEI+TO}

V2bg

and, since in the same way we have

J (e, F(e)) < ﬂ

- 1—7’0

€1+7'0

V2by

e'=" and a (e, F(e)) >

we get by the Gaussian moment inequality,

/’1’(8) S 144—\/51)081_7'0.
1 — 7o

As a consequence, for some D > 0 and

(DM)l/(l-H“o)

€> 1/ (2+2r0)
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it follows that
Aptn () + () < DV,
Thus it is natural to take in (5.6) for some ; > 0 and ~ > 0 large enough,
§ =71 770 and t = ypel T,

which gives with p = D + v + (A + 1) 72,
P{Han —Gl > Pgl_ro}

2r9+17,2 5 (2270p2
< Oy exp <2 by 7102\/551”"0 exp (_ ( 0)))

g2ro M 2e2r0

A Asny3
+ 2exp (——1?\Zﬁ51_T0) + 4exp (— 8;;?) .

We choose

10b222r0 1/(2ro)
()
logn

exp (——5 (22T0b(2))> =n~ /1

which makes

2821“0

Given any A > 0 we clearly see now from this last probability bound that for
p (A) > 0 made large enough by increasing ; and 2 we get for all n > 1,

]P’{Han — Gl > p(N) (log n)—“—?“o)/?ro} <n

The proof of Proposition 2 now follows the same lines as that of Proposition 1. [

5.2. Proofs of strong approximations

Notice that the conditions on F in Propositions 1 and 2 imply that there exists a
constant B such that

supE (H%éﬁzﬂ){z)

n>1

) < B and E (|G| z) < B.
f
Therefore by Talagrand’s inequality (4.1) and the Montgomery—Smith inequality

(4.10) for all n > 1 and ¢t > 0 we have, for suitable finite constants C' > 0 and
Cy, >0,

p{ max Vinlanlz > OV (540

1<m<n

C’1t2> ( Clt\/ﬁ)
< 18exp (— + 18exp | — ,
cr?_— M

(5.9)

where 0% := sup;cs Var(f(X)). Furthermore, by Borell’s inequality (4.7), the
Montgomery—Smith inequality (4.10) and the fact that n=1/23"" | G; =4 G, for
i.i.d. Gy, we get for all n > 1 and t > 0 that for a suitable finite constant D > 0,

m

>e,

1<m<n || 4
=1

(5.10) P { max

t2
20%
F
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Proof of Theorem 1. Choose any v > 0. We shall modify the scheme described on
pages 236-238 of Philipp [31] to construct a probability space on which (2.4) and
(2.5) hold. Let ng = 1 and for each k > 1 set ny = [k%], where [z] denotes the
integer part of x and « is chosen so that

(5.11) 1/2<na<l.

Notice that 71 < 1/2 in Proposition 1 and thus o > 1.

Applying Proposition 1, we see that for each A > 1 there exists a p=p(A) > 0
(k)

such that one can construct a sequence of independent pairs (o, ,G(k)) k>1 sitting
on the same probability space satisfying for all £ > 1,

(5.12) IP’{H@%? - (G(’I“)H]r > pn,. " (log nk)TQ} <n;

Set for k>1

tk—ZnJ +1.

i<k

Using Lemma A1 of Berkes and Philipp [1] we can assume that each a;’? is formed

from X¢, 11,...,Xy,,, 1.i.d. X and that each G is formed as

1
=L ¥ g,
"k e <g<tk+1

where G¢, 41,...,Gy,,, are i.i.d. G. Moreover we can do this in such a way that
X1, X5..., are ii.d. X and Gy,Gao,..., are i.i.d. G. For any integer N > 2 set
N (8) = [N”], where 8 = a/ (1 + ). Define

s(N) = Z n1/2 ' (logmg)™ .

Now for some constants ¢; > 0 and ¢ > 0,
(513) s (N) ~ ClN(1+a)/27(a7171/2) (log N)Tz ~ C(tN)l/Z—T(a) (log tN)‘rz 7

where 7 (o) = (ary —1/2) /(1 + «) > 0, by (5.11).
We have

j=1 ,
Y ps(N)
<
=F 1§nrznga%)fvw) Z [f (X5) —Ef (X)) > 1
= F
. ps(N)
P .
t lﬁnrflgat);(ﬁ) ZIGJ <f) > 4
= F
N—-1 m
N ps(N)
+ 3 pe a3 G -EFXO] >
k=N(B) j=t, +1 .
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N
+ E P . max g G, (f) >p8( )
+1<m<t . 8
k=N (8) * B =t F
. ps(NV) -
P > (vawal) — ngG® —— 3 => Pi(p,N).
+ N(g)lgj'(<N k_N(m( T G ) Z Ty — (0, N)
= F

It is easy to show using inequalities (5.9) and (5.10), along with the choice of
1/2 < f=a/(14+ «a) <1, that for any v > 0 for all large enough p,

2
(5.14) > Pi(p,N) < ty'/4, forall N > 1.

i=1
For instance, consider P; (p, N). Observe that

Pl(p7N)§]P>{ max m|’am||f>c\/m(B+TN)},

l<m<tng)
where
= (28 - 5) / (Cvinm),
Now \/m ~ caN/2 for some ¢y > 0. Therefore by (5.13) for some c3 > 0,
T~ ~ csN' % (log N)™ .

Since by (5.11) we have 1 — 1y > 0, we readily get from inequality (5.9) that
for any v > 0 and all large enough p, P; (p,N) < t'/8, for all N > 1. In the
same way we get using inequality (5.10) that for any « > 0 and all large enough p,
Py (p,N) <ty"/8, for all N > 1. Hence we have (5.14).

In a similar fashion one can verify that for any v > 0 and all large enough p,

4
(5.15) D> Pi(p,N) < ty'/4, forall N > 1.
=3

To see this, notice that
2o ) < N s Vilanll > ps () 8
N

1<m<n

and

PrpN)SNB S e 13565 ()]l > o (V) 8
]:
Since /iy ~ N*/2 and N ~ 03t}v/(a+l) for some c3 > 0, we get (5.15) by proceeding
as above using inequalities (5.9) and (5.10).
Next, recalling the definition of s (N), we get

N

s(N
Ps(p,N)<P Z H\/nkagz) — ,/nkG(k)H}_ > ps()
(

4
k=N (3)

N 1/2—’7’1 1 T2
< Z ]P’{H\/nkozg? — \/n_k((}(k)H]: > P1Yy i og ny,) } ’

k=N(B)
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which by (5.12) for any A > 0 and p = p (a, \) > 0 large enough is
o\ —A
<N ([N]%) 7, forall N > 1,

which, in turn, for large enough A\ > 0 is < ¢, /2. Thus for all v > 0 there exists a
p > 0 so that

5
> Pi(p,N) <ty forall N > 1.
i=1

Since a can be any number satisfying 1/2 < ma < 1 and ty41/ty — 1, this
implies (2.4) for p = p (e, A) large enough. The almost sure statement (2.5) follows
trivially from (2.4) using a simple blocking and the Borel-Cantelli lemma on the
just constructed probability space. This proves Theorem 1. O

Proof of Theorem 2. The proof follows along the same lines as that of Theorem 1.
Therefore for the sake of brevity we shall only outline the proof. Here we borrow
ideas from the proof of Theorem 6.2 of Dudley and Philipp [14]. Recall that in
Theorem 2 we assume that 1/2 < rg < 1 in Proposition 2, which means that
0<k:=(1-rg)/2ro <1/2. For k > 1 set

(5.16) ty = [exp (kl_")] and ny =t — tp_1, where tg = 1.
Now for some b > 0 we get ny, ~ b2k~ "y,

NG by/Tr N

(logng)®  ksO-R)Tr/2 ~ Jrto”

where § = k(3 — k) > 0. Choose 0 < 3 < 1 and set N (3) = [N”]. Using an
integral approximation we get for suitable constants ¢; > 0 and ¢y > 0, for all large

N
N

[SRVAT /N coviIN coViN
(5.17) No < s (V)= > 1 R < Ne S T
e (s 108 7) (log(tw))

Also for all large N,

(5.18) s(N) /iy > %N”/Q_“(%_“) =: coN*".
For later use note that for any 0 < <1 and ¢ >0

N
(5.19) s (V) — 00, as N — 00,

VingN¢

and observe that
(5.20) tn+1/ty — 1, a8 N — o0.

Constructing a probability space and defining P; (p, N), ¢ =1,...,5, as in the proof
of Theorem 1, but with ng, ¢ and s(N) as given in (5.16) and (5.17) the proof
now goes much like that of Theorem 1. In particular, using inequalities (5.9) and
(5.10), and noting that N ~ (log (tN))l/(l_“), one can check that for some v > 0,
for all large enough N,

Y Pi(p,N) < exp (— (log (tn))")

=1
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and by arguing as in the proof of Theorem 1, but now using Proposition 2, we easily
see that for every H > 0 there is a probability space on which sit i.i.d. X7, Xs...,
and i.i.d. G1,Go, ..., and a p > 0 such that

Ps(p,N) < (log (tn)) 77", forall N >1.

Since for all H > 0,
log (t)"" (exp (— (1og (t))") + (log (t3)) ") = 0, as N — o0,
this in combination with (5.17) and (5.20) proves that (2.8) holds with 7 = 6/ (1 — k)

and p (1, H) large enough. A simple blocking argument shows that (2.9) follows from
(2.8). Choose H > 1 in (2.8). Notice that for any k > 1,

7 U {mm

2k << 2k+1

\/Eam - i Gz
i=1

> V2np (1, H) (log n)_T}

-'F

> V2k+1p (7, H) (log 2'““)7}

\/T_Tlam - i Gz
i=1

<P max
1<m<2k+1

< ((k+1)log2)™ .

F

Hence (2.9) holds by the Borel-Cantelli lemma. O
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Abstract: We show that a modified Empirical process converges to the lim-
iting Gaussian process whenever the limit is continuous. The modification de-
pends on the properties of the limit via Talagrand’s characterization of the
continuity of Gaussian processes.

1. Introduction

Given a class of functions F' C Lo(u), a now standard method to use (iid) data
to uniformly estimate or predict the mean of one of the functions in the class, is
through the use of empirical processes. One has to bound the random variable
1 n
sup |~ 57 F(X:) —~Ef| = [P - P

n
fer |z

One possibility that comes to mind is to use the fact that there is a bounded
Gaussian process indexed by F' to bound \/n|| P, — P||r. To illustrate the difficulty
one encounters, note that to use the classical Central Limit Theorem in finite dimen-
sions, one only needs finite variance or, equivalently, the existence of the (Gaussian)
limit. However, when working in the infinite dimensional situation there are some-
times non-trivial side conditions other than just the set being pregaussian. Those
are connected to the random geometry of the set F' that are needed to ensure the
existence of a useful bound. For example, one such situation is when the class is
a collection of indicators of sets. If such a class does not satisfy the VC (Vapnik-
Cervonenkis) condition, then, in addition to knowing that the limiting Gaussian
process is continuous, one has to check, for example, the following:

log #{C N{X1,...,Xn}: C €C)
NG

In this note we try to get around this problem by looking at a variant of the
standard empirical process for which only the existence of the limiting Gaussian
process is required to obtain both tail estimates and the Central Limit Theorem
for the modified process.

The motivation for our study were the articles [7, 8], which focus on the following
problem. Consider a density p(z) on R which has a support that is a finite union
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of intervals, and on this support p satisfies that ¢=! < p(z) < c and |p(z) — p(y)| <
clz — y|. It was shown in [7, 8] that under this assumption there is a histogram
rule P, for which the following holds. If F' is a P-pregaussian class of indicator
functions, or if F' is a P-pregaussian class of functions bounded by 1 which satisfy a
certain metric entropy condition, then \/ﬁ(lsn — P) converges weakly to the limiting
Gaussian process.

It seems that the method used in [7, 8] can not be extended to densities in
R2, and even in the one-dimensional case the convergence result holds for a very
restricted set of densities. Thus, our aim is to find some other empirical estimator
for which the existence of the limiting Gaussian would imply convergence as above.
Our estimator is based on Theorem 1 in [9] (see also Theorem 1.3 [4] and Theorem
14.8 [6]).

We begin with several facts and notation we will use throughout this note. If
G is a (centered) Gaussian process indexed by the set T', then for every s,t € T,
pa(s,t) = (E(G. — G1)?)"*.

To prove that a process (and in particular, the modified empirical process we
define) converges to the Gaussian process indexed by F', we require the notion of
asymptotic equicontinuity.

Definition 1.1. A net X, : Q, — {((T) is asymptotically uniformly p-equi-
continuous in probability, if for every €,n > 0, there exists a § > 0 such that

limsup, Pr*( sup |Xa(s) — Xao(t)| >€) <n.
p(s,t)<o

Theorem 1.2 ([13], 1.5.10). Let G be a Gaussian process and let X, be a net
of random variables with values in l,(T'). Then there exists a version of G which
is a tight Borel measurable map into {(T'), and X, converges weakly to G if and

only if

(i) the finite dimensional distributions of X,, converge weakly to the corresponding
finite dimensional distributions of G,
(il) X is asymptotically uniformly equicontinuous in probability with respect to
P2,
(iii) (T, p2) is totally bounded.

The main technical tool we require is generic chaining which was developed by
Talagrand (see [11] for the most recent survey on this topic).

Definition 1.3. For a metric space (7', d), an admissible sequence of T'is a collection
of subsets of T, {T, : s > 0}, such that for every s > 1, |Ts| = 22" and |Tp| = 1. For
p > 1, we define the v, functional by

(T, d) = infsup > " 2%/7d(t, Ty),
teT T,

where the infimum is taken with respect to all admissible sequences of T'.

For every integer s define the function 7 : T'— Ty, which maps every t € T to
a nearest element to ¢t in 7T%.

Using the 7, functionals one can bound the supremum of a process which satisfies
an increment condition. As an example, recall the well known Bernstein inequality.
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Theorem 1.4. There exists an absolute constant ¢ for which the following holds.
Let (Q,S, P) be a probability space, let f € Loo(P) and let X4,..., X, be indepen-
dent random variables distributed according to P. Then

Pr >t < 2exp (—cnmin{ r , t })
B - A2, 11w

When one combines Bernstein’s inequality with the generic chaining method,
the following corollary is evident:

1 n
- ;f<Xi> ~Ef

Corollary 1.5 ([11]). There exists an absolute constant c for which the following
holds. Let F be a class of functions on a probability space (2, P). Then, for every

integer n,
V2(E - Ml2) | 31 - floo)
vn n '

A key result, which follows from the generic chaining method, is that the expec-
tation of the supremum of the Gaussian process indexed by F' and has a covariance
structure endowed by Lo(P) is finite if and only if 75 (F, Ly(P)) is finite. Moreover,
the result is quantitative in nature.

E|[P, — Pllr < (

Theorem 1.6. There exist absolute constants ¢y and co for which the following
holds. Let F be a class of functions on (2, P), and let G be the Gaussian process
indexed by F. Then,

c172(F, L2 (P)) < E}Scup |G ¢l < o2 (F, La(P)).
€F

The upper bound is due to Fernique [3], while the lower bound in due to Ta-
lagrand [10]. A proof of both parts can be found in [11]. From here on we denote
Esup, G| by E[G]r.

In a similar fashion one can formulate a continuity condition for the Gaussian
process indexed by F' using the generic chaining machinery.

Theorem 1.7 ([11] Theorem 1.4.1). Consider a Gaussian process, {Gys : f €
F}, where F' is countable. Then the following are equivalent:

(1) The map f — Gf(w) is uniformly continuous on (F, | - ||2) with probability
one.
(2) We have
li_r)r(l)E sup |Gy —Gp|=0.
1G5 =Gy lla<e

(3) There exist an admissible sequence of partitions of F' such that

lim sup Z 28/2d(f, Fy) = 0.

S0—00 fGF s>so

Note that the admissible sequence in (3) can be taken as an almost optimal ad-
missible sequence in the definition of 75 (F, || -||2), at a price of an absolute constant.
Indeed, by combining the two admissible sequences (75) and (77%) - the first - an
almost optimal one from the definition of 72 and the second from (1.7), we obtain a
new admissible sequence for which Ty, UT, C T/ ;. Thus, we may assume that the
almost optimal sequence in (3) satisfies that sup ;e p > o= 252y, (¢, Ts) ~ E|| G| p.

Finally, a notational convention. Throughout, all absolute constants will be de-
noted by ¢, C or K. Their values may change from line to line. We write a ~ b if
there are absolute constants ¢ and C such that ca < b < Ca.
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2. The main theorems

Let ' C Lo(P) and assume that there exists a Gaussian process indexed by F
such that E||G||r < co. By Theorem 1.6, y3(F, Lo(P)) ~ E||G||F, and let (F5)22,,
F, C F be an almost optimal admissible sequence with respect to the Ly(P) norm
as described above, that is,

sup S 2P| f =7 (FllLapy < a(F, La(P)),
€ s=0

and
lim sup Z QS/QHf = 7s()llL.p) = 0.

So—O0 fGF s>50

Set Ag(f) = ms(f) —ms—1(f). For every s, f and A > 0 consider a truncated part
of Ay(f), defined by AL(f, ) = As(f)L{a.(s)|<r}- As will be made clear shortly,
the truncation level A depends both on the specific f € F', as well as on the size of
the sample n and the index s.

Lemma 2.1. There exist absolute constants ¢y, co and c3 for which the follow-
ing holds. Let F' be a class of functions on the probability space (2, P), and set
X1,..., X, to be independent, distributed according to P. Let (Fy)22, be an ad-
missible sequence in F with respect to Lo(P), and for every f € F set A =
c1v/nl|As(f)]|2/2%/2. Then, for every u > 1/2 and every integer s, with probability
at least 1 — 2 exp(—co2® min{u?,u}), for every f € F.

1 & 25/2|| A
< esu I (fﬂb.

gZ(A;q, N) (Xi) = EAL(f, M) < Jn

i=1
Proof. Let ¢ and ¢y be constants to be named later. By Bernstein’s inequality [2],
for t = ¢12°/%u||As(f)|2/+/n, it is evident that for any X > 0,

e 1)

<2exp <—cnmin{L E})
N IALLMIZT NS

Since ||AL(f, N2 < [|As(f)]l2 and X = ca/n]|As(f)||2/2%/2, then for the choice of
t, it follows that with probability at least 1 — 2 exp(—c32® min{u?, u}),

22| As ()2
\/ﬁ )

where c3 and ¢4 depend only on ¢; and ¢;. Thus, for an apj}?lropriate choice of these
constants and since |[{A,(f) : f € F}| < |Fs|-|Fs—1] €22 the claim follows. O

(2.1)

T3 AL ) (X~ EAL(A

CST (AL (X0) — BAL(S )

=1

< cau

Note that there is nothing magical with the lower bound of 1/2 on u. Any other
absolute constant would do, and would lead to changed absolute constants ¢y, ¢
and c3.

Using the Lemma we can define a process ®,, for which [P, (®,) — Pl <
cE||G||r/+/n, and thus, the fact that the limiting Gaussian process exists suffices
to yield a useful bound on the way in which the empirical estimator approximates
the mean.
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Definition 2.2. Let A(f,n,s) = A = cov/n||As(f)|2/25/?, where co was determined
in Lemma 2.1, and for each sg let

Dy, }:Nﬁ

s=sg+1

and

O (f) =Y AL

Theorem 2.3. There exist absolute constants ¢y and co for which the following
holds. Let F' and X,...,X, be as above. Then, the mapping ®,, : F — L1(P), and
for every u > 1/2, with probability at least

1 — 2exp(—c; min{u?, u}),
for every f € F

- E|G]r
>~ (@) (X ~Ef <

=1

(2.2)

3I+—‘

<c(u+1)——

and also with probability at least 1 — 2 exp(—c;2% min{u?,u})

n

S (B (1))~ By (1)

=1

(2.3) sup
fer

<Tsup Z 2572 Ag(f)]l2-

nfe s=sp+1

Proof. Without loss of generality, assume that 0 € F' and that mp = 0. Let (Fs)S2,
be an almost optimal admissible sequence, and in particular, by Theorem 1.6

sup > 2°%||Ay(f)]l2 < KE| G|
fGFs:1

for a suitable absolute constant K.

Note that as mo(f) = 0 for every f € F one can write f = Y oo As(f).
Let us show that ®,, and therefore ®,, ,,, are well defined and maps F' into
Ly(P). Indeed, since Y .-, As(f) converges in Ly(P), it suffices to prove that
S (A =ALSN) = ZS L AY(f) converges in L1 (P). Observe that for every
feF,

ElA/s,(fv )‘>| = E|As(f)‘ﬂ{\As(f)|>)\}
(2.4) <Al (Pr(IA()] > A2 < 125l

A
_ 22A ()]s
_— co\/ﬁ .

Since Yo7, 2%/2||A(f)|l2 converges for every f, it implies that ®,, is well defined
and takes values in L.
By Lemma 2.1, with probability at least

(2.5) 1-2 Z exp(—c12° min{u?, u}) > 1 — 2 exp(—c22% min{u?,u}),
s=sp+1
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sup Z Z AI f: ))( )_EAIS(f7)‘)

fer so+1 =1

sup Z 252 As(£)ll2,
\/_fer so+1

and when sy = 0 we’ll use that by Theorem 1.6 this last quantity is

ElGlr
N

< caqu

Hence, with that probability, for every f € F,

%Z o (f)(X;) — Ef)| < %Z(@n(f)(Xi)—Ecbn(f)) + [Ef — ED,(f)|
H ||F EgAg(f) §C6(u+1)EH5%HF,

where the last term is estimated using the same argument as in (2.4) and the
inequality (2.2) in Theorem 2.3.

We also have that with the promised lower bound on the probability,

n

> (oo (N(Xi) = B (1))

=1

:I*—‘

sup
feF

<—sur> Z 2521 A ()2
\/_ s so+1 D

Next, we prove a limit theorem for {\/n(P, — P)(®,)(f) : f € F} and show
that we can replace E®,(f) with Ef and still obtain a limit theorem. For this we
need to prove an inequality for the oscillation of the process \/n(P, — P)(®,(f)).
To that end, define Q,, := /n (P, — P).

Proposition 2.4. Let F be a class of functions on (2, P), such that the Gaussian
process indexed by F' exists and is continuous. If ®,, is as above, then for anyn > 0,

lim lim Pr ( ‘Qn n( (I)n(f))‘ > 77) =0.
d—=0n=—00 = f||2<5

Proof. By the definition of ®,, which uses an almost optimal admissible sequence,
for every 0 > 0 there is some sy such that

sup Z 22| f — 7y (f)]2 < 6,

.SS()

hence for any f, f € F, |7, (f) — sy (f)||2 < 20 + ||f — f||2. Using the notation of
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Theorem 2.3, put ®,, 5, (f) := > oo so41 AL(f,A) and U, 5, = @, — D, 5,. Therefore,

oo (o (oan e -

_ pr(”f s [Qn (¥nn(1) = T ()

+ Qo)) = Qu(na (7)) 1)
v

< Pr

(mof ,rsofnm\‘?n( o) —

+2Pr (Sup |Qn (®Pns0 ()] > ﬂ)
P 3

= (IT) + (IIT)

From the proof of Theorem 2.3 by integrating tail probabilities

E n (I)nso 8/2 — Ts
JS;;I;IQ (O, ())\<c?upz2 I1f = 75 (f)ll2

$>80

which by Theorem 1.7(3) and our choice of the admissible sequence converges
to 0 as sg — oo. Furthermore, by the finite dimensional Central Limit Theorem
limg_.g lim,,— oo (I1) = 0, which completes the proof. O

Hence, we know that ), is asymptotically uniformly equicontinuous. We’ll now
prove the other necessary ingredients needed to show that @, converges to the
original Gaussian process.

Proposition 2.5. Let F' and ®,, be as in Proposition 2.4. Then the following holds:

(i) limp—oo v/Rsupsep [E®n(f) —Ef| =0,
(ii) For every f € F', lim;, ”(I)n(f) - f||2 =0,
[0 (F)(X)I?

n

(iii) For every f € F, lim,_, Emax;<,, =0.
Proof.

1. Let sg be an integer to be named later and set

A= coV/nllAs(f)2/2°7

as in Lemma 2.1. In particular, the set {Ag(f) : s < sg, f € F} is finite and
for every f € F,

25/2
nE|A(f)|1 < — = _ ERIA(N)PL
VIE|IA(F)Lga.p)say < AT AN Lga. () >r

which, by the definition of A tends to 0 as n tends to infinity. Hence, for every
fixed sq,

Jim Z\/_ElA NLga.5)>a1 = 0.
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Therefore, for every s,

lim /nsup [E®,(f) — Ef]
n— o0 feF

s0
< lim \/ﬁfile”; <ZE|As(f)|]1{As(f)>)\} + > E\As(f)lﬂ{ms(fn»})

n— o0
s=1 s$>S0

<cosup ¥ 22| A (f)]|2,
2f€FZ 1As(f)ll2

8>S0

where the last inequality is evident from (2.4) and the choice of a suitable
absolute constant cs.

. Again, we shall use the fact that for every fixed f and s, A depends on n and

tends to 0 as n tends to infinity. Clearly, for every fixed s,

1f = @n(Hll2 < D NALHLgapsapllz+ D 1Az

s<so 8$>80
< D A Lga.(ry=apllz +esr2(F La) Y 277
s<s0 §>S0

For an absolute constant cs. Indeed, this follows from the fact that for every
S’

22185 (F)ll2 < Y22 1A()ll2 < es72(F, La),
s=0

and of course the constant c3 does not depend on s.
Hence, for every fixed f € F,

limsup | f — o (f)l2 < cara(F, La) 3 272

n—oo
$>80

for every sg, and this last quantity goes to zero as sy — oc.

. If f(X) is square integrable then for any b > 0,

X;)? 1
lim sup E max FXE limsupE(% +— > X)L )6)

n— oo Jj<n n n— 00

= Ef(X)1g5(x)1>b)-

Since the left hand side does not depend on b and the right hand side converges
IF (X

j<n

to zero as b tends to oo, lim,, .o Emax;<,
the proof it suffices to show that

|f(X;) = @u (/) (X))

= 0. Therefore, to complete

E max — 0.
Jj<n n
But, using (2),
X)) =@, (X)) 1
B 5= 2 DI < L5 g 50 - @, ()0, )

Jj<n

=E|(f - ®u(/)(X)]* — 0. O

The final ingredient we require is the following result on triangular arrays.
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Lemma 2.6. For each n, let {fn,j}?zl by nonnegative, square integrable, indepen-
dent random variables for which lim,,_, .. Emax <, 572173» = 0. Then, for every d > 0,

lim,, Zyzl Efi,jﬂ{ﬁn,jZﬂ’ = 0.

Proof. Consider the stopping times

o0 if max,<, &, <6.

{inf{kz <n:& k>0 if maxy<p &y >0
T=Tp = =

Then, (see [12]) for every n

n
2 2 2
Erglf‘i{én,j > Egn,Tnl{Tn<OO} = Z]Egn,l]l{ﬁn,l>57maxigz—1 &n, i<}
- =1

= E& e, 55 Pr(max &,; < 9)
=1 -

n
> Y EE e, 56 Pr(max&n i < 0)
=1 B

The result now follows, since the hypothesis implies that this last probability con-
verges to one as n tends to infinity. (I

We now can conclude

Theorem 2.7. If the Gaussian process indexed by F' is continuous then

{Vn(Pn(®,(f)) — Pf): f € F} converges to {Gys : f € F}.
Proof. By Theorem 1.2 and Proposition 2.4 we only need to show that

(i) the finite dimensional distributions of @,, converge to those of G and
(ii) (F, p2) is totally bounded.

For (i) we need to check that for any {f;}f_, C F,

(Qn ((I)n<f1)) PR 7Qn ((I)n<fk>))

converges in distribution to (Gy,, ..., Gy, ). To see this we apply the Cramer-Wold
device, that is, by noting that to show the convergence in distribution, we only have
to check that the characteristic function (on R¥) converges, and hence it suffices to
show that any finite linear combination of {Q,,(®,(f))}r_,, say, Zle a;Qn (P (fi))
converges in distribution to Zle a;G¢,. To verify this, recall the classical Central
Limit Theorem for triangular arrays (see, e.g, [5] or [1] Theorem 3.5). Namely, it
suffices to prove that

(a) for any n > 0, lim,_,. Pr(max;<y | Zle a;®,(fi(X;)) >n) =0 and
. k — ks
(b) hmn—>oo Var((Zi:l ai@n(fi))]l{‘ 2521 ai¢’u(fi)|>7i}) - Var(zfizl azfz)'

(a) follows from Proposition 2.5(iii) and (ii) and (b) follows from 2.5(ii) and Lemma
2.6.

(ii) follows from the assumed continuity of {G : f € F'} with respect to pa (see p.
41 [13)). O
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3. Changing the level of truncation

The question we wish to tackle here is whether it is possible to find different “uni-
versal” truncation levels instead of \/n, and still have a process ¥ which is tight,
and satisfies that n=1 Y7 | (¢, (f)) (X;) uniformly approximates Ef (that is, one
can replace EV,,(f) with Ef). We show that such a uniform level of truncation has
to be asymptotically larger than /n.

Definition 3.1. Given a class of functions F' and a non-decreasing sequence of
positive numbers, b = {b,}52;, let

Py = D Asl)LfaL (D<ol an(lla/22/2)-
s=1

Definition 3.2. A sequence of processes {U,(f) : f € F} is said to be stochasti-
cally bounded if for every ¢ > 0 there is a constant C' < oo such that

Pr(sup [Un(f)] > C) <€
feF

Theorem 3.3. Assume that {b,}, is an increasing sequence of positive numbers
and that the probability space, (2, S, P), is continuous. Assume also that for every
pregaussian class of functions on (0, S, P), the process

{Js;teu; V| Pp(®np(f) — Ef[}n

bn
is stochastically bounded. Then, there exists § > 0 such that inf,, — > .

N
Proof. Clearly, if {v/n (P, (®ns(f)) —Ef) : f € F} is based on an independent
copy, { X}, then {sup ;c p v/n| Py, (Pnu(f)) —Ef|}7%; is also stochastically bounded.
Hence, the difference is stochastically bounded, and thus,

{sup v/n| P (®0,5(f)) — @b (f)[}n

fer

is stochastically bounded, implying that \/nsup;cp [Ef —E®, 5(f)| is bounded.
In particular, for every nonnegative f € Lo(P), if we let F' = {f,0}, then the
sequence {/n|Ef—E®,, ,(f)|}52, is bounded. Note that in this case we may assume

that ms(f) = f for s > 1 and mo(f) = 0, implying that \/ﬁEf]l{f>bn”f”2/\/§} is
bounded.
Observe that this implies that \/nEfl¢s; 3 is bounded. Indeed, choose by,

such that ”fjl{f>bk0}H2 < /2. Applying the above to the function h = fL{r>big}
it follows that ||h||2 < /2 and

VIERL 50,y = VIBSL 500} 101y 500} = VIESL 5 b}

Hence, /nEfls-y, 3 is bounded, as claimed.
For every sequence {ay} for which ), |ag|/k < oo, consider a function f with

Pr(f = by) = b2l2xl Such a function exists by the continuity of the probability

1 kb2
space (£, S, P). Then,

2,2 |ak’

Z bebi o kb2
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Therefore, Efl s = D 1ok blbl%, implying that for every sequence {ax}32 , as
above, sup, Vk > o, |al—l| < 0.

Consider the Banach spaces B; and Bo, endowed with the norms |[[{ax}|1

= > e M and |{ap}|l2 = supy>q \/_Zl>k .- Note that the identity map
]I B, — 32 is bounded using the Closed Graph Theorem. Indeed, for A,
{an i}, B = {bp}32, and C = {c,}32, assume that [|4, — B||1 — 0 and
|An, — C|l2 — 0. These conditions respectively imply convergence coordinate-wise,
that is, for every r, lim, . @y, = b, and lim, . a,, = ¢,. Thus, B = C, and
the graph is closed, implying that the map is bounded.

Therefore, there exists a constant, C', such that

adl _ =

k>1 I~k

Applying (3.1) to the sequence for which the n'® term is one and others zero shows

that for n > 1:
vn—1 Cl

nb,, n

from which the claim follows. O
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Abstract: We give several conditions for pregaussianity of norm balls of Besov
spaces defined over R by exploiting results in Haroske and Triebel (2005). Fur-
thermore, complementing sufficient conditions in Nickl and Pé&tscher (2005),
we give necessary conditions on the parameters of the Besov space to obtain
the Donsker property of such balls. For certain parameter combinations Besov
balls are shown to be pregaussian but not Donsker.

1. Introduction

Bounds for the size (measured, e.g., by metric entropy) of a subset F of the space
L?(P) of functions square-integrable w.r.t. some probability measure P allow one to
derive limit theorems for the empirical process (indexed by F) as well as continuity
properties of the (limiting) Gaussian process (indexed by F). These bounds are
often derived from smoothness conditions on the functions contained in F. Func-
tion classes that satisfy differentiability or Holder conditions were among the first
examples for pregaussian and Donsker classes, cf. Strassen and Dudley [14], Giné
[7], Stute [15], Marcus [11], Giné and Zinn [8], Arcones [1] and van der Vaart [18].
In recent years, interest in spaces of functions with ’generalized smoothness’, e.g.,
spaces of Besov- and Triebel- type, has grown. These spaces contain the spaces de-
fined by more classical smoothness conditions (such as Hoélder(-Zygmund), Lipschitz
and Sobolev spaces) as special cases and serve as a unified theoretical framework.
Besov and Triebel spaces play an increasing role in nonparametric statistics, infor-
mation theory and data compression, see, e.g., Donoho and Johnstone [3], Donoho,
Vetterli, DeVore and Daubechies [4] and Birgé and Massart [2]. Relatively little
was known until recently about empirical and Gaussian processes on such function
classes, in particular with focus on spaces defined over the whole Euclidean space
R<. Building on Haroske and Triebel [10], sufficient conditions for the parameters
of the Besov space were given in [12] implying that the corresponding norm balls
are Donsker classes. In the present paper, we extend and complement these results.
We give necessary and sufficient conditions for the pregaussian/Donsker property
of balls in Besov spaces. In certain ’critical’ cases, Besov balls are shown to be
pregaussian but not Donsker.

2. Besov spaces

For h a real-valued Borel-measurable function defined on R? (d € N) and u a
(nonnegative) Borel measure on RY, we set pf = [, fdu as well as IRl ==

(fga |R]"dp)t/™ for 1 < r < oo (where Ih]| . denotes the u-essential supremum

AMS 2000 subject classifications: primary 60F17; secondary 46E35.
Keywords and phrases: Besov space, Donsker class, pregaussian class.
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of |h|). As usual, we denote by L"(R%, 1) the vector space of all Borel-measurable
functions h : R? — R that satisfy [All,.,, < oo. In accordance, L"(R%, 11) denotes

the corresponding Banach spaces of equivalence classes [h] w h € L"(R%, 1), modulo

equality p-a.e. The symbol A will be used to denote Lebesgue-measure on R¢.

We follow Edmunds and Triebel ([6], 2.2.1) in defining Besov spaces: Let ¢ be
a complex-valued C*°-function on R? with ¢o(z) = 1 if ||z|| < 1 and ¢o(z) =
0 if [z > 3/2. Define ¢1(z) = polw/2) — po(w) and pr(z) — p1(2* 1) for
k € N. Then the functions ¢y form a dyadic resolution of unity. Let S(R?) denote
the Schwartz space of rapidly decreasing infinitely differentiable complex-valued
functions and let S’(R%) denote the (dual) space of complex tempered distributions
on R?.. In this paper we shall restrict attention to real-valued tempered distributions
T (i.e., T =T, where T is defined via T'(¢) = T(¢) for ¢ € S(R?)). Let F denote the
Fourier transform acting on S’(R9) (see, e.g., Chapter 7.6 in [13]). Then F~! (o, FT)
is an entire analytic function on R? for any 7' € S’(R%) and any k by the Paley-
Wiener-Schwartz theorem (see, e.g., p. 272 in [13]).

Definition 1 (Besov spaces). Let —00o < s < 00, 1 < p < oo, and 1 < g < oc.
For T € 8'(RY) define

1]

e’} 1/‘1
o= (Z g nF-lwsz,A)
k=0

with the modification in case ¢ = oo

1T

spoe T SUD 25 ||F~Y(@nF T, -

Define further (real) Besov spaces as

B, (RN :={T eSRN:T=T, |T

spa A S 00}

B;q(Rd) is a Banach space and the norm is independent of the choice of ¢q, and,
in particular, different g result in equivalent norms, cf. Edmunds and Triebel [6],
2.2.1.

Remark 2. (i) The focus in the present paper will be on s > 0, in which case it
follows (e.g., from 2.3.2 in [17]) that Bj, (R?) consists of (equivalence classes of) p-
fold integrable functions. In fact, for these parameters, we could alternatively have
defined the spaces B3, (R?) as {[f]x € LP(R%, X), [fllspqn <00}

(ii) We note that ||| \ < oo forany T € §'(RY).
In fact,

y < oo if and only if HTHS

5,054, ,Dsq,

TN pogn < IIRET [l g 5+ [T T, oy < el T

D59, ,D59q, 5,p,9, sD>q s A

holds for some 1 < ¢ < oo and for every T' € S'(RY). As a consequence, one can
easily carry over results for complex Besov spaces to real ones and vice versa.

(iii) At least for positive s, there are many equivalent norms on B;Q(Rd), some of
them possibly more common than the one used in Definition 1; see, e.g., Remark 2
in [12]. In particular, the Holder-Zygmund Spaces are identical (up to an equivalent
norm) to the spaces B3 (RY) if s > 0.

(iv) Triebel spaces F5 (R?) are defined in 2.2.1/7 in [6]. We have the chain of
continuous imbeddings B, (R?) — F3 (RY) — B5, (R?) for 0 < u < min(p, q) and
max(p,q) < v < 0o. By using these imbeddings, the results of the present paper
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can also be applied to Triebel spaces. Note that Fj(R%) = LP(R%, X) holds, and for

positive s, we have that Fj, (R%) is equal to the classical Sobolev spaces. See 2.2.2
in [6] for further details.

Let C(R?) be the vector space of bounded continuous real-valued functions on
R¢ normed by the sup-norm ||-|| . If either s > d/p or s = d/p and ¢ = 1, it is well-
known (see, e.g., Proposition 3 in [12]) that each equivalence class [f]x € B, (R?),
contains a (unique) continuous representative. [In fact, the Banach space Bj, (R?)
is imbedded (up to a section map) into the space C(R?).] Hence, if either s > d/p
or s =d/p and ¢ = 1, we can define the (closely related) Banach space

By, (R) = {f € CRY) : [fIx € LP(RN), [ fll, pqn < 00}

(again normed by ||-|l, , , ) by collecting the continuous representatives.
Throughout the paper we shall use the following notational agreements: We
define the function (z)” = (1 + ||z||*)?/2 parameterized by v € R, where z is an
element of R? and where ||-|| denotes the Euclidean norm. Also, for two real-valued
functions a(-) and b(-), we write a(e) < b(e) if there exists a positive (finite) constant
¢ not depending on e such that a(e) < eb(e) holds for all ¢ > 0. If a(e) < b(e) and
b(e) < a(e) both hold we write a(e) ~ b(e). [In abuse of notation, we shall also use
this notation for sequences a;, and by, k € N as well as for two (semi)norms ||-|| v ,
and ||-|| x o on a vector space X] 7

3. Main results

Let (S, A, 1) be some probability space and let P be a (Borel) probability measure
on R Let @ # F C L2(R4,P). A Gaussian process G : (S, A, ) x F — R with
mean zero and covariance EG(f)G(g) = P[(f —Pf)(g —Pg)] for f,g € F is called a
(generalized) Brownian bridge process on F. The covariance induces a semimetric
0*(f,9) = E[G(f) — G(9))? for f,g € F. A function class F C £?(R% P) will be
called P-pregaussian if such a Gaussian process G can be defined such that for
every s € S, the map f —— G(f,s) is bounded and uniformly continuous w.r.t. the
semimetric p from F into R. For further details see p.92-93 in [5].

Let P, = 1/n Y ;" dx, denote the empirical measure of n independent R%-valued
random variables X1, ..., X, identically distributed according to some law P. [We
assume here the standard (canonical) model as on p.91 in [5].] For F C £L2(R%, P),
the F-indexed empirical process vy, is given by f +— v,(f) = /n (P, —P) f. The
class F is said to be P-Donsker if it is P-pregaussian and if v,, converges in law
in the space £>° (F) to a (generalized) Brownian bridge process over F, cf. p.94 in
[5]. Here ¢*° (F) denotes the Banach space of all bounded real-valued functions on
F. If F is P-Donsker for all probability measures P on R, it is called universally
Donsker.

In [12], Corollary 5, Proposition 1 and Theorem 2, the following results were
proved. [Clearly, one may replace & by and bounded subset of Bf)q(]Rd) in the
proposition. |

Proposition 3. Let U be the closed unit ball of B;q(Rd) where 1 < p < o0, 1 <
q < 0o. Let P be a probability measure on RY.

1. Let 1 < p < 2 and s > d/p. Then U is P-Donsker, and hence also P-
Pregaussian.



188 R. Nickl

2. Let 2 < p < 00 and s > d/2. Assume that [, |2]|*Y dP < 0o holds for some
v >d/2—d/p. Then U is P-Donsker, and hence also P-pregaussian.

3. Letd=q=1,1<p<2and s=1/p. Then U is P-Donsker, and hence also
P-pregaussian.

In the present paper we show on the one hand that, if one is interested in the
pregaussian property only, the conditions of Proposition 3 can be substantially
weakened. On the other hand, we show that Proposition 3 is (essentially) best
possible w.r.t. the Donsker property: It turns out that s > max(d/p,d/2) always
has to be satisfied for & to be P-Donsker and that the moment condition in Part
2 of Proposition 3 cannot be improved upon. We also give a rather definite picture
of the limiting case s = d/p (where only the cases ¢ = 1 and d > 1, as well as p = 2
and ¢ = 1, will remain undecided).

3.1. The pregaussian property

We first discuss the pregaussian property in the ‘nice’ case s > max(d/p,d/2): If
s > d/p and p < 2, Proposition 3 implies that the unit ball of the Besov space is pre-
gaussian for every probability measure. On the other hand, maybe not surprisingly,
if the integrability parameter p of the Besov space is larger than 2, Proposition 1
requires an additional moment condition on the probability measure to obtain the
pregaussian property. The following theorem shows that this additional moment
condition is also necessary (for most probability measures possessing Lebesgue-
densities). [Note that s > d/2 ensures also that s > d/p holds, so the condition
s > max(d/p,d/2) is always satisfied.]

Theorem 4. Let U be the closed unit ball of Bf)q(]Rd) with2 <p<oo, 1<qg< o
and s > d/2. Let ¢ be arbitrary subject to 0 < 6 < d/2—d/p. Define the probability
measure P by dP(x) = ¢(x) <:z:>_d_2(S d\(x) where 0 < ¢ < @(x) holds for some
constant ¢ and all x € R (and where ||¢ <x>_d_5 lix =1). Then the set U is not
P-pregaussian.

Proof. Note first that U is a bounded subset of C(R?) (see, e.g., Proposition 3 in
[12]) and hence also of L"(R%,P) for every 1 < 7 < oo. Observe that

If=le= [ 1 =dPap = [ (7= (&) e
S

holds for f,g € £2(R? P). Hence we have for the metric entropy (see Definition 9
in the Appendix) that

H(87U7 H'HQ,]P’) > H(‘E/Ca U7

|6 @)

)

2.\

holds. We obtain a lower bound of order e~ for the r.h.s. of the above display from
Corollary 12 in the Appendix upon setting v = (d — 20)/2 in that corollary. Since
s—d/p>d/2—d/p>0and < d/2—d/p, it follows that v < s —d/p + d/2
and we obtain a = (§/d + 1/p)~!. Clearly a > 2 holds since § < d/2 — d/p. Define
the Gaussian process L(f) = G(f) + Z - Pf for f € U where Z is a standard
normal variable independent of G. It is easily seen that this process has covariance
EL(f)L(g) = Pfg. Since a > 2 and since P possesses a Lebesgue-density, we can
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apply the Sudakov-Chevet minoration (Theorem 2.3.5 in [5]) which implies that the
process L is p-a.s. unbounded on U. Since sup ¢, [Pf| < oo holds, we have that
sup ey |L(f)| = oo p-a.s. implies sup <y, |G(f)| = oo p-a.s. This proves that U is
not P-pregaussian. Ol

The set U is uniformly bounded (in fact, for p < oo, any f € U satisfies
lim||;| o0 f(2) = 0, see Proposition 3 in [12]), but nevertheless one needs a moment
condition on the probability measure to obtain the pregaussian property. [The rea-
son is, not surprisingly, that the degree of compactness in L?(R?, P) measured in
terms of metric entropy is driven both by smoothness of the function class and by
its rate of decay at infinity.]

In the remainder of this section we shed light on the critical cases s < d/p and/or
s < d/2. The following proposition shows that in case s < d/p but s > d/2 (and
hence 1 < p < 2), Besov balls are again pregaussian for a large class of probability
measures:

Theorem 5. Let U be the closed unit ball of B;q(]Rd) with 1 <p <2, 1<qg<
oo and s > d/2, and let U be any set constructed by selection of one arbitrary
representative out of every [f]x € U. Let P be a probability measure on R? that
possesses a density ¢ w.r.t. Lebesque measure on R such that |¢ (2)® ||ex < c0.
Then U is P-pregaussian.

Proof. Note first that U is a bounded subset of L%(R%, \) (by Proposition 11 and
(4) in the Appendix) and hence also of L2(R? P) since [¢]y € L= (R4, \). Observe
next that

£ =gle = [ 17 =sPedr= [ [( =9 &) Pe (o) ax
<[l -9 @~ Jo |

0O,

holds for f,g € £2(R%,P) by Hélder’s inequality. Hence we apply Corollary 12 in
the Appendix with v = d/2 to obtain

)Se”

HEU e < He e @] v [0 @™,

where a = d/sif s—d/p < 0 and a = p if s—d/p > 0 and where we have used that
P is absolutely continuous w.r.t. Lebesgue measure A. In both cases we have a < 2.
Hence we can apply Theorem 2.6.1 in [5] to obtain (a.s.) sample-boundedness and -
continuity of the process L (defined in the proof of Theorem 4 above) on U w.r.t. the
L£2(R?, P)-seminorm. If 7(f) = f — Pf, then L(7(f)) = G(f) is also (a.s.) sample-
bounded and -continuous on i/ and hence we obtain the P-pregaussian property for
U by the same reasoning as on p.93 in [5]. If s = d/p, view U as a bounded subset

of B%p “°(R?) where ¢ can be chosen small enough such that d/p — ¢ > d/2 holds
(note that d/p > d/2 since p < 2) and hence the pregaussian property follows from
the case s — d/p < 0 just established. This finishes the proof. O

Note that any probability measure P that possesses a bounded density which is
eventually monotone, or a bounded density with polynomial or exponential tails,
satisfies the condition of the theorem. [We note that at least for the special case
d=q=1,s=1/p, p <2, the condition on P can be removed by Proposition 3.]

The following theorem deals with the remaining cases and shows that s > d/2
always has to be satisfied (irrespective of p) to obtain the pregaussian property.
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Theorem 6. Let U be the closed unit ball of B;q(Rd) with 1 <p<oo,1<¢q<
00, 0 < s < d/2, and let U be any set constructed by selection of one arbitrary
representative out of every [f]x € U. Let P be a probability measure that possesses
a bounded density o w.r.t. Lebesgue measure on R? which satisfies 0 < ¢ < ¢(x)
for some constant ¢ and all x in some open subset V of R:. Then the set U is not
P-pregaussian.

Proof. Since V' is open, it contains an open Euclidean ball €2, which is a bounded
C*°-domain in the sense of Triebel [17], 3.2.1. Denote by \ |2 Lebesgue measure on
Q) and by L?(€, \) the usual Banach space normed by the usual L?-norm [+[l2,x 0
on Q. Let U [Q be the set of restrictions [f |Q2]yq of elements [f]x € U to the
set Q2. Note that U |Q is the unit ball of the factor Besov space Bj, (R?)|Q over

2 obtained by restricting the elements of B;q(Rd) to € with the restricted Besov
norm

I1f

We first handle the case p = 1. In view of 2.5.1/7 and 2.2.2/1 in [6], we have that
Big(]Rd) 1Q & L2(Q,\). But by s < d/2 and 3.3.1/7 of Triebel (1983) we also have
Bféj(Rd) 2 C Bj,(R) [ hence we conclude that Bf, (RY) [Q ¢ L?(Q,\). Since
¢ > con (, this implies U ¢ L?(R%,P), so U cannot be P-pregaussian.

We now turn to p > 1. We first treat the case s = d/2—¢ where € > 0 is arbitrary
subject to € < d —d/p. Then U is a bounded subset of L?(R%, \) by Proposition 11
and (4) in the Appendix and hence also of L?(R%,P) since ¢ is bounded. We now
obtain a metric entropy lower bound for U in L?(R% P). Observe that

$,p,q,|Q := inf {HgHs,p,q,)\ : [gb\ S B;ls)q<Rd)7 [g ’Q]MQ = f} :

£ =gle = [ [ -aPap=c [ £ - gParie

holds for f,g € £2(R?,P) and hence
(1) H(e, U, Ilop) = H(e/e, UL, [-lla x0)

holds. By 3.3.3/1 in [6], we obtain the entropy number (see Definition 8 in the
Appendix)

e (kid(U12), I 5,000 ) ~ K"

Now by Lemma 1 as well as expression (4) in the Appendix we obtain
H(e, Ul ||‘||2,>\|Q) 2 e e

But since s < d/2 holds by assumption, this (together with (1)) implies that
supey |G(f)| = oo p-a.s. by the same application of the Sudakov-Chevet mino-
ration as in the proof of Theorem 4 above, noting that sup;;, |[Pf| < oo holds
since U is bounded in L?(R%,P). Hence U is not P-pregaussian in this case. The

remaining cases s — ¢ with € > d — d/p now follow from the continuous imbedding
Bs, (RY) — Bf (R%) for s > t, cf. 2.3.2/7 in [17]. O

Observe that P in the above theorem could be compactly supported, so the
pregaussian property cannot be restored by a moment condition. Inspection of the
proof shows that a similar negative result can be proved for the unit ball of a Besov
space over any subdomain of R? (that possesses a suitably regular boundary).
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The limiting case p = 2, 1 < g < 00, s = d/2 remains open: Here, one would have
to go to the logarithmic scale of metric entropy rates, in which case it is known that
metric entropy conditions are not sharp in terms of proving the pregaussian prop-
erty, see p.54 in [5]. At least for ¢ > 2 we conjecture that the unit ball of B%Q(Rd)
is not P-pregaussian for absolutely continuous probability measures possessing a
bounded density.

3.2. The Donsker property

In this section we show that Proposition 3 is (essentially) best possible in terms
of the Donsker property for norm balls in Besov spaces. We first discuss the 'nice’
case s > max(d/p,d/2). If p < 2, Part of Proposition 3 is certainly best possible
(since then Besov balls are universally Donsker). Since P-Donsker classes must be PP-
pregaussian, the moment condition in Part 2 (p > 2) of Proposition 3 is (essentially)
necessary in view of Theorem 4 above. For the case p = ¢ = 0o, these findings imply
known results for Holder and Lipschitz classes due to Giné and Zinn [8], Arcones
[1] and van der Vaart [18]; cf. also the discussion in Remark 5 in [12].

We now turn to the critical cases s < d/p and/or s < d/2. Since Donsker classes
need to be pregaussian, Theorem 6 implies that s > d/2 always has to be satisfied
(at least for the class of probability measures defined in that theorem).

On the other hand, for 1 < p < 2 we showed in Theorem 5 that norm balls
of Bs, (R?) with d/2 < s < d/p (and hence 1 < p < 2) are pregaussian for a
large class of probability measures. So the question arises whether these classes are
also Donsker classes for these probability measures. In the special case ¢ = d = 1
and s = 1/p, these classes are in fact universally Donsker in view of Part 3 of
Proposition 3. We do not know whether this can be generalized to the case d > 1,
that is, whether the unit ball of Bz{p (R%) with 1 < p < 2 is a (universal) Donsker
class. [The proof in case d = 1 uses spaces of functions of bounded p-variation, a
concept which is not straightforwardly available for d > 1.]

On the other hand, the following theorem shows that the function classes that
were shown to be pregaussian in Theorem 5 are in fact not P-Donsker for probability
measures [P possessing a bounded density if s < d/p, or if s = d/p but ¢ > 1 hold.
The proof strategy partially follows the proof of Theorem 2.3 in [11].

Theorem 7. Let U be the closed unit ball of B;q(]Rd) with 1l <p<oo,1<qg< o0,
s >0 and let U be any set constructed by selection of one arbitrary representative
out of every [f]x € U. Assume that P possesses a bounded density w.r.t. Lebesque
measure. Suppose that either s < d/p or that s = d/p but ¢ > 1 holds. Then U is
not a P-Donsker class.

Proof. We first consider the case s = d/p but ¢ > 1. By Theorem 2.6.2/1 in [16],
p. 135, B%p(Rd) contains a function ¢ € £1(R9, \) that satisfies

[1h(2)| = Clog [log |||

for [z| € (0,e] and some 0 < ¢ < 1. We may assume w.lo.g. [[¢[,,, \ < 1.

Since (Fy(- — y))(u) = e~ ¥“F(u) holds, inspection of Definition 1 shows that
(- — y)”s’p?q’/\ = ||¢Hs7p7q7>\ < 1 for every y € R9. Let (2;)$2, denote all points in

R? with rational coordinates and define v; = (- — ;) which satisfies [illg pgn <1

for every i. Consequently, we have {TLi}l@il C U where 1); is obtained by modifying
each v¢; on a set IV; of Lebesgue-measure zero if necessary. Clearly U2, N; is again



192 R. Nickl

a set of Lebesgue measure zero. Let now z € R?\ US®, N; be arbitrary and let the
index set I, consist of all i € N s.t. |x — z;| < € holds. Clearly (z;);er, is dense in a
neighborhood of z. Consequently

sup | f(z)| > sup
feu

sup ()| = sup |¢;(z)| = sup [¢(z — z,)]
€N 1€N 1€N

> sup C'log |log |z — z;|| = 00
i€l,

holds for every z € R\ U, N; and hence Lebesgue almost everywhere. Note
furthermore that U is bounded in L?(R¢,\) (by Proposition 11 and (4) in the
Appendix). Furthermore, P possesses a density [¢]x € L>®(R4 \) N LY (R, \) C
L?(R%,X), so we have sup;;, [Pf| < oo by using the Cauchy-Schwarz inequality.
Conclude that

Mp(z) = sup | f(x) —Pf| > sup | f(x)] — sup |[Pf| = oo
feu feu feu

holds A-a.e. Since P is absolutely continuous, we have that i/ is not a P-Donsker
class since t*P(Mp > t) — 0 is necessary for the P-Donsker property to hold for U
(see, e.g., Proposition 2.7 in [9]). The remaining cases follow from the continuous
imbedding B,%p(Rd) — B35, (R?) for s < d/p and u,v € [1,00] (cf. 2.3.2/7 in
[17]). O

At least on the sample space R? we are not aware of any other (‘constructive’)
examples for pregaussian classes that are not Donsker: The above theorem shows
that the empirical process does not converge in law in ¢°° (i) if U is the unit ball
of B (R?) (with s < d/p or s = d/p but ¢ > 1). However, if p < 2 and s > d/2 a
sample-bounded and -continuous Brownian bridge process can be defined on U by
Theorem 5 above.

Inspection of the proof shows that a similar negative result can be proved for the
unit ball of a Besov space defined over any (non-empty) subset Q of RY (at least
if 2 has regular boundary). Note that the above theorem also implies for the case

p=2,s=d/2 (not covered in Section 3.1) that the unit ball of B%Q(]Rd) is not
Donsker if ¢ > 1. [The special case ¢ = 1 remains open.]

Appendix A: Technical results

Definition 8. Let J be a subset of the normed space (Y, |-[|y), and let Uy =
{y € Y :|ly|ly <1} be the closed unit ball in Y. Then, for all natural numbers £,
the k-th entropy number of 7 is defined as

1

A (y] +€UY> for some Y1y -y Yok-1 € Y} ’

2k
ek, T, I'lly) :inf{s >0:JC ji)

with the convention that the infimum equals 400 if the set over which it is taken
is empty.

Suppose (X, ||-|| ) and (Y,]|-||y) are normed spaces such that X is a linear sub-
space of Y. Let Ux the closed unit ball in X. Then, e (k,id (Ux),|ly) is called
the k-th entropy number of the operator id : X — Y. Clearly, e (k,id (Ux), |||y )
is finite for all & if and only if id is continuous from X to Y (in which case we shall
write (X, |- x) — (Y, ]|:]ly)) and the entropy numbers converge to zero as k — oo
if and only if the operator id is compact (has totally bounded image in Y.)
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Definition 9. For a (non-empty) subset J of a normed space (Y, ||-|y-), denote
by N (¢,J,||ly) the minimal covering number, i.e., the minimal number of closed
balls of radius €, 0 < € < oo, (w.r.t. ||-||y-) needed to cover J. In accordance, let
H (e, J,|I'lly) =1logN (e,7,|||ly) be the metric entropy of the set J, where log
denotes the natural logarithm.

The following lemma gives a relationship between metric entropy and entropy
numbers:

Lemma 10. Let 0 < a < 0o and let J be a totally bounded (non-empty) subset of
a normed space (Y, ||-|ly-) satisfying

e (b, T, [llly) ~ ke
We then have for the metric entropy
H(e, T, | -lly) ~ e

Proof. The inequality H (¢) < Cie~ @ is part of the proof of Theorem 1 in [12]. The
lower bound follows from an obvious inversion of the argument. O

We next state a special case of more general results due to Haroske and Triebel
[10]. Here we use weighted Besov spaces Bj, (R?, (x)”") defined in Section 4.2 in

[6], see also Definition 2 in [12]. Note that B, (R, (z)7°) = Bs,(RY).

Proposition 11 (Haroske and Triebel). Suppose p,q1,q2 € [1,00], s —d/p +
d/2 > 0. Then Bj, (R?) is imbedded into BY,, (R?, (x)”") for every y > 0. If v > 0,
the imbedding is even compact, in which case the entropy numbers of this imbedding

satisfy
0@, )~
0,2,92,

for all k € N where o = d/s if v > s —d/p+d/2 and a = (v/d+1/p—1/2)"" if
y<s—d/p+d/2.

(& (k, id(UB;ql (Rd))a

Proof. The first imbedding follows from Theorem 4.2.3 in [6]. The remaining claims
of the proposition are proved in Theorem 4.1 in [10] for complex Besov spaces
noting that the norms used in that reference are equivalent to the weighted norm
1) (@)™ ||0,2,42,» used here; cf. Theorem 4.2.2 in [6]. The proposition for real Besov
spaces follows from Lemma 1 in [12], see also the proof of Proposition 2 in the latter
paper. Ol

Finally, we obtain the following corollary. [Here, and in other proofs of the pa-
per, we use the obvious fact that metric entropy is not increased under Lipschitz-
transformations between normed spaces (e.g., linear and continuous mappings); cf.
also Lemma 2 in [12]].

Corollary 12. Suppose p,q € [1,00], s —d/p+d/2 >0 and v > 0. We then have
that

(2) H(e,Ups (ra),

where a = d/s ify > s—d/p+d/2 and a = (v/d+ 1/p — 1/2) " if v < s—d/p+d/2.
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Proof. We have

(3) H(e, Up;, noy; |

Q@7 e

0,27(]/7)\

for every 1 < ¢’ < oo by Proposition 11 and Lemma 1 above. Since

(4) 1 llo,2,000 S 11
holds for all f € [f] € B3, (R?) 2 Bs (R?) by 2.5.7/1 in [17], we have (2) by using

/ /

(3) to construct upper (¢° = 1) and lower (¢’ = oo) bounds for H(e,Ups (ra),
1) €)™ Hl2.0)- 0

2x S I fllo2,1.0
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Abstract: We find the Bahadur slope of the Lilliefors and Cramér—von Mises
tests of normality.

1. Introduction

The simplest goodness of fit testing problem is to test whether a random sample
X1,...,X, is from a particular c.d.f. Fy. The testing problem is:

Hy: F =F,, versus Hy : F # Fy.

A common goodness of fit test is the Kolmogorov—Smirnov test (see Chapter 6 in [8];
and Section 5.1 in [13]). The Kolmogorov—Smirnov test rejects the null hypothesis
for large values of the statistic

(1.1) sup |F,(t) — Fo(t)|,

where F,,(t) = n~! Z;’L:1 I(X; <t),t €R,is the empirical c.d.f. Another possible
test is the Cramér—von Mises test, which is significative for large values of the
statistic:

(12) | 1Fa0) - Rafe)PaR0).
Anderson and Darling [1] generalize the previous test by adding a weight function
and considering;:

(13) | 1B - B@PuFR®)ER),
where 1) is a (nonnegative) weight function. The asymptotic distribution of the
statistics in (1.1)—(1.3) can be found in [20].

A natural definition of efficiency of tests was given by Bahadur [5, 6]. Let { f(-,0) :
6 € ©} be a family of p.d.f.’s on a measurable space (S,S) with respect to a
measure p, where © is a Borel subset of R%. Let Xi,..., X, be iid.r.v.’s with
values in (S,8) and p.d.f. f(-, ), for some unknown value of § € ©. Let ©y C ©
and let © := © — ©g. Consider the hypothesis testing problem Hj : 6 € ©( versus
H, : 0 € ©;. The level (or significance level) of the test is

sup Pg{reject Hp}.
[ASSH
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The p—value of a test is the smallest significance level at which the null hypoth-
esis can be rejected. Suppose that a test rejects Hy if T,, > ¢, where T, :=

T,(X1,...,X,) is a statistic and ¢ is a constant. Then, the significance level of
the test is
(1.4) H,(c) := sup Py(T,, > ¢),

USSH

where Py denotes the probability measure for which the data has p.d.f. f(-,0). The
p—value of the test is

(1.5) Hy (Tn).

Notice that the p—value is a r.v. whose distribution depends on n and on the specified
value of the alternative hypothesis. Given two different tests, the one with smallest
p—value under alternatives is preferred. Since the distribution of a p—value is difficult
to calculate, Bahadur (1967, 1971) proposed to compare tests using the quantity

(1.6) c(6y) := —2liminfn~'In H,(T},) a.s.
where the limit is found assuming that X;,...,X,, are i.i.d.r.v.’s from the p.d.f.

f(-,01), 01 € ©1. The quantity c(6;) is called the Bahadur slope of the test. Given
two tests, the one with the biggest Bahadur slope is preferred. For a review on
Bahadur asymptotic optimality see and Nikitin [16]. The Bahadur slopes of the
tests in (1.1) and (1.2) can be found in Chapter 2 in [16].

For the statistic in (1.1), it is known (see [6]) that if Fp is a continuous c.d.f.,
then

(1.7) lim n~'In H,(T,) = —G(sup |F(t) — Fy(t)]) a.s.
when the data comes from the c.d.f. F, F' # Fy, where
(1.8)
. -1 a4 A Y
G(a) = ogérglg—a (a+t)Int  a+t)+(1—a—t)In((1—t)"'(1—a—1))).
In this paper, we will consider the Bahadur slopes of some tests of normality, i.e.
given a random sample X1, ..., X, from a c.d.f. F we would like to test:
(1.9) Hj : F has a normal distribution, versus H; : F' does not,

We would like to obtain results similar to the one in (1.7) for several tests of
normality. Reviews of normality tests are [12, 21] and [15].

Lilliefors [14] proposed the normality test which rejects the null hypothesis for
large values of the statistic

(1.10) sup | F, (X, + snt) — ®(2)],
teR

where ® is the c.d.f. of the standard normal distribution, X,, :=n~! Z?Zl X; and
52 :=(n—1)"1 Z?Zl(Xj — X,,)?. This test can be used because the distribution of

n
(1.10) is location and scale invariant. We will consider the test of normality which

rejects the null hypothesis if

(1.11) sup |F(Xn + snt) — (1) |[9(1),
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where ¢ : R — [0, 00) be a bounded function.
We also consider the test of normality which rejects normality if

(1.12) |1+ st — 2P0 d200)

— o0

where ¢ : R — [0, 00) satisfies [*_ 1 (Fy(t))dFy(t) < co. Notice that the statistics
in (1.11) and (1.12) are location and scale invariant.

In Section 2, we present bounds in the Bahadur slope for the statistics in (1.11)
and (1.12). Our techniques are based on the (LDP) large deviation principle for
empirical processes in [2-4]. We refer to the LDP to [10] and [9]. The proofs are in
Section 4.

In Section 3, we present some simulations of the mean of the p—value for several
test under different alternatives. The simulations show that Lilliefors test has a high

p-value. However, the p-value of the Anderson—Darling is competitive with other
test of normality such as the Shapiro-Wilk test ([19]) and the BHEP test ([11] and

[7])-

2. Main results

In this section we review some results on the LDP for empirical processes. We
determine the rate function of the LDP of empirical processes using Orlicz spaces
theory. A reference in Orlicz spaces is [18]. A function T : R — R is said to be
a Young function if it is convex, Y(0) = 0; T(x) = Y(—=z) for each = > 0; and
lim, oo T(x) = 00. Let X be a r.v. with values in a measurable space (S, S). The
Orlicz space LY (S,S) (abbreviated to £LT) associated with the Young function Y
is the class of measurable functions f : (S,S) — R such that E[T(Af(X))] < oo
for some A > 0. The Minkowski (or gauge) norm of the Orlicz space LY (S,S) is
defined as
Nr(f) = inf{A > 0 E[T(f(X)/N)] < 1}.

It is well known that the vector space £¥ with the norm Ny is a Banach space.
Define

LYo :={f:8 = R:E[To(\f(X)])] < oo for some X > 0},

where To(z) = el*l — |z| — 1. Let (£LT°)* be the dual of (£T°, Ny,). The function
fe LY — In (E[ef (X)]) € R is a convex lower semicontinuous function. The
Fenchel-Legendre conjugate of the previous function is:

(2.1) J(l) :== sup (l(f) —In <E[ef(X)]>> , Le(LTo)"

feL o

J is a function with values in [0, co]. Since J is a Fenchel-Legendre conjugate, it is
a nonnegative convex lower semicontinuous function. If J(I) < oo, then:

(i) (1) = 1, where 1 denotes the function constantly 1.

(ii) ! is a nonnegative definite functional: if f(X) > 0 a.s., then I(f) > 0.

Since the double Fenchel-Legendre transform of a convex lower semicontinuous
function coincides with the original function (see e.g. Lemma 4.5.8 in [9]), we have
that

(2.2) lsggo(l(f) —J(1)) =InE[e/X)].
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The previous function J can be used to determine the rate function in the large
deviations of statistics. Let {X;}32, be a sequence of i.i.d.r.v.’s with the distribution

of X.If f1,..., fm € LY0, then
{7 A n ™Y (X))
j=1 j=1

satisfies the LDP in R™ with speed n and rate function

m

sup Aju; —In Elexp() A f5(X))]
1 j=1

Huy, ... ,up) ==
Mo Am€R \ 52

(see for example Corollary 6.1.16 in [9]). This rate function can be written as
inf {J(1) : L € (LT°)*,1(f;) = uj for each 1 < j <m},

(see Lemma 2.2 in [4]).

To deal with empirical processes, we will use the following theorem:

Theorem 2.1 (Theorem 2.8 in [3]). Suppose that sup,cr |f(X,t)] < oo a.s.
Then, the following sets of conditions ((a) and (b)) are equivalent:

(a.1) (T,d) is totally bounded, where d(s,t) = E[|f(X,s) — f(X,t)]].
(a.2) There exists a X\ > 0 such that

Elexp(AF(X))] < oo,

where F(x) = sup,ep | f(2,1)].

(a.3) For each A\ > 0, there exists a n > 0 such that Elexp(AF™(X))] < oo,
where F™ (z) = SUPg(s,t)<n |f(x,s) — f(x,t)].

(a-4) supseq n ™" S5 ((X5,1) = BUF (X5, )] = 0.

(b) {n~! 2?21 f(X;,t) : t € T} satisfies the large deviation principle in loo(T')
with speed n and a good rate.

Besides, the rate function is
I(z) =inf{J(1) : 1 € (L) I(f(-,1)) = 2(t), for each t € T}, 2 € loo(T).

We will consider large deviations when the r.v.’s have a standard normal distri-
bution. We denote (EgO,NTO) to the Orlicz space, when the distribution of X is a
standard normal one. Similarly,

(2.3) Jo(l) == sup (l(f)—ln (Eq;[ef(X)])), L e (£T0)",

feci®

First, we consider the Bahadur efficiency of the test in (1.11). Next lemma con-
siders the large deviations of the test statistic in (1.11) under the null hypothesis.
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Lemma 2.1. Let ¢ : R — R be a bounded function. Then, for each u > 0,

— inf {Jcp(l) e <Eg0)*7§1€lﬂg lz(a 4 (b—a®)Y%t) — () |[Y(t) > u,
l(ft) = J}(T,),t € RJ(Q) = aal(QQ) =,

where fi(s) =1(s <t),g(s) =s,s€ R}

< liminfn~'In Py {sup |F (X + spt) — ®(t)]0(t) > u}
(2.4)

n— oo teR

< limsupn ' 1n Py {sup |F (X + spt) — ®()[0(t) > u}

< —inf {Jq,(l) e (Ego)*,ilelﬂg lz(a + (b — a®)Y/?t) — d(t)|p(t) > u,

l(ft) = {L‘(t),t € va(g) = CL?l(gQ) = ba

where fi(s) =1(s <t),g(s)=s,s€ R}
Theorem 2.2. Let ¢ : R — R be a bounded function, let

(2.5) HY(u) := Py {sup |Fo (X + snt) — ®(8)|0(t) > u} ,u>0,
teR

and let

G (u) := inf {Jq;(l) e (£$0)*,§1€1£ lz(a+ (b — a®)Y/2t) — D(t)|h(t) > u,
l(ft) = x(t)vt €R, l(Q) = a, l<92) =b,
where fi(s) = I(s <t),g(s) =s,s € R}

Let {X;}52, be a sequence of i.i.d.r.v.’s with c.d.f. F. Then,

— lim GH <sup |F(ur +opt) — ®(t)|0(t) + 5)
0—0+ tER

<liminfn~'In HY (sup |F (X + spt) — (I)(t>|¢(t)>

n—oo teR

< limsupn ™' Iln HY (Sup |Fo (X + spt) — ‘I)(t)W(t))

n— oo teR

< — lim GHY (sup |F(up + opt) — ®(t)|[v(t) — 5) a.s.
0—0+ teR

where pp = Er[X] and 0% = Varp(X).
For the statistic in (1.12), we have similar results:

Lemma 2.2. Let ¢ : R — [0,00) be a function such that [°_(Fy(t))dFo(t) < oo.
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Then, for each u > 0,
— inf {Jq)(l) e (L£30)%,

/°° [w(a+ (b—a®)'/?t) — d()]PP(Fo(t))dFo(t) > u,
l(ft) = m(t)7t €R, l(g) = a, Z(QQ) =b,

where fi(s) =1(s <t),g(s) =s,s€ R}

< liminfn~!1In Py {/_OO [Fo( Xy + snt) — ®(1)]%U(Fo(t))dFo(t) > u}

n—oo

(2.7) P
< limsupn~'1n Py {/_ [Fo (X, + spt) — ()2 (Fy(t))dFo(t) > u}

n—oo

< —inf{Jq>(l) e (L30),
/_Oo [w(a+ (b— a®)"/2t — ()¢ (Fo(t))dFo(t) > u,

l(ft) = :L‘(t),t € R? l(g) = a, l<92) = ba
where fi(s) =1(s <t),g(s) =s,s € R}

Theorem 2.3. Let 1) : R — [0,00) be a function such that [ (x)dz < oo, let
(2.8)  HA2P(u) := Py {/Oo (Fpo (X 4 spt) — ®(1)) % (®(t))dd(t) > u} ,u >0,

and let
GAD (4) := inf {Jqp(l) le (Ll

/_OO [2(a+ (b —a®)!/2t) — DP9 (Fo(t))dFo(t) = u,

1) = #(0).t € B, 1(g) =, Ug?) = b,
where fi(s) =I(s <t),g(s) =s,s € R}.

(2.9)

Let {X;}32, be a sequence of i.i.d.r.v.’s with a continuous c.d.f. F. Then,
— lim GAP ( / [F(ur + opt) — &(1)]?(P(t))dD(t) + 5)

< liminf n~1In HAP </_Oo [Fn (X + snt)) — @()]0(D(t))dD(t) > u)

n—oo
u)

(2.10)

v

< limsupn~!ln HAP </OO [F (X + snt) — ®(1)]22p(D(t))dD(2)

n—oo

< — lim GAP (/OO [F(ur + opt) — ®1)]*((t))dd(t) — 5) a.s.

6—0+

3. Simulations

We present simulations of the mean of the p-value of several alternatives. As before,
suppose that a test rejects Hy if T;, > ¢, where T,, := T, (X1, ..., X,,) is a statistic
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and c is a constant. The significance level of the test is

(3.1)

where Py denotes the probability measure for which the data has p.d.f. f(-,0). The

H, (c):= sup Py(T,, > ¢),

SIS

p—value of the test is H,(T,). We do simulations estimating E[H,,(T,)].

Let T}, ...
sample size n. Let Thalt

,TN be N simulations of the test under the null hypothesis using a
, 121 be N simulations of the test under a certain al-
ternative hypothesis. Then, N ~2 Z;'\,fk:1 I(T} > TFalt) estimates E[H,,(T,,)], where
the expectation is taken assuming that 7}, is obtained using n i.i.d.r.v.s from the
alternative hypothesis. In Table 1, N = 10000 is used for the Lilliefors, the Cramer—
von Mises, the Anderson-Darling, the Shapiro-Wilk, and the BHEP test ([11] and

[7])-
TABLE 1

n L CM AD SW BHEP
Alternative: exponential distribution
10 0.248325 0.2065738  0.1878327  0.1621557  0.1813481
15 0.1601991  0.1178508  0.0946044  0.07611985 0.09569895
20 0.1043946  0.06510648 0.05291726 0.03304067 0.05206452
30 0.044566 0.02152872  0.0129459  0.00750638 0.01409681
50 0.00818707 0.00203949 0.0009082  0.00241882 0.00121646
Alternative: double exponential distribution
10 0.3992631  0.3939724  0.3983314  0.4148731  0.4109459
15 0.3499758  0.339891 0.3389608  0.3677549  0.3640368
20 0.3169975  0.2979569  0.3009778  0.3294354  0.3244178
30 0.2616672  0.2341172  0.2397223  0.2807123  0.2555247
50  0.1796492  0.1417312  0.1434135  0.2837385  0.1564005
Alternative: Cauchy distribution
10 0.1566254  0.1493284  0.1500601  0.1705618  0.1682588
15 0.08474307 0.07479607 0.07505173  0.09128725 0.08964657
20 0.04651569 0.03862244 0.03767999 0.04857044 0.04194876
30 0.01420118 0.0100633  0.00974881 0.01496182 0.01179398
50 0.0017361  0.00066862 0.00087474 0.00405 0.00048095
Alternative: Beta(2,1) distribution
10 0.41099 0.3884071  0.3686801  0.3358273  0.3565215
15 0.3608343  0.321224 0.2986805  0.2631936  0.2861669
20 0.3147082  0.272089 0.2446055  0.1861695  0.2330953
30 0.2411935  0.1840438  0.1534217  0.09638084 0.1428481
50 0.1355312  0.08707787 0.05502258 0.0835284  0.0572854
Alternative: Beta(3,3) distribution
10 0.5084849  0.5040435  0.51387 0.4928259  0.4947155
15 0.5063525  0.5029377  0.5033103  0.4872658  0.4864098
20 0.5072011  0.5037995  0.4993457  0.4762998  0.4797991
30 0.4899722  0.4745532  0.4780857  0.4285843  0.4510982
50 0.4590308  0.4447785  0.4382911  0.4189339  0.4064414
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TABLE 1 (Continued)

Alternative: Logistic(1) distribution

10 0.4736219 0.4725762 0.4685902 0.4749748 0.4677617
15 0.4560905 0.4468502 0.4335687 0.4624648 0.46532
20 0.4493409 0.4488339 0.4450634 0.4426041 0.4510982
30 0.4410423 0.422886 0.4233825 0.4348024 0.4153006
50 0.4204326 0.3978938 0.3770672 0.4458524 0.3819914
Alternative: uniform distribution

10  0.4438842 0.4241476 0.404153 0.3681328 0.3922898
15 0.4059967 0.3716177 0.3468994 0.3023148 0.338187
20 0.3739766 0.3308353 0.2951247 0.2270906 0.27552
30 0.3050368 0.2429758 0.2024329 0.117917 0.1862224
50 0.2066687 0.1359771 0.0889871 0.1007488 0.08932786

203

We should expect the average p—value is small than 0.5. However, for the

Beta(3,3) distribution the average p-value is bigger than 0.5. Between the tree
test which use the empirical c.d.f., the Anderson—Darling test is the one with small-
est average p—value. For almost half of the considered distributions, this is the test
with the smallest average p—value. The Shapiro—Wilk test also performs very well
overall.

4. Proofs

We will need the following lemmas:

Lemma 4.1 (Lemma 5.1 (i), [4]). For each k > 0 and each function f € LY,
1N < (TW) +1+22) Ny (f).

Lemma 4.2. Let | € (£L1°)* with Jg(l) < co. Then, z(t) = I(I(- <
continuous function with lim;_, o x(t) =0 and lim;_,o z(t) = 1.

t),teR, isa

Proof. Let v : (0,00) — (0,00) be defined as a(z) = exp(1/z) — 1/x. It is easy to
see that « is one-to—one function. We claim that for a Borel set A C R,

(4.1) Ny,(I(X € A) =a (14 (Pp(X € A)™H),
where a~! denotes the inverse function of a. We have that

E@[To()\_lf(X c A))]
=pexp(A\") +1—p

= Elexp(A\ ' I(X € A) =1 - X"1[(X € A)]
—1-—X"1p,

where p := Pp(X € A). So, 1 > Eg[Yo(A"1 (X € A))] is equivalent to a()) <
1+p~t. So, (4.1) follows.
By Lemma 4.1 and (4.1), for each s,t € R with s < t,

(1) =
1 a(t)] =

(X < 8] < (Jo(l) + 14222 1+ (2(8) ),
(X > 1) < (Jo(l) + 142" 1+ (1 - (1)),

and
2 (t) — 2(s)] < (Ja(1) + 1+ 2"2)a" (1 4 (2(t) — () ),

which implies the claim. O
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Proof of Lemma 2.1. By Theorem 2.1, {U,(t) : t € R} satisfies the LDP in I (R)
with speed n, where U, (t) = F,,(t). Let w1 and wy be two numbers, which are not
in R. Let Up(w1) = n~">70, X; and let U, (w2) = n~' 37_) X7. By the LDP
for sums of i.i.d. R%valued r.v.’s, the finite dimensional distributions of {U,(¢) :
t € RU{wi,ws}} satisfy the LDP with speed n. Since {U,(t) : t € R} satisfies
the LDP in [ (R), it satisfies an exponential asymptotic equicontinuity condition
(see Theorem 3.1 in [2]). This implies that {U,(t) : t € RU {wy,ws}} satisfies
an exponential asymptotic equicontinuity condition. So, {U,(t) : t € RU{w1,wz}}
satisfies the LDP in o (RU{w1,ws}) with speed n (see Theorem 3.1 in [2]). Besides,
the rate of function is
I(x) =inf{Jp(l) : 1 € (LYO)* I(I(X <t) =a(t),t € R,I(X) = x(wy),
1(X?) = 2(w2),7 € loo(RU {w1,wa})}

Let Ty, @ loo(RU {w1,w2}) — R be defined by

I (z) = sup (@ (wr) +n'2(n = 1) 72 (@(w2) — (2(w1)®)?t) — @(0)](1),

for © € Io(R U {w1,ws2}). Next, we prove using Theorem 2.1 in Arcones (2003a)
that

Lu({Un(®) £ € RU {wr,w2}}) = sup | (R, + 80t) — $(2)(1)
satisfies the LDP in R with speed n and rate function
qU (u) := inf{Jg (1) : 1 € (L)%, sup |z(a + (b — a®)Y2t) — B(t)|eh(t) = u,
(42) I(I(X <t)==x(t),t etﬂe@ﬂf I(X)=a, [(X?) =0}

To apply Theorem 2.1 in [2], we need to prove that if z,, — x, in loo(RU {wy,ws})
and I(z) < oo, then I',(x,,) — I'(z), where

I'(z) = Sup (2 (w1) + ((ws) = ((w1))*)/2t) = )| (t), 2 € loo(R U {wy, wa}).
We have that

T (2n) = T(2)]

< sup () £ 02 (n = 1) 72 (02) = (1)) V2001

= a(zn(w1) + 02 (n = 1) 72 (@ (w2) — (2a(w1)?)200(0)]

e @ (@a(wi) + 0t (n = 1) 72 (@ (w2) = (2 (w1))®)20)9(1)

— z(x(wr) + (z(ws) = (2(w))?)*)0()]
=:I+1I.
Since x, — , in loo(R U {w1,wa}),

I = supycp [en(t) — 2(D)6(t) — 0.

By Lemma 4.2, x is a continuous function with lim;_, _ o z(t) = 0 and lim;_,o z(t) =
1. So,
11 — 0.

From the previous computations, we get that I';,(z,,) — I'(x). Hence, sup,cg |Fn X
(X,, + s,t) — ®(t)| satisfies the LDP in R with speed n and rate function ¢“(u).
This implies (2.4). O
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Proof of Theorem 2.2. We have that

| sup |F (X + snt)) — @(8)]1h(t) — sup | F(ur + opt) = (0)]4 (1)

teR
< sup ‘Fn(Xn + Snt) - F(/ULF' + O'Ft)’
teR
< sup [Fu(t) = F(£)[(t) + sup |F(Xn + snt)) — Fur + opt)[¥(t)].
te te

By the Glivenko—Cantelli theorem,

Sup [ (t) = F()](t) = 0 as.

Using that
X, — ur a.s.,8, — 0p a.s.

and F' is a continuous function with lim; ,_ F'(t) = 0 and lim;_o, F'(t) = 1, we
get that B

sup |F(Xy, + snt) — F(ur + opt)|tp(t) = 0 a.s.

teR

Hence,

(13)  sup|Fo(Ko+ sut) — B — sup [l + opt) ~ O] a5

The claim in this theorem follows from (4.3) and Lemma 2.1. O

The proofs of Lemma 2.2 and Theorem 2.3 are similar to those of Lemma 2.1
and Theorem 2.2 and they are omitted.
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Abstract: Assumptions on a likelihood function, including a local Glivenko-
Cantelli condition, imply the existence of M-estimators converging to an M-
functional. Scatter matrix-valued estimators, defined on all empirical measures
on R? for d > 2, and equivariant under all, including singular, affine transfor-
mations, are shown to be constants times the sample covariance matrix. So, if
weakly continuous, they must be identically 0. Results are stated on existence
and differentiability of location and scatter functionals, defined on a weakly
dense, weakly open set of laws, via elliptically symmetric t distributions on
R?, following up on work of Kent, Tyler, and Diimbgen.

1. Introduction

In this paper a law will be a Borel probability measure on R?. Let N; be the set
of all d x d nonnegative definite symmetric matrices and P; C Ny the subset of
strictly positive definite symmetric matrices. For (u,¥) € © = R x Ny, u will be
viewed as a location parameter and X as a scatter parameter, extending the notions
of mean vector and covariance matrix to arbitrarily heavy-tailed distributions. For
d > 2, © may be taken to be Py or R% x Pj.

For a law P on RY, let X, X5,... be ii.d. (P) and let P, be the empirical
measure n ! > j—10x; where 0;(A) := 1a(z) for any point = and set A. A class

F C LYRY, P) is called a Glivenko-Cantelli class for P if

1) Sup{l/fd(Pn _P): feF} =0

almost surely as n — oo (if the supremum is measurable, as it will be in all cases
considered in this paper). Talagrand [20, 21] characterized such classes. A class F
of Borel measurable functions on R? is called a universal Glivenko-Cantelli class if
it is a Glivenko-Cantelli class for all laws P on R, and a uniform Glivenko-Cantelli
class if the convergence in (1) is uniform over all laws P. Rather general sufficient
conditions for the universal Glivenko-Cantelli property and a characterization up
to measurability of the uniform property have been given [7].

Let p: (x,0) — p(z,0) € R defined for x € R? and # € ©, Borel measurable
in « and lower semicontinuous in 6, i.e. p(z,6) < liminf,_ .9 p(z, ¢) for all  and 6.
For a law Q, let Qp(¢) = [ p(z,¢)dQ(x) if the integral is defined (not co — o),
as it always will be if Q@ = P,. An M-estimate of 6 for a given n and P, will be a 0,,
such that P,p(f) is minimized at 6 = 0,,, if it exists and is unique. A measurable
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function, not necessarily defined a.s., whose values are M-estimates is called an M-
estimator. An M-limit 0y = 09(P) = 0(P, p) (with respect to p) will mean a point
of © such for every open neighborhood U of 6y, as n — oo,

(2) Pr{ inf{P,p(0) : 0¢ U} <inf{Pup(¢): ¢ € U}} 0,

where the given probabilities are assumed to be defined. Then if M-estimators exist
(with probability — 1 as n — o0), they must converge in probability to 6y(P). An
M-limit 6y = 0y (P) with respect to p will be called definite iff for every neighborhood
U of 6y there is an € > 0 such that the outer probability

(3) (P*)" {inf{P.p(0) : 0 ¢ U} <e+inf{Pup(¢): ¢€U}} —0

as n — oo.

For a law P on R? and a given p(-,-), a §; = 01(P) is called the M-functional of
P for p if and only if there exists a measurable function a(x), called an adjustment
function, such that for h(z,0) = p(x,8) —a(x), Ph(0) is defined and satisfies —oco <
Ph(#) < +oo for all # € ©, and is minimized uniquely at 6 = 6;(P), e.g. Huber
[13]. As Huber showed, 6;(P) doesn’t depend on the choice of a(-). Clearly, an
M-estimate én is the M-functional 6, (P,) if either exists.

A lower semicontinuous function f from © into (—oo,+o0] will be called uni-
minimal iff it has a unique relative minimum at a point 6y and for all ¢ € R,
{0 € © : f(0) <t} is connected. For a differentiable function f, recall that a
critical point of f is a point where the gradient of f is 0.

Examples. On © = R let f(z) = —(1—2?%)%. Then f has a unique relative minimum
at x = 0, but no absolute minimum. It has two other critical points which are
relative maxima. For ¢ < 0 the set where f <t is not connected.

If f is a strictly convex function on R? attaining its minimum, then f is unimin-
imal, as is 6 — f(z —0) for any z. So is  — [ f(x —0) — f(z)dP(x) if it’s defined
and finite and attains its minimum for a law P, as will be true e.g. if f(z) = |z|?

and [ |z|dP(x) < oo, or for all P if f is also Lipschitz, e.g. f(z) = /1 + |z|2.

I have not found the notion here called “uniminimal” in the literature. Similar
but more complex assumptions occur in some work on sufficient conditions for
minimaxity in game theory, e.g. [11]. Thus, I claim no originality for the following
easily proved fact.

Proposition 1. Let (©,d) be a locally compact metric space. If f is uniminimal on
(©,d), then (a) f attains its absolute minimum at its unique relative minimum 6y,
and (b) For every neighborhood U of 0y there is an € > 0 such that f(0) > f(6y)+¢
forall6 ¢ U.

Proof. Clearly (b) implies (a). To prove (b), suppose that for some or equivalently
all small enough § > 0 and all n = 1,2,..., there are 6, € © with d(6,,6p) > ¢
and f(0,) < f(6y) + 1/n. By connectedness, we can take d(6,,60y) = J for all
n. Then for 6 > 0 small enough, {6 : d(6,60p) < §} is compact and there is a
converging subsequence 6,y — 65 with d(6s,0p) = 0 and f(0s) < f(6y) by lower
semicontinuity. Letting d | 0 we get a contradiction to the fact that 6y is a unique
relative minimum. O

Theorem 2. Let (O,d) be a connected locally compact metric space and (X, B, P)
a probability space. Let h: X x © — R where for each 6 € ©, h(-,0) is measurable.
Assume that:
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(i) @ — Ph(#) € (—o0,+00] is well-defined and uniminimal on ©, with minimum
at 90,’
(ii) Outside an event A, whose probability converges to 0 as n — oo, P,h(-) is
uniminimal on ©;
(iii) For some neighborhood U of 0y, {h(-,0): 6 € U} is a Glivenko-Cantelli class
for P.

Then 6y is the definite M-limit for P and the M-functional 61(P).

Remark. Glivenko-Cantelli conditions on log likelihoods (and their partial deriva-
tives through order 2) for parameters in bounded neighborhoods have been assumed
in other work, e.g. [17] and [8].

Proof. That 60y is an M-functional for P follows from (i) and Proposition 1. By
(iii), take 0 > 0 small enough so that {h(-,0) : d(6,0y) < 0} is a Glivenko-Cantelli
class for P. By (i) and Proposition 1, take ¢ > 0 such that Ph(0) > Ph(6y) + 3¢
whenever d(0,6y) > 0/2. Outside some events A,, whose probability converges to
0 as n — oo, we have P,h(6y) < Ph(fy) + ¢ and P,h(0) > Ph(6y) + 2¢ for all
6 with 6/2 < d(0,60p) < 0. Then by (ii), also with probability converging to 1,
P, h(8) > P,h(6y)+e for all § with d(6,6y) > §/2, proving (3) and the theorem. [

A class C of subsets of a set X is called a VC' (Vapnik-Chervonenkis) class if for
some k < 0o, for every subset A of X with k elements, there is some B C A with
B #CnAforall CeC,e.g. [4, Chapter 4]. A class F of real-valued functions on
X is called a VC magor class iff {{x € X : f(x) >t}: feF, t € R}isa VC class
of sets (e.g. [4, Section 4.7]). In the following, local compactness is stronger than
needed but holds for the parameter spaces being considered.

Theorem 3. Let h(x,0) be continuous in 6 € © for each x and measurable in x for
each 0 where © is a locally compact separable metric space. Let h(-,-) be uniformly
bounded and let F := {h(-,0): 0 € O} be a VC major class of functions. Then
F is a uniform, thus universal, Glivenko-Cantelli class.

Proof. Theorem 6 of [7] applies: sufficient bounds for the Koltchinskii-Pollard en-
tropy of uniformly bounded VC major classes of functions are given in [3, Theorem
2.1(a), Corollary 5.8], and sufficient measurability of the class F follows from the
continuity in € and the assumptions on ©. O

For the t location-scatter functionals in Sections 4 and 5, the notions of VC major
class, and local Glivenko-Cantelli class as in Theorem 2(iii), will be applicable. But
as shown by Kent, Tyler and Vardi [16], to be recalled after Theorem 12(iii), some
parts of the development work only for ¢ functionals, rather than for functions p
satisfying general properties such as convexity.

2. Equivariance for location and scatter

Notions of “location” and “scale” or multidimensional “scatter” functional will be
defined along with equivariance, as follows.

Definitions. Let Q — u(Q) € R, resp. 3(Q) € Ny, be a functional defined on a
set D of laws Q on R?. Then p (resp. X) is called an affinely equivariant location
(resp. scatter) functional iff for any nonsingular d x d matrix A and v € R¢, with
f(x) := Az +wv, and any law Q € D, the image measure P := Qo f~! € D also,
with p(P) = Au(Q) + v or, respectively, 3(P) = AX(Q)A’. For d = 1, o(-) with
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0 < 0 < oo will be called an affinely equivariant scale functional iff 02 satisfies the
definition of affinely equivariant scatter functional.

Well-known examples of affinely equivariant location and scale functionals (for
d = 1), defined for all laws, are the median and MAD (median absolute deviation),
where for a real random variable X with median m, the MAD of X or its distribution
is defined as the median of | X — m)|.

Call a location functional pu(-) or a scatter functional X(-) singularly affine
equivariant if in the definition of affine equivariance A can be any matrix, pos-
sibly singular. If a functional is defined on all laws, affinely equivariant, and weakly
continuous, then it must be singularly affine equivariant. The classical sample mean
and covariance are defined for all P, and singularly affine equivariant. It turns out
that in dimension d > 2, there are essentially no other singularly affine equivariant
location or scatter functionals defined for all P,,, and so weak continuity at all laws
is not possible. First the known fact for location will be recalled, then an at least
partially known fact for scatter will be stated and proved.

Let X be a d x n data matrix whose jth column is X; € R?. Let X? be the ith
row of X. Let 1,, be the n x 1 vector with all components 1. Let X = f:]:dPn be
the sample mean vector in R?, so that X — X1/, is the centered data matrix. Note
that P,, and thus X and X(X), are preserved by any permutation of the columns
of X.

Theorem 4. (a) If u(-) is a singularly affine equivariant location functional defined
for all P, on R? for d > 2 and a fized n, then u(P,) = X.

(b) If in addition u(-) is defined for all n and all P, on RY, then as n varies, ju(-)
is not weakly continuous. Thus, there is no affinely equivariant, weakly continuous
location functional defined on all laws on R? for d > 2.

Proof. Part (a) follows from work of Obenchain [18, Lemma 1] and permutation
invariance, as noted e.g. by Rousseeuw [19]. Then (b) follows directly, for z; = n,
ro=--+=x, =0,n— oo. O

Next is a related fact about scatter functionals. Davies [1, p. 1879] made a
statement closely related to part (b), strong but not quite in the same generality,
and very briefly suggested a proof. I don’t know a reference for part (a), or an
explicit one for (b), so a proof will be given.

Theorem 5. (a) Let X(-) be a singularly affine equivariant scatter functional de-
fined on all empirical measures P, on R* for d > 2 and some fized n > 2. Write
Y(X) = X(P,). Then there is a constant c, > 0, depending on X(-), such that
for any X, B(X — X1') = c,(X — X1.)(X — X1")". In other words, applied to
centered data matrices, X is proportional to the sample covariance matric.

(b) If 3(-) is an affinely equivariant scatter functional defined for all n and P, on
R? for d > 2, weakly continuous as a function of P,, then ¥ = 0.

Proof. (a) We have ¥(BX) = BX(X)B’ for any d x d matrix B. For any U,V € R"
let X! =0U', X2 =V’ and (U,V) := 312(X). Then (-,-) is well-defined, letting
B11 = By =1 and B;; = 0 otherwise. It will be shown that (-,-) is a semi-inner
product. We have (U, V) = (V,U) via B with Bis = By = 1 and B;; = 0 otherwise,
since ¥ is symmetric. For By = By; = 1 and B;; = 0 otherwise we get for any
U € R™ that

(4) (U, U) = E12(BX) = (BE(X)B)12 = Zu(X) > 0.
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For constants a and b, (aU,bV) = ab(U,V) follows for B1; = a, By = b, and
B;; = 0 otherwise. It remains to prove biadditivity (U,V + W) = (U, V) + (U, W).
For d > 3 this is easy, letting X3 = W, By; = Bay = Baos = 1, and Bi; =0
otherwise. For d = 2, we first get (U + V,V) = (U, V) + (V,V) from B = ({ 1).
Symmetrically, (U, U + V) = (U,U) + (U, V). Then from B = (1 1) we get

(5) U+V,U+V) = (UU)+2(UV)+ (V,V).

Letting [|[W]]? = (W,W) for any W € R™ we get the parallelogram law ||U +
VI2+|[U=V|?=2|U||?+2||V|? (But ||-|| has not yet been shown to be a norm.)
Applying this repeatedly we get for any W, Y, and Z € R” that

WY +Z|* = |W =Y = Z||* = [W + Y ||* = [W =Y |* + |[W + Z|* — | W — Z]|?,

letting first U = W+Y,V =Z,thenU =W—-Z,V =Y ,thenU =W,V = Z, and
lastly U = W,V =Y. Applying (5) gives (W, Y +2) = (W, Y )+ (W, Z), the desired
biadditivity. So (,-) is indeed a semi-inner product, i.e. there is a C(n) € N, such
that (U,V) = U'C(n)V. By permutation invariance, there are numbers a,, > 0 and
b, such that C(n);; = a, foralli=1,...,n and C(n);; = b, for all i # j.

Let ¢, :(= a, — b, and let ¢; € R™ be the ¢th standard unit vector. For each
yeRlety=> "  ye; andy = %Z?:l y;. Then for any z € R™,

(y—Ylp,z—721,) = Z C(n)ij(yi —9)(2j —2) = culy —71n) (2 — Z1n).

For 1 < j <k <d, let By, := 6,n() for a function 7 from {1,2,...,d} into
itself with 7(1) = j and 7(2) = k. Then (BX)! = X/ and (BX)? = X*. Thus
(X7, XF) = 215(BX) = Z(X), recalling (4) if j = k.

Let X € R? have ith component X"'. Then
Sin(X = X1) = (X9 = X1, X5~ X'1) = en(X9 = X71,) (X5 = X1,

where ¢, > 0 is seen when j = k and the coefficient of ¢, is strictly positive, as it
can be since n > 2. Thus part (a) is proved.

For part (b), consider empirical measures P,, = P,,,, so that each X; in P, is
repeated m times in P,,,. Since the X’s and s for P, and P,,,, must be the same,
we get that ¢, = ¢,/m which likewise equals ¢, /n. Thus there is a constant c;
such that ¢, = ¢1/n for all n.

Let X1; = —Xi2 = /n, let X;; =0 for all other ¢,j and let n — oo. Then
X =0, P, — &y weakly, and () is the 0 matrix by singular affine equivariance
with B = 0, but X(P,) don’t converge to 0 unless ¢; = 0 and so ¢, = 0 for all n,
proving (b). O

So, for d > 2, affinely equivariant location and non-zero scatter functionals,
weakly continuous on their domains, can’t be defined on all laws. They can be
defined on weakly dense and open domains, as will be seen in Theorem 12, on
which they can have good differentiability properties, as seen in Section 5.

3. Multivariate scatter

This section treats pure scatter in R?, with © = P,;. Results of Kent and Tyler
[15] for finite samples, to be recalled, are extended to general laws on R? in [6,
Section 3].
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For A € P4 and a function p from [0, c0) into itself, consider the function
1
(6) L(y, A) = glogdet A+ p(y'A”ly), yeR™

For adjustment, let

(7) h(yvA) = L(y7A) - L(yv I)

where [ is the identity matrix. Then

Q Qh(4) = Flogdet A+ [ ply'A71) - p(y'9) dQ()

if the integral is defined. We have the following, shown for Q = @),, an empirical
measure in [15, (1.3)] and for general @ in [6, Section 3]. Here (9) is a redescending
condition. A symmetric d x d matrix A will be parameterized by the entries A;;
for 1 < i < j < d. Thus in taking a partial derivative of a function f(A) with
respect to an entry A;;, A;; = A;; will vary while Ay; will remain fixed except for

(k,1) = (i,j) or (j,i).

Proposition 6. Let p be continuous from [0,00) into itself and have a bounded
continuous derivative, where p'(0) = p'(0+) := lim, o[p(x) — p(0)]/x. Let
0 <wu(x) := 2p'(x) for x > 0. Assume that

(9) sup zu(z) < 0.
0<z <0

Then for each law Q on R, Qh in (8) is well defined and is a C' function of the
entries of A. Here Qh has a critical point at A = B if and only if

(10) B = /U(y’Blwyy’dQ(y)-

The following, proved in [6, Section 3], extends to any law @) the uniqueness part
of [15, Theorem 2.2].

Proposition 7. Under the hypotheses of Proposition 6, if in addition u(-) is non-
increasing and s +— su(s) is strictly increasing on [0,00), then for any law @ on
R, Qh has at most one critical point A € Py.

A sufficient condition for existence of a pure scatter M-functional A(Q) will in-
clude the following assumption from [15, (2.4)]. Given a function u(-) as in Propo-
sition 7, let ap = ao(u(-)) = sup,.gsu(s). Since s — su(s) is increasing, it
follows that

(11) su(s)Tag as sT +oo.
Kent and Tyler [15] gave the following condition for empirical measures.

Definition. Given ag := a(0) > 0, let Uy () denote the set of all laws () on R¢
such that for every proper linear subspace H of R?, of dimension ¢ < d— 1, we have

QH) <1 - (d—q)/ao.

Note that Uy 4(0) is weakly open and dense and contains all laws with densities.
If Q € Uga), then Q({0}) < 1 — (d/ag), which is impossible if ag < d. So in
the next theorem we assume ao > d. In part (b), the existence of a unique B(Q,,)
minimizing QA for an empirical Q,, € Uy q(0) Was proved in [15, Theorems 2.1 and
2.2]. For a general ) € Ug q(0) it’s proved in [6, Section 3]; one lemma useful in the
proof is proved here.
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Theorem 8. Under the assumptions of Propositions 6 and 7, for a(0) = ag as in
(11)7

(a) If Q & Uq a0y, then Qh has no critical points.

(b) If ap > d and Q € Ugq(0), then Qh attains its minimum at a unique B =
B(Q) € Pq and has no other critical points.

A proof of the theorem uses a fact about probabilities of proper subspaces or
hyperplanes. A related statement is Lemma 5.1 of Diimbgen and Tyler [10].

Lemma 9. Let V be a real vector space with a o-algebra B for which all finite-
dimensional hyperplanes H = x+T = {x+u: u € T} for finite-dimensional
vector subspaces T are measurable. Let () be a probability measure on B and let
H; be the collection of all j-dimensional hyperplanes in V. Then for each j =
0,1,2,..., for any infinite sequence {C;} of distinct hyperplanes in H; such that
Q(C;) converges, its limit must be Q(F') for some hyperplane F of dimension less
than j such that F' C C; for infinitely many i. In particular, Q(C;) cannot be strictly
increasing. The same is true for vector subspaces in place of hyperplanes.

Proof. Hyperplanes of dimension 0 are singletons {z}. The empty set () will be
considered as a hyperplane of dimension —1. Let W_; := (. Claim 1: For each
Jj =0,1,..., there exists a finite or countable sequence {V};} C H; such that for
W; = W;-1UlU; Vii, QV \W;) =0 for all V€ H;. Let V; = {x;} for some
unique ¢ if and only if Q({x;}) > 0. The set of such z; is clearly countable. Let
Wo = UVoi ={x €V : Q({z}) > 0}. Clearly, for any x € V, Q({z} \ Wy) = 0.
Recursively, for j > 1, assuming W;_; has the given properties, suppose for r = 1, 2,
H, € Hj and Q(H, \ W;_1) > 0. If H; # H,, then H; N Hy is a hyperplane of
dimension at most j—1, so Q(H1NH2\W;_1) = 0 and the sets H,\W,_; are disjoint
up to sets with () = 0. Thus there are at most countably many different H, € H;
with Q(H, \W;_1) > 0. Let V},, := H, for such H, and set W; := W;_;UlJ, Vj.
It’s then clear that for any H € H;, Q(H \ W;) = 0, so the recursion can continue
and Claim 1 is proved.

Claim 2is that if C' is any hyperplane of dimension j or larger, and s = 0,1,..., 7,
then for each r, either C' D V. or Q(C N (Vs \ Ws_1)) = 0. If C doesn’t include
Vsr, then C' NV, is a hyperplane of dimension < s — 1, and so included in W,_;
up to a set with @ = 0, so Claim 2 follows.

Now, given distinct C; € H; with Q(C;) converging, let B be a hyperplane
of largest possible dimension b included in C; for infinitely many ¢. Then b < j.
Taking a subsequence, we can assume that B C C} for all i. Claim 3 is that then
Q(C;\ B) — 0 as i — oc0. For any s = 0,1,...,7 — 1, and each r, by Claim 2,
if C; D Vg, for infinitely many ¢, then V. C B, since otherwise C; includes the
smallest hyperplane including Vi, and B, which has dimension larger than b, a
contradiction. So lim; o, Q((C; \ B) N (Vs \ Ws—1)) = 0 for each s < j and r. It
follows by induction on s that Q(C;NW,\ B) — 0asi — oo for s =0,1,...,5—1.

By the proof of Claim 1, the sets C; \ W;_; are disjoint up to sets with Q = 0,
so Claim 3 follows, and so the statement of the lemma for hyperplanes. The proof
for vector subspaces is parallel and easier. The fact that Q(C;) cannot be strictly
increasing then clearly follows, as a subsequence would also be strictly increasing.
So the lemma is proved. O

Diimbgen and Tyler [10], Lemma 5.1 show that sup{Q (V') : V € H;} is attained
for each Q and 7 and is weakly upper semicontinuous in Q.
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4. Location and scatter t functionals

As Kent and Tyler [15, Section 3] and Kent, Tyler and Vardi [16] showed, ()
location-scatter estimation in R? can be reduced to pure scatter estimation in R4*1,
beginning with the following.

Proposition 10. (i) For any d = 1,2,..., there is a 1-1 correspondence, C* in
either direction, between matrices A € Pgiy1 and triples (3, u,y) where ¥ € Py,
p€RY and v > 0, given by

X+ pp
(12) AZA(E,M,V)Z’V[ M/W ﬂ
The same holds for A € Pgy1 with v = Agt1,4+1 = 1 and pairs (p, X) € R? x P,
(ii) If (12) holds, then for any y € R? (a column vector),

(13) W, A, 1) =y 14+ —w)S y—w).

For M-estimation of location and scatter in R¢, we will have a function p :
[0,00) — [0,00) as in the previous section. The parameter space is now the set of
pairs (u, Y) for 4 € R? and ¥ € Py, and we have a multivariate p function

p(y, (1, X)) = % logdet X + p((y — p)' S~ (y — ).

For any 4 € R? and ¥ € Py let Ay := Aog(u,X) = A(X,u,1) € Pary by (12)
with v = 1, noting that det Ag = det ¥. Now p can be adjusted, in light of (9) and
(13), by defining

(14) Wy, (1. 2)) = py, (1, %)) — p(y'y).

Laws P on R¢ correspond to laws Q := P o T 1 on R4 concentrated in
{y: yar1 = 1}, where Ty (y) = (¢/,1) € R¥*! 4y € R% We will need a hypothesis
on P corresponding to Q € Uy q(0)- Kent and Tyler [15] gave these conditions for
empirical measures.

Definition. For any ag > 0 let Vg ,(0) be the set of all laws P on R? such that
P(J) <1—(d—q)/ap for every affine hyperplane J of dimension ¢ < d.

The next fact is rather easy to prove. Here a > d + 1 avoids the contradictory

Q({0}) <0.

Proposition 11. If P is a law on R?, a > d+ 1, and Q := PoTl_1 on R4+
then P € Vg, if and only if Q € Ugi1,q.

A family of p functions for which v = 1 automatically, as noted by Kent and
Tyler [15, (1.5), (1.6), Section 4], is given by elliptically symmetric multivariate ¢
densities with v degrees of freedom as follows: for 0 < v < oo and 0 < s < oo let

v+d v+s
(15) pl9) = puals) = g ().
14
For this p, u is u,(s) = wu,q(s) = (v+d)/(v+s), which is decreasing, and

s — suy, () is strictly increasing and bounded, i.e. (9) holds, with supremum and
limit at +o00 equal to ag, = ag(u,(-)) =v +d.

The following fact is in part given by Kent and Tyler [15] and further by Kent,
Tyler and Vardi [16], for empirical measures; equation (16) was not found explicitly
in either. Here a proof will be given for any P € Vy .4, assuming Theorem 8 and
Propositions 6 and 10.
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Theorem 12. For anyd =1,2,..., v > 1, law P on R%, and Q = PoTl_1 on
R letting v' := v — 1, assuming P € Vg, 14 in parts (a) through (e),

(a) For A € Pat1, A — Qh(A) defined by (8) for p = p,r 441 has a unique critical
point A(V') = A, (Q) which is an absolute minimum;

(b) AW )asras1 = J s (5 AW~ 9)dQy) = 1;

(c) For any p € R4 and ¥ € Py let A = A(Z,u,1) € Pyyq1 in (12). Then for any
yeR? and 2 == (y,1), we have

(16) Uy g1 (A7 2) = wa((y — ) 27y — p).

In particular, this holds for A = A(V') and its corresponding p = p, € R% and
X=X, Py,
(d)

(17) / (Y — 1S5 (g — 1))dP(y) = 1.

(e) For h defined by (14) with p = py.a, (fw,Xy) is the M-functional 6, for P.
(f) If, on the other hand, P ¢ V4,44, then (u,3) — Ph(p,X) for h as in (e) has
no critical points.

Proof. (a): Theorem 8(b) applies since u, 441 satisfies its hypotheses, with
ao(u,,/,dﬂ) = I//+d+1 =v+d>d+ 1.
(b): By (10), multiplying by A(+')~! and taking the trace gives

d+1= /u,,/,d+1 (ZAW)712) 2 AW) " 2dQ(2).

We also have, since zq+1 = 1, that A(V')g41,441 = fu,,/’dH(z’A(V’)*lz)dQ(z). For
any s > 0, we have su, g41(8) + 'uyr g41(s) = v + d. Combining gives

d+l=v+d- V//UV’,d—H (2" A(W) " 2) dQ(2),

and (b) follows.

(c): We can just apply (13) with v =1, and for A = A(V'), part (b).

(d): This follows from (b) and (c).

(e): By Proposition 10, for v = 1 fixed, the relation (12) is a homeomorphism
between {A € Pgr1: Agy1.a+1 = 1} and {(p,2) : p € R?, ¥ € Py}. So this also
follows from Theorem 8.

(f): We have v +d > d+ 1, so Q ¢ Ug+1,,+4 by Proposition 11. By Theorem
8(a), Qh defined by (8) for p = p,s 441 has no critical point A. Suppose Ph has
a critical point (p,X) for p = pyq. Let A = A(X,p,1) € Pgsq. By an affine
transformation we can assume p = 0 and X = I, the d x d identity matrix, so
A = I441. Equations for ¥ = I; to be a critical point can be written in the form
0/0(X71);; =0,1<i<j<d. By (16) it follows easily that equation (10) holds
for B = A and u = u, 411 with the possible exception of the (d 4+ 1,d + 1) entry.

Summing the equations for the diagonal (i,7) entries for i = 1,...,d, it follows that
the (d + 1,d + 1) equation and so (10) holds. By Proposition 6, we get that A is a
critical point of the given Qh, a contradiction. O

Kent, Tyler and Vardi [16, Theorem 3.1] show that if u(s) > 0, u(0) < 400, u(-)
is continuous and nonincreasing for s > 0, and su(s) is nondecreasing for s > 0, up
to ap > d, and if (17) holds with w in place of u, 4 at each critical point (u,X) of
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Qh, then u must be of the form u(s) = u, q4(s) = (v +d)/(v + s) for some v > 0.
Thus, the method of relating pure scatter functionals in R%*! to location-scatter
functionals in R? given by Theorem 12 for ¢ functionals defined by functions u,, 4
does not extend directly to any other functions w.

When d =1, P € V; ,,11 requires that P({z}) < v/(1+v) for each point . Then
¥ reduces to a number o2 with 0 > 0. If v > 1, and P ¢ V1,v+1, then for some
unique x, P({z}) > v/(v+1). One can extend (p,,0,) by setting p, (P) := x and
o, (P) := 0, with (u,,0,) then being weakly continuous at all P [6, Section 6].

The t,, functionals (u,, Y, ) defined in this section can’t have a weakly continuous
extension to all laws for d > 2, because such an extension of u, would give a
weakly continuous affinely equivariant location functional defined for all laws, which
is impossible by Theorem 4(b). Here is an example showing that for d = 2 and
empirical laws with n = 6, invariant under interchanging x and —x, and/or y and
—y, so that an affinely equivariant y must be 0, there is no continuous extension of
the scatter matrix X, to laws concentrated in lines. For k = 1,2, ... let

1 1
P = (01w 4 0ram) + 0a.-1/m +0wym] + 3000,

1
QW) = < [261.0) + S0, -1/m) + S0,1/m) +200,0)] -

Then for each v > 1, all members of both sequences have mass < 1/3 < v/(v + 2)
at each point and mass < 2/3 < (v + 1)/(v + 2) on each line, so are in Us 42
and the functionals p,,Y, are defined for them. By the symmetries z < —x and
y < —y, 4y, = 0 and X, is diagonal on all these laws. Both sequences converge
to the limit P = % [5(_1,0) + 0(0,0) + 5(170)], which is concentrated in a line and so

is not in Us 1o for any v. ¥, (P*)) converges to (g(y) % but X, (Q™) converges
to (8(,,) 0) where a(v) = 2(1—-v71)/3 #b(v) = (2+v1)/3. We also have

2, (QM) = (g(,,) 0.,) with ¢(v) = £(1—v71), so that, in contrast to Theorem 5(a),

c(v)
>, is not proportional to the covariance matrix (g/ 3 (1) /3) for any v < oo, but X,

converges to the covariance as v — 400, as is not surprising since the ¢, distribution
converges to a normal one.

5. Differentiability of ¢ functionals

Let (S,e) be any separable metric space, in our case R? with its usual Euclidean
metric. Recall the space BL(S, e) of all bounded Lipschitz real functions on S, with
its norm || f|| pr.. The dual Banach space BL*(.S, e) has the dual norm ||¢|| 5, which
metrizes the weak topology on probability measures [5, Theorem 11.3.3].

Let V be an open set in a Euclidean space R%. For k = 1,2,..., let CF(V) be
the space of all real-valued functions f on V such that all partial derivatives DP? f,
for DP = 9Pl /0x}* - .- 028 and 0 < [p] := p1+---+pa < k, are continuous and
bounded on V. On CF(V) we have the norm

(18) 1Ak == D D" fllsupvs where [|lgllsup,y = sup|g(z)].
0<[p]<k zeV

Then (CF(V), ||'||x,v) is a Banach space. For k = 1 and V convex in R? it’s straight-
forward that C} (V) is a subspace of BL(V,e), with the same norm for d = 1 and
an equivalent one if d > 1.
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v+d

L,q(y,A) = —logdet A+

Substituting p, 4 from (15) into (6) gives for y € R% and A € Py,
1
3 log [1+v 1y A7y,

so that in (7) we get
hy(y,A) = hyq(y,A) == Lya(y,A) — Lya(y, I).

Differentiating with respect to entries C;; where C' = A™!, and recalling u, 4(s) =
(v+d)/(v+ s), we get as shown in [6, Section 5]

ahl/,d(y7A> _ aLu,d(yaA) _ Aij (V + d)yzy]
801‘3' 601] 1+ 5ij (1 + (5@‘)(1/ + y’C’y) )

ForO0<d<landd=1,2,..., let

Ws == Wsa = {A€Py: max(|A],||A7"]) < 1/8}.

(19)

The following is proved in [6, Section 5].

Lemma 13. For any § € (0,1) let U := Us = R X Ws4. Let A € Py
be parameterized by the entries Cy of C' = A=Y For any v > 1, the functions
L, q/0Cy; in (19) are in C)(Us) for all j =1,2,....

To treat t functionals of location and scatter in any dimension p we will need
functionals of pure scatter in dimension p + 1, so in the following lemma we only
need dimension d > 2. The next lemma, proved in [6, Section 5], helps to show
differentiability of ¢ functionals via implicit function theorems, as it implies that
the derivative of the gradient (the Hessian) of Qh is non-singular at a critical point.
Let T(d) := {(i,j): 1<i<j<d}.

Lemma 14. For eachv >0, d=2,3,..., and Q € Ugp+a, let A(v) = A, (Q) € Py
be the unique critical point of Qh(-) defined by (8) for p = p,.q defined by (15). For
C = A™1, the Hessian matriz 0*Qh(A)/9C;;0Cy, with rows indexed by (i, j) € T(d)
and columns by (k,1) € T(d) is positive definite at A = A(v).

For any v > 0 and A € Py, let L; ;,(z,A) := 0L, q(x, A)/0C;; from (19). Let
X = BL*(R%e) for the usual metric e(s,t) := |s —t|. Again, parameterize
A € Py with inverse C' by {Ci; h<i<j<a € RHd+1)/2  Consider the open set © :=
Py C RUAHD/2 and the function F' := F, from X x O into R¥4+t1D/2 defined by

(20) F(¢,A) == {o(Liju(-, A) h<i<j<a-

Then F is well-defined because L; j , (-, A) are all bounded and Lipschitz functions
of x for each A € ©; in fact, they are C'' with bounded derivatives equal except
possibly for signs to second partials of L, 4 with respect to C;;. The next fact,
proved in [6, Section 5], uses some basic notions and facts from infinite-dimensional
calculus, given in [2] and reviewed in the Appendix of [6].

Theorem 15. Let X := BL*(R% ¢). In parts (a) through (c), let v > 0.

(a) The function F' = F,, is C* (for Fréchet differentiability) from X x © into
Rd(d—l—l)/Q'

(b) Let Q € Ug,,+a, and take the corresponding g € X. At A,(Q), the d(d+1)/2x
d(d+1)/2 matriz OF (¢pq,A)/0C = {0F(¢q,A)/0Ck }1<k<i<a is invertible.

(c) The functional Q — A, (Q) is C* for the BL* norm on Ug ,+4.

(d) For each v > 1, the functional P — (u,,%,)(P) given by Theorems 8 and 12
is C°° on Vg 44 for the BL* norm.
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To prove asymptotic normality of \/n(T'(P,) —T(P)) for T = (u,, X,), the dual-
bounded-Lipschitz norm || - || is too strong for some heavy-tailed distributions.
Giné and Zinn [12] proved that for d =1, {f : || f|lsr < 1} is a P-Donsker class if
and only if 2°2 | Pr(j — 1 < |X| < j)'/? < oo for X with distribution P. To define
norms better suited to present purposes, for § > 0 and r =1,2,..., let F;5, be the
set of all functions of y appearing in (19) and their partial derivatives with respect
to C;; through order r, for any A € W;s. Then each F;,, is a uniformly bounded VC
major class as in Theorem 3. Let Y5, be the linear span of Fs,. Let X5, be the
set of all real-valued linear functionals ¢ on Y, for which ||¢||s, = sup{|o(f)]:
f e Fsr} <oo. For A e Ws4and ¢ € X5, define F(¢, A) again by (20), which
makes sense since each L; ; (-, A) € Fs, for any r =0,1,2,... by definition.

The next two theorems are also proved in [6, Section 5]. Theorem 17 is a delta-
method fact.

Theorem 16. Let 0 < § < 1. For any positive integers d and r, Theorem 15 holds
for X = X543 in place of BL*(R%,e), Ws.4 in place of ©, and C" in place of C*°
wherever it appears (parts (a), (c), and (d)).

Theorem 17. (a) For any d = 2,3,... and v > 0, let Q € Uqpta. Then the
empirical measures Qp, € Uq,,+a with probability — 1 as n — oo and \/n(A,(Qn) —
A,(Q)) converges in distribution to a normal distribution with mean 0 on RH4+1)/2
if A € Pq is parameterized by {A;j<i<j<d, or a different normal distribution for
the parameterization by {A;jl}lgigjgd as above. The limit distributions can also be
taken on ]RdQ, concentrated on symmetric matrices.

(b) Let d =1,2,... and 1 < v < co. For any P € V4,14, the empirical measures
P, € V4,44 with probability — 1 as n — oo and the functionals p, and X, are
such that as n — 00, v/n [(fy, 2,)(Py) — (pw, X)) (P)] converges in distribution to

. . . . 2 . 2 .
some normal distribution with mean 0 on R? x RY, whose marginal on R is
concentrated on d X d symmetric matrices.

Now, here is a statement on uniformity as P and @ vary, proved in [6, Section
5].

Proposition 18. For any 6 > 0 and M < oo, the rate of convergence to normality
in Theorem 17(a) is uniform over the set Q = Q(0, M) of all Q € Ug+q such
that A, (Q) € W5 and

(21) Q{z: [zl > M}) <(1-10)/(v+d),

or in part (b), over all P € V4,44 such that ¥, (P) € Ws and (21) holds for P in
place of Q.
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Abstract: Almost sure bounds are established on the uniform error of smooth-
ing spline estimators in nonparametric regression with random designs. Some
results of Einmahl and Mason (2005) are used to derive uniform error bounds
for the approximation of the spline smoother by an “equivalent” reproducing
kernel regression estimator, as well as for proving uniform error bounds on
the reproducing kernel regression estimator itself, uniformly in the smoothing
parameter over a wide range. This admits data-driven choices of the smoothing
parameter.

1. Introduction

In this paper, we study uniform error bounds for the smoothing spline estimator of
arbitrary order for a nonparametric regression problem. In effect, we approximate
the smoothing spline by a kernel-like estimator, and give sharp bounds on the
approximation error under very mild conditions on the nonparametric regression
problem, as well as on the uniform error on the kernel-like estimator. An application
to obtaining confidence bands is pointed out.

Let (X;,Y7),(X,,Y5),...,(X,,,Y,) be arandom sample of the bivariate random
variable (X,Y) with X € [0, 1], almost surely. Assume that

(1.1) fo(z) =E[Y | X = z]

exists, and that for some natural number m,

(1.2) f, e W™(0, 1),

where for a < b, the Sobolev spaces W™P(a,b), 1 < p < oo, are defined as

Fm=1) abs. continuous

. P (a,b) = " a, b
R A I

see, e.g., [2].
Regarding the design, assume that

X, Xy,..., X, are independent and identically distributed,
(1.4) having a probability density function w with respect to

Lebesgue measure on (0, 1),
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and that
(1.5) wy <w(t) <w, forall ¢ e[0,1],

for positive constants w; and w,.
With the random variable (X,Y), associate the noise D by

(1.6) D=Y — f,(X),
and define D, =Y, — f (X;), i =1,2,...,n. Assume that

(1.7) sup E[|D|"| X =z]<oo for some k > 2.
ze[0,1]

(With the assumption (1.2), this is equivalent to sup, E[|Y |* | X =z] < c0.)

Under the above conditions, uniform error bounds for the Nadaraya-Watson estim-
ator have been established by Deheuvels and Mason [8] for a random choice of the
smoothing parameter, and by Einmahl and Mason [12] uniformly in the smoothing
parameter over a wide range. We recall that the Nadaraya-Watson estimator is

defined as
t)— ZYKht_ i)/%ZKh(t—Xz)
i=1

where, K,(t) = h™'K(h™'t) for some nice “kernel” K. In this case, f,(z) is
an estimator of f, (z) = E[Y | X = x]. For some earlier results on uniform error
bounds for Nadaraya-Watson estimators, see, e.g., [16] and [15].

For the smoothing spline estimator, we must come to terms with the fact that
the estimator is defined implicitly as the solution, denoted by f = f™*, of a mini-
mization problem,

(1.8) minimize  IS(f) = 2 Y | f(X,) =Y, 2+ 02| £ )2

i=1
subject to f € W™2(0, 1),

where || - || denotes the L?(0,1) norm. Thus, the bulk of the paper is devoted to
establishing that for all ¢t € [0, 1],

(19)  f™(t) —E[f""(t) | Xy, X, ] =

:I'—'

i % wmh( i?t)+€nh(t)7

where | e™" |, is negligible compared to the leading term in (1.9), and R, is

the Green’s function for a suitable boundary value problem, see (2.13). Here, || - ||
denotes the L*°(0, 1) norm. The approach taken follows Eggermont and LaRiccia
[10].

The precise results are as follows. For v > 0, define the intervals

n n

(110) M, (y) = wbﬂ)l‘”*’x%]gn<v>:[v<1"ﬂ>1‘“,% ,

where A is unspecified but satisfies 2 < A < min(«,4 ).
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Theorem 1. Under the assumptions (1.4) - (1.7) on the model (1.1), the error
term ™ in (1.9) satisfies almost surely,

Typ(y) < limsup  sup <™ Il < 0.
up n—oo  her,(y) hTY2(nh)T  {log(1/h) Vloglogn }

The uniform-in-bandwidth character of this theorem (which admits random
choices of the smoothing parameter) stands out. Regarding the actual error bound,
if h € G, (7), then h > (n~*logn)'/? and the error term in (1.9) can be ignored.
Note that for m > 2 and k > 3, this covers the optimal h, which behaves like
(n~'logn)Y/(m+1) The theorem makes the smoothing spline much more accessi-
ble as an object of study. Here, we consider uniform error bounds on the estimator.
For cubic smoothing splines in a somewhat different setting, uniform error bounds
were derived by Chiang, Rice and Wu [5].

Main Theorem. Assume the conditions (1.2) through (1.7) on the model (1.1).
Then, the spline estimator of order m satisfies almost surely,

. L™ = £,
Qup(7) = limsup  sup 9 120 < o0o.
up(7) n—oo  heG,(v) / h2™ + (nh)~1{log(1/h) Vloglogn }

The constant )y depends on the unknown regression function f, through the
bias. If we restrict h such that h < (n~!'logn)Y/(?m+1)  then this dependence
disappears, e.g., if for m > 2 and k > 2+ (1/m), we let

(1.12) F,.(v) = [7 (n_l logn)l_z/”, n— 1/ (2m+1) ]7
then
nh __
(113) QUE(’Y) déf lim sup sup || f fo ”oo < 0,

n—oco heF, () 4/ (nh)~1{log(1/h)V loglogn }

and Q. does not depend on f,. This has obvious consequences for the construc-
tion of confidence bands. Since it seems reasonable that the value of Q. can be
determined via bootstrap techniques, then almost sure confidence bands in the spirit
of Deheuvels and Mason [8] and the Bonferroni bounds of Eubank and Speckman
[14] may be obtained. The full import of this will be explored elsewhere.

2. The smoothing spline estimator

Let m € N and h > 0 be fixed. The smoothing spline estimator, denoted by f™", is
defined as the solution of the minimization problem (1.8). The problem (1.8) always
has solutions, and for n > m, the solution is unique, almost surely. For more on
spline smoothing, see, e.g., [13] or [24].

A closer look at the spline smoothing problem reveals that f(X;) is well-defined
for any f € W™?2(0, 1). In particular, there exists a constant ¢ such that for all
fewm™2(0,1)and all x € [0, 1],

1/2

(2.1) @) < e{IFIP+ 1o 23,
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see, e.g., [2]. Then, a simple scaling argument shows that there exists a constant
¢,, such that for all 0 < h <1, all f € W™?2(0,1),and all t € [0, 1],

(2.2) | F(E) ] < e A2 120
Here,
(2.3) (KA A e RN N

Of course, the inequality (2.2) is geared towards the uniform design. For the present,
“arbitrary” design, it is more appropriate to consider the inner products

2.4 7 — , + B2 ) gm) ,
@ 9 =90 0™ o
where < . > is the usual L?(0,1) inner product and
L%(0,1)
1
(25) (f.9) . ~ [ 1atyuctya,
L7((0,1),w) 0

The norms are then defined by || flymn = { ([ f>wmh }1/2. With the design

density being bounded and bounded away from zero, see (1.5), it is obvious that
the norms || - ||,,, and || - ||,,.,, are equivalent, uniformly in h. In particular,
with the constants w; and w, as in (1.5), for all f € W™2(0, 1),

(2.6) Wi | f e < WS Nlwmn < w2 | -

(Note that, actually, w; <1 < w,.) Then, the analogue of (2.3) holds: There exists
a constant c,, such that for all 0 < h <1, all f€ W™2(0,1),and all t €[0, 1],

(2.7) £ < e B2 F -

For later use, we quote the following multiplication result which follows readily with
Cauchy-Schwarz : There exists a constant ¢ such that for all f and g € WH2(0, 1),

/
. + < .
(2 8) Hng ) hH (fg) ||L1(0,1) —CHwaJ’h Hg”’w,l,h

LY((0,1)w
Also, there exist constants ¢, ;. ; such that for all f € Wktl2(0, 1),

(2.9) /]

The inequality (2.7) says that the linear functionals f — f(t) are continuous
in the || - ||,n-topology, so that W™?2(0, 1) with the inner product (-, -), . is
a reproducing kernel Hilbert space, see [3]. Thus, by the Riesz-Fischer theorem on
the representation of bounded linear functionals on Hilbert space, for each ¢, there
exists an element R, ,, € W™2(0, 1) such that for all f € W™2(0, 1),

(2.10) F) = CF s Rumnt ) wmn-

Applying this to R,
makes sense to define

wkh < Chogtt 1 kg 1,ne

itself gives R0, () = (Rymne » Rwmhs )., 50 that it

(211) SRw’mh(t> S) = 9%wmht(s) = S)%wmhs(t) for all S, NS [07 1]
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Then, again the inequality (2.7) implies that
(212> || Smeh( ’ ) ||wmh < Cm h™~ 1/27

with the same constant c,,.

Finally, we observe that reproducing kernels may be interpreted as the Green’s
functions for appropriate boundary value problems, see, e.g., [9]. In the present
case, R, (t,s) is the Green’s function for

(=h2)™u®™ fwu=v on (0,1),

2.13
(2.13) W™ (0) =u® (1) =0, k=m,...,2m—1.

In case w(t) =1 for all ¢ (the uniform density), we denote R by R,.»

wmh

We finish this section by showing that the little information we have on the
reproducing kernels suffices to prove some useful bounds on random sums of the
form

%ip F(X,),

with Dy, D,,...,D, and X, X,,...,X, asin Section 1, and f € W™2(0, 1)
random, i.e., depending on the D, and X,. To obtain these bounds, let

(2.14) S, (t) =1 Z D; Ry (X, ), t€]0,1].

This is a reproducing-kernel regression estimator for pure noise data.

Lemma 1. For every f € W™2(0, 1), random or not,

% Z f(X < H f meh H 6nh meh’

and under the assumptions (1.4), (1.5) and (1.7), there exists a constant c,, not
depending on h such that E[||S,,, meh] <c,, (nh)!

Proof. The 1dent1ty L3 D, f(X,)= < f, 6nh> , implies the first bound by
way of Cauchy—Schwarz For the expectatlon we have

E[Di%wmh(Xi’ t)] :E[E[Dz | Xi]%wmh(Xw t)] =0

and so, since D,R,,..(X;,t), i = 1,2,...,n, are independent and identically
distributed (iid), it follows that

B S 12, g 1] =7 35 ELD2 IR (Ko 2, )
W MR (X, )
where
(2.15) M= sup E[D?|X =zx].

z€[0,1]
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By (1.7), we have M < oo.
Similarly, since D, R"™ (X, t), i =1,2,...,n, are iid, then

wmh
(m) 2 < -1 (m) 2
B[S0 12,,,,,) < n " ME[IROL(X, )12, )

It follows that
E[ H Gnh Himh] < n_l M]E[ ” mwmh(X7 ) Himh]

Now, (2.12) takes care of the last norm. O

3. Random sums

In this section, we discuss sharp bounds on the “random sums” &,, of (2.14),
using results of Einmahl and Mason [12] regarding convolution-kernel estimators
(in a more general setting). Thus, let

(3.1) K € L'(R) N L™ (R), L/K@Mx:L

We also need some restrictions on the “size” of the set of functions on [0, 1],
(3.2) K={Kh ' (z—"))|ze[0,1],0<h<1}.

First, we need to assume that

(3.3) K is pointwise measurable.

For the definition of pointwise measurability, see van der Vaart and Wellner [23].

Let Q be a probability measure on ([0, 1],B), and let || - ||, denote the L*(Q)
metric. For ¢ > 0, let N(¢,K,|| - ||g) denote the smallest number of balls in the
| - [[g metric needed to cover K, i.e.,

S
min [k—gillg=<e

(3.4) N (e, K, ]l llg) = min {n eN

391,99,---,9, €K V/{:EIC}

Then, let
(3.5) N(e,K) = sup N(e,IC, | - HQ),

where the supremum is over all probability measures @ on ([0, 1], B).
The restriction on the size of I now takes the form that there exist positive
constants C' and v such that

(3.6) N, K)<Ce™, 0<e<l.

Nolan and Pollard [19], see also [23], show that the condition (3.6) holds if the
kernel K satisfies (3.1) and (3.3), and has bounded variation,

(3.7) K € BV(R).

Whenever K has left and right limits everywhere (so in particular, when (3.7)
holds), then (3.3) holds also.
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The object of study is the following kernel “estimator” with “pure noise” data,

(3.8) Sun(t) =

3=

n
> D Ky(X;—t), te[0,1]
=

We quote the following slight modification as it applies to (3.8) of Proposition 2 of
Einmahl and Mason [12] without proof. The modification involves the omission of
the condition of compact support of the kernel K, which is permissible since the
design is contained in a compact set, to wit the interval [0, 1], [17]. Recall the
definition of H,, () from (1.10).

Proposition 1 (after Einmahl and Mason [12]). Under the assumptions (3.1),
(3.3), (3.6), (3.7), and (1.4), (1.5), and (1.7), for every v > 0,

S
limsup sup [ Sn lloc < 0o almost surely.

n—oo  heH, (v) \/(nh)—l {log(1/h) Vloglogn }

Proof. The proof needs updating in only one spot, viz. the bound (3.20) of the
Einmahl and Mason [12] paper needs to be established under the present conditions.
However, that just amounts to showing that

sup sup AE[|DK,(t —X)|?] < cc.
0<h<1 t€[0,1]

Observe that
E[| DK, (t = X)[?] =E[E[ D* | X]| K, (t — X)|*] < ME[| K,(t — X)[*],

with M as in (2.15). Now,

E[| Kn(t — X)|*] :/0 A 2K?(h(t —x)) w(z)de

<wyh! / K2(z)dz < w, || K || hl<ch™t
R

K
for a suitable constant ¢, not depending on ¢. Ol

Now, we have the task of relating the random sums involving the reproducing
kernels to sums involving convolution kernels. Obviously, some convolution-kernel-
like properties of the reproducing kernel are required.

Definition 1. We say a family A4,, 0 < h < 1, defined on [0, 1] x [0, 1], is
convolution-like if it satisfies the following conditions: There exists a constant c
such that for all ¢ € [0, 1] and all h, 0 < h < 1,

HAh(at)H 1 SC? HAh<t7'>

< -1 . < —1'
L'(0,1) <ch™ 7, [A,(-,t)|py <ch

oo

Here, | f |5y denotes the total variation of the function f over [0, 1].

The families h* %Efznh(t, s), 0<h<1,£=0,1,...,m, are indeed convolution-
like, as shown in [11]. Here,

¢ d*
(3.9) Ripoi (1 8) = —5 R (1 5)

wmh
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denotes the ¢-th order derivative of R, (t, s) with respect to s (or by symmetry,
with respect to ¢). This result is in the style of results on the “equivalent” kernel
for spline smoothing, except that that the kernel is not a convolution kernel and
that it handles arbitrary design densities subject to the condition (1.5) and treats
the boundary conditions in (2.13) exactly. The relevant references on equivalent
kernels for spline smoothing are [1, 5-7, 11, 18, 20, 21].

Now, there is an interesting way of connecting the reproducing kernel sum &,
to asum S, for an appropriate kernel K. Define

g(z) =exp(—z)1(z >0),

3.10
(3.10) g(z)=nh""g(h'z), z€eR
One verifies that h g, is the fundamental solution for the initial value problem

hu'+u=v on(0,1),

(3.11) w(0) = a.

ie., for 1 <p <ooandwv e LP(0, 1), the solution u of the initial value problem
(3.11) satisfies u € LP(0, 1), and is given by

(3.12) u(z) = hg,(x)u(0) +/0 gn(r —2)v(2)dz, z€]0,1],

see, e.g., [4], Section 2.1, formulas (10) through (14). Note that the last integral is
really only over the interval [0, z]. Since v = hu’ + w, this leads to the integral
representation of the function wu,

(3.13)  wu(x) = hg,(x)u(0) + /01 gn(x—2) {hu'(z) + u(z) }dz, z€]0,1]
Now, one verifies that

(3.14) the kernel ¢ satisfies (3.1), (3.3), (3.7),

so that the class I" generated by g,

(3.15) F={g(h"(z—"-)) |z€[0,1], 0<h<1}.

satisfies (3.6), i.e.,

(3.16) N(ETD) <Ce™, 0<e<l.

Thus, Proposition 1 would apply to the random sum
(3.17) s"M2) =LY Digy(X;—2), z€[0,1],
i=1

but first we connect the sums &,,, and snh,

Lemma 2. Assume that the functions Ap, 0 < h < 1, are convolution-like in the
sense of Definition 1. Then, there exists a constant ¢ such that for all h, 0 < h <1,
all Dy, D,,...,D, € R, and all positive X, X,,..., X, €0, 1],

15> DA X ) |l <ell > Dign(Xi— )|
1=1 i=1
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Proof. Assume that A, is differentiable with respect to its first argument. Then,

’Ah('> t)|BV = ||Ai/l<7 t) HLl(O,l)’

where the prime / denotes differentiation with respect to the first argument. Now,
apply (3.13) to the function u = A, (-, t) (for fixed t), so for all z,

(3.18) Ay (z,t)=hg,(z)A,(0, t) —f—/() gn(x—2){hA}(z, t)+ A,(z t) } d.

Next, take x = X, and substitute this into
Son(t) = L zn: D, Ay(X;,t), te€[0,1].
i=1
Then, we have
(3.19) S . (t)=hA, 0, t)s"(0)+ /01 {hA](z,t)+ Au(z, t) } s"(2) dz.

Now, straightforward bounding gives
1S [l = €™ O |+ C1 ]| s™]]

where C' = h| A,(0, -) |, and

C, = Ap(t, - h|A,(t, - .

So, by the convolution-like properties of A, , the constants C' and C; are bounded,
uniformly in h. Also, since all of the X, are positive, then

lin% s"(z) = s"M(0),

and so, for Cy = C + Oy, we have || S, ; [0 < Cs |l 8™ || -
The extension to the case where A, is not necessarily differentiable with respect

to its first argument follows readily. O
Since the families h' ﬁ%ffim(t, s), 0<h<1, £=0,1,...,m, are convolution-

like in the sense of Definition 1, we may apply the lemma to the sum &, of (2.14)
and its derivatives. This yields

(3.20) RS o <clls™ [l €=0,1,...,m.

Now, for the model (1.1) through (1.7), the sum s of (3.17) may be treated by
the above formulated Proposition 1. This proves the following result. (Recall the
definition (1.10) of H,,(7).)

Theorem 2. Under the assumptions (1.4), (1.5) and (1.7), for v > 0, and for
{=0,1,...,m,

Quos(7) & limsup  sup A .
0o, n—oo  heH, (v) \/(nh)—l {10g<1/h> vV lOg lOg n} ;

almost surely.
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It turns out that we need a similar result for the || - ||,,,,,, norm, which requires
a result for the L? norm. The following is good enough for our purposes. Obviously,

with 65:7,3) denoting the m-th order derivative of &, , we have

1612 (00,19 < N Gnllor 185 120y < 165 oo

with ¢ = ,/ws, and then Theorem 2 gives useful bounds for the || - |[,,,,;, norm.

Corollary 3. Under the conditions of Theorem?2, we have almost surely,

me def lim sup sup H Gnh meh
n—oo  heH,(v) +/ (nh)~1{log(1/h)V loglogn}

4. The design sums

The reproducing kernel Hilbert space set-up is also useful for connecting random

design sums
L) P
i=1

to their (partial?) expectations

/ | F @) Pw() de,

for random functions f. In particular, we prove the following almost sure result. The
range of the smoothing parameter is much larger here than it was before, although
we only need it for h € H,,(7), see (1.10). Here, let

(4.1) D,(v)=[vyn 'logn, 1].
Theorem 4. Under the assumptions (1.4) and (1.5), for all f € W™2(0, 1),
S P PR P = v | ns
j=1

where  liminf inf 7, =1 almost surely.
n—oo  heD, (v)

To prove this, let W be the (cumulative) distribution function corresponding
to the design density w and let W, be the empirical distribution function of the
design X;,X,,...,X,,, and introduce the “design sums”

(4.2) wh(t) = gy dW, (1) 2 L me — 1), telo,1],
which is a convolution-kernel density estimator and its expectation,

(4.3) E[w"h(t)]:gh*dW(t):/o gn(T— t)w(r)dr, t €]0,1].

We will use Theorem 1 of Einmahl and Mason [12], quoted here for convenience.
(This time, no modifications are necessary.)
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Proposition 2 ([12]). Under the assumptions (3.1), (3.3), (3.6), and (3.7), and
(1.4) and (1.5), for every v > 0,

nh __ E nh
limsup sup v [0 oo < 00 almost surely.

nee heD.()  fnh (log(1/h) V loglog )

To prove Theorem 4, we start with simple “design sums”.
Lemma 3. Under the assumptions (1.4) and (1.5), for all f € WH(0, 1),

[ o gawa —awe) ] < cu {1, +h|| S

LY((0,1),w) Ll(o,l)}
Cnh

where limsup sup <0
n—oo  heD, (v) \/(nh) 1 {log(1/h) Vloglogn }
almost surely .

Proof. With the reproducing kernel Hilbert space trick,
f(t) = <f7 mw,l,h<t7 '>>w,1,h’

we obtain by linearity and Fubini’s theorem that

/0f<t>{dwn<t>—dw<t>}:<f,6”h>w,1,h7

where
5h (s /%wlhu $){dW,(t) —dW (1)}, se0,1]

is the variance part of the pointwise error of a reproducing-kernel estimator of the
design density w . Now, straightforward bounding gives

(f.om) <[/l 18" Il -

L*((0,1),w) LY((0,1),w)
5nh < / (th / ,
™) oy S 16

so that
(fo 0™y <AIFI,

with, explicitly,

! nh nh\/
L'((0,1) +h|f ||L1(0’1)} {110 oo + A IE™) [l }4

h
10" [loo

v

H % 9{’LU,I,h(‘XVi’ ) - E[%w,l,h(Xla )] HOO7

=1

Rl (a""y

v

|5 D hRG 1 n(Xey ) = RE[R (X )] | o

Both of these may be interpreted as the variance part of the uniform error of
(reproducing) kernel estimators. As already noted, the families R, ., (¢, s) and
hR,, 1, (t, s) are convolution-like in the sense of Definition 1. Then, by an appeal
to Lemma 2 with D, =1 for all 4,

oo

=1

H 5nh Hoo < C ||gh * {de - dW} Hoo7
1™ oo < C1 ll gp * {dW,, — dW } |,
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for suitable constants C' and C;. Now, an appeal to Theorem 1 of Einmahl and
Mason [12], see Proposition 2 above, clinches the deal. O

We now get the following lemma, which immediately implies Theorem 4.

Lemma 4. Under the assumptions (1.4) and (1.5), for all f, g € W™2(0, 1),

[ 108 LW (0 = ()} < 1 s |9

where limsup sup Mlnh < 00

n—oo  heD, (v) \/ (nh)_l { IOg(l/h) V lOg logn }
almost surely.

Proof. From Lemma 3, we get the bound

G {19l +h|(f9)

L'((0,1) Ll(O,l)}’

with the requisite behavior of ¢("". Now, from (2.8),

Ifall . + bl (fo)ll < c| [

L7((0,1),w) L7(0,1)

w,1,h H g | w,1,h

for an appropriate constant c. Finally, (2.9) gives || f |, 1, < wom,py AGAIN
for an appropriate constant ¢, and likewise for g. Thus, 7, satlsﬁes Non < CCon
and the lemma follows. D

5. L2 error bounds

We are now ready to prove almost sure bounds on || f** — f_||2 . for the spline
smoother f™". The starting point is the quadratic Taylor expansion of the objective
function LS( f) of (1.8) around its minimizer. Let

(5.1) e=fh—f.

Since the Gateaux variation of LS at its minimizer vanishes, this gives

(5:2) LY 1eX) PR | &P = IS(£,) — IS(S™).
i=1

Now, again, simple quadratic Taylor expansion around f, gives

IS(f,) —IS(f™) —1Z| +%ZD¢5(X1)

. th || 8(m ”2 + 2h2m <f(§m) , 8(m) >7

(5.3)

and so, after substitution into (5.2),

(5.4) Zr \2+h2mue<m>u2—%2 X;) + B3 ),

This is similar to the development in [22].
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Now, with Lemma 1, Theorem 4, and Cauchy-Schwarz, one obtains

(5:5) P N e N mn < 1€ lwmn {11 S lmn + 5™ 1L S,
where we took the liberty of using h™||e(™) || < || &|| - It follows that
(56> Tnh H € meh < H Gnh meh + ™ H fém) HJ

and the following result emerges.
Theorem 5. For the model (1.1), under the assumptions (1.4), (1.6), (1.2), and
(1.5), with H,, () defined in (1.10), for v > 0, almost surely,

|| fnh f ||wmh

limsup sup < 00,
n—oo heM,(v) y/ h®™+ (nh)=1 {log(1/h)Vloglogn }

and for h < (n~'logn)Y/ ™+ (deterministic or random,),

[ f"h — follwmn = (9( (nil log n) m/(QmH)) almost surely.

Proof. This follows from (5.6) and Corollary 3. O

The error bound (5.6) appears to be quite sharp. In the next section, we show
that f*(t) —E[f*(t) | X;,...,X, ]~ &, , in a precise, useful sense.

6. C-splines

In this section, we determine a useful, accurate expression for the variance part
frh(t) —E[f*P(t) | Xy,...,X,,] of the pointwise error f"*(t) — f,(t), with an
eye towards almost sure uniform error bounds. Since the estimator f™” is linear in
the data, one sees that

(6.1) e = frh B[ X, X
is the solution to the “pure noise” problem
minimize 2 ) | f(X,) — D, |* + B2 || £ |7
(6.2) -
subject to  f € W™2(0, 1).
In fact, we show that ¢"*(t) ~ ™" (t), where f = ¢"" solves the C(ontinuous)-

spline problem

minimize 2 —2 F(X,) + p2m || £ )2
6.3 10 e oy~ 8 2 DS RS

subject to f € W™2(0, 1).

By the interpretation of the reproducing kernel R, , as the Green’s function for
the boundary value problem (2.13), one observe that ¢"" is given by

(6.4) Pt Z D; Rymn (X, 1),

so that the following almost sure error bounds apply.
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Theorem 6. Under the assumptions of Theorem 5, almost surely, uniformly in
h € H,(v), see (1.10),

@7 =™ [ = O(h™/2 (nh) " {10g(1/h) Vloglogn} ).
" =4 o = O(h™ (nh)™* {10g(1/h) V loglogn} ).

Proof. Let ¢ = ¢™ — 4™ Similar to the inequality (5.4), one obtains quadratic
inequalities for the discrete and the continuous spline problems. Adding these gives

(6.5) [el?+2n>™ | e™ |2+ L 3 |e(X;)|* = rhs,
i=1
where )
rhs:/ g(t) {dW,(t)—dW(t)},
0

with g = [ |2 — [ |2 = (o™ 4+ 9™ ) ¢, and ¢ as above.
Now let v > 0 be fixed. Then, the following statements hold uniformly in h €
H,, (7). Using Lemma 3, one obtains, almost surely

rhs = O( v/ (nh)=1 {log(1/h) Vloglogn } ) {||g ||L1((o D) Lo 1)}

= O(V/ (nh)~1 {log(1/h) Vioglogn} ) € llwmn €™ +¢™ llwmn:

where we used the multiplication result (2.8), and (2.9). Substituting this into (6.5),
one obtains almost surely,

e lwmn = O(V/ (nh)=! {log(1/h) Vloglogn} ) [ ™" + ¢ [y

+hlgll

NOW, h h h h
Hgon _'_wn meh S H(pn meh+ H,(/}n meh?

and consequently, by Theorem 5 applied with f, = 0, and (6.5),

0"+ "™ s, = O(v/ (k)T {Tog(1/h) Vioglogn} )~ almost surely.

Thus,
€ lwmn = O((nh) ™" {log(1/h) V loglogn} ),

and so, at the loss of a factor h=/2,
€ lloo = O(h™2(nh)~" {log(1/h) Vloglogn} ).
The theorem has been proved. O

The above completes the proof of Theorem 1.

7. C-splines: the Bias

In considering the bias of the estimator f™" note that f, = E[f"" | X;,...,X,)]
is the solution of (1.8) with D, =0, =1,2,...,n, i.e., the solution of the discrete
noiseless problem

1) minimize DN(f) = 2 zn: | F(X,) = £, (X)) [+ h2m || £ |2

)

=1
subject to  f € W™?(0, 1).
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Note that the randomness in f;, is due to the randomness of the design. We must
compare f, to f,, but it is easier to first compare f; to ¢, , the solution of the
continuous noiseless problem

minimize CN(f) = || f — 2 + p2m| £m) 12
- NV A LN Py

subject to f € W™2(0, 1).

In this section we prove the following theorem on the conditional bias. Note the
“restricted” set G, () of allowable values of h.

Theorem 7. Under the assumptions of Theorem 5, almost surely,

[ fn = folloo

limsup sup < 00.
n—oo heg,(v) / B2+ (nh)~{log(1/h) Vloglogn }

The proof goes again by way of the reproducing kernel approximation, and fol-
lows without further ado from the following two lemmas.

Lemma 5. Under the assumptions of Theorem 5, almost surely,

limsup sup | on = fulloo .

—1/2 { 1.2m —1 <
n—oo heH,(y) h {h“™ + (nh)~" {log(1/h) Vloglogn} }
Proof. Let € = ¢, — f,. Similar to the derivation of (5.6), one obtains
(7.3) 2| €l gmn = rhs

where “rhs” = DN(¢,,) — DN(f;,) + CN(f,) — CN(y,,). This simplifies to

1
ths = [ g(t) {dIW, () ~aW (1)),
0
with W and W,, as in Lemma 3, and

g(t) = lon(t) = fo() P = 1 fu(t) = £, () |2
= (op(t) + fu(t) —21f,(t))e(t).

By Lemma 4, we get that

(74) rhs S nnhHSOh—i—fh _2fo ||wmh HEmeh:
with
(7.5) M, = O(V/ (nh)~*{log(1/h) V loglogn } )

almost surely, uniformly in h € H,, (7).
Substituting (7.4) into (7.3), we obtain

(76) ‘|€meh S %nnh|’¢h+fh_2fo ||wmh'

Now, with regards to bounding || ¢, + f, — 2 f, [|wmn, the situation is as in
Section 5, except that the D, =0, ¢=1,2,...,n. Then, almost surely,

limSUP sup h—™ || fh - fo ||wmh < Q.
n—oo  heH, (v)
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(Note that there is still randomness in f, due to the design.) In the same way, one
obtains that deterministically,

||90h _fo ||wmh = O(hm)

It then follows from (7.6) that

limsup sup 1€ lhwmn < 00.

n—oo  heM,(y) p™ \/(nh)*l{log(l/h)\/loglogn}

Of course,

2p™ \/(nh)_l{log(l/h) Vloglogn} < h*™ 4 (nh)~*{log(1/h) V loglogn},
so that

2”6” HSmeh

h*™ 4 (nh)~*{log(1/h) V loglog n} = B \/(nh)_l{log(l/h)\/loglogn} |

wmh

At the loss of a factor h'/2, this gives us the required bound on || & |- |

Lemma 6. Under the assumption (1.2), there exists a constant c, such that

H Pn — fo Hoo <ch™ H fém) H007
provided f, satisfies (1.5).

Proof. One verifies that ¢, is the solution to the differential equation
(7.7) (=pA)™ fC™ +wf=wf, on(0,1),

supplemented with the natural boundary conditions. Now, we assume that the
regression function f, satisfies f, € W™(0, 1), so certainly, f, € W™2(0, 1).
Then, cf. (2.13), the solution of (7.7) is given by

aw=[;%mAuwwuuuw@=<%mun»Jw

LQ((O,I),w)’

and so

h2m <m(m) ( ) ) : f(m) >

wmh o

90 <9{wmh )7fo>

Y
wmh L?(0,1)

with %Eﬁzh(t s ) the m-th derivative of R, ., (¢, s) with respect to s, as in (3.9).
Since, (Rymn(t, ), fo >wmh fo(t), and

(R, (t,-), 1) < IREE gy 157

L2(0,1) wmh L'((0,1)

< eh ™ F5 |,

the last inequality by the convolution-likeness of A" R"™  the lemma follows. [

wmh?



236 P. P. B. Eggermont and V. N. LaRiccia
8. Uniform error bounds

As an application of the reproducing-kernel approximation to the spline smoother,
we obtain uniform error bounds on the spline smoother, uniformly in the bandwidth
over a wide (useful) range.

Proof of the Main Theorem. First, let us consider the result of Theorem 1. Recall
that the range of the bandwidths is G, (y) = [v(n~'logn)'~2/*,1/2] and that
2 < A < min(k,4) with & > 3. So, h € G, (v) implies that h > (n~'logn)!/2.
Now, from Theorem 6, with f, = E[ f*" | X, ---,X,,], and &, given by (2.14),

FUE) = fu(t) = &, (1) + ™ (2),

with, almost surely, uniformly in h € H,,(7),
€™ || = O(h_l/Z(nh)_l {log(1/h) Vv loglogn}).

For h>> (n"'logn)'/?, we may conclude that

& oo = o y/ ()~ {1og(1/h) Vloglogn } ),

which is negligible compared to the upperbound of Theorem 2,

1S lloo = O(y/ (nh)~* {log(1/h) v loglogn } )

almost surely, uniformly in h € H,, (7). Finally,

1™ = folloo U™ = Fulloo + 11 fo = fo lloo
S || 6nh ”oo + ”gnhHoo + H fh _fo Hoo7

and Theorem 7 takes care of the last term. O
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Abstract: Let M be a compact Riemannian submanifold of R™ of dimension d
and let X1,..., X, be asample of i.i.d. points in M with uniform distribution.
We study the random operators

B ) 1= —5 3 K= (X) = 1), p e M
=1

where K (u) := (4ﬂ;d/2 e~ l1ul?/4 i5 the Gaussian kernel and hn — 0asn — oo.

Such operators can be viewed as graph laplacians (for a weighted graph with
vertices at data points) and they have been used in the machine learning
literature to approximate the Laplace-Beltrami operator of M, Ay, f (divided
by the Riemannian volume of the manifold). We prove several results on a.s.

and distributional convergence of the deviations Ay, . f(p) — ﬁAMf(p) for

smooth functions f both pointwise and uniformly in f and p (here |u| = p(M)
and p is the Riemannian volume measure). In particular, we show that for any
class F of three times differentiable functions on M with uniformly bounded
derivatives

1 log(1/hn)
sup sup Ay, f(p) — —AMf(p)‘ = O( —> a.s.
pEM fEF p/(P) |1l nhd+?

as soon as

nhidt2/logh; ! — 0o and nhit*/logh- ! — 0,

and also prove asymptotic normality of Ay, f(p) — L Anrf(p) (functional

1]
CLT) for a fixed p € M and uniformly in f.

1. Introduction

Recently, there have been several developments in statistical analysis of data sup-
ported on a submanifold in a high dimensional space based on the idea of approx-
imation of the Laplace-Beltrami operator of the manifold (and some more general
operators that contain information not only about the geometry of the manifold,
but also about the unknown density of data points) by empirical graph Laplacian
operators. If V' is a finite set of vertices and W := (w;;)i jev is a symmetric non-
negative definite matrix of weights with w;; > 0 (“adjacency matrix”), then the
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graph Laplacian of the weighted graph (V, W) is defined as the matrix (operator)
L =D — W, where D is the diagonal matrix with the degrees of vertices

deg(i) := Z wi;, 1€V

jev

on the diagonal. Such (unnormalized) graph Laplacians along with their normalized
counterparts L := I — D Y2LD1/2 have been studied extensively in spectral
graph theory. If now Xi,..., X, are i.i.d. points uniformly distributed in a compact
Riemannian submanifod M of R™ of dimension d < m, it has been suggested in the
literature to view {X1,..., X, } as the set V of vertices of the graph and to define
the weights as w;; < e~ IXi=X1%/41* with a small parameter h > 0, to approximate
the Laplace-Beltrami operator Ays of M, Ay (f) = div(grad(f)). More precisely,

the estimate is defined as

Bt ®) i= iz K () (FOX) — £0), p e M

where K (u) := (47501/2 e~ lul*/4 is the Gaussian kernel and h,, — 0 as n — oo (if the
functions f are restricted to V, this can be viewed, up to a sign, as a graph Laplacian
operator). We will call such operators empirical graph Laplacians and their limit
as n — oo on smooth functions f is ﬁAM f(p), where |u| is the Riemannian
volume of M. There are numerous statistical applications of such an approximation
of the manifold Laplacian by its empirical version. In particular, one can look
at projections of the data on eigenspaces of the empirical Laplacian Ay, , (the
technique sometimes called diffusion maps) in order to try to recover geometrically
relevant features of the data (as in the method of spectral clustering) or use the
kernels associated with this operator to approximate the heat kernel of the manifold
and to use it to design kernel machines suitable, for instance, for classification of
the manifold data.

Convergence properties of empirical graph Laplacians have been first studied
by Belkin and Niyogi [1] and Hein, Audibert and von Luxburg [8]. Our goal in
this paper is to provide a more subtle probabilistic analysis of such operators. In

particular, for proper classes of smooth functions F and for a fixed p € M, we
establish a functional CLT for \/nh$t2(Ap, »f(p) — |71|AMf(p)), f € F, and also
show that

1
sup sup |Ap, »f(p) — —AMf(p)' = 0(
pEM fEF |M|

log(l/hn)) s

nhd+2

(under suitable assumptions on h,,). The asymptotic properties of empirical lapla-
cians are closely related to the well developed theory of kernel density and kernel
regression estimators, which can be viewed as examples of so called local empirical
processes, as in [6]. Our proofs are essentially based on an extension of this type of
results to the case of data on the manifolds (for kernel density estimation on man-
ifolds, see, e.g., [11] and references therein). For simplicity, we are considering in
the current paper only uniform distributions on manifolds and Gaussian kernels K,
but more general types of operators that occur in the case when the distribution of
the data is not uniform and more general kernels (as in the paper of Hein, Audibert
and von Luxburg [8]) can be dealt with quite similarly using the methods of the

paper.
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2. Some geometric background

We refer to [4] for the basic definitions and notations from Riemannian geometry.
Given a manifold M and p € M, T,,(M) will denote the tangent space to M at p, and
TM the tangent bundle. Let M be a complete connected (embedded) Riemannian
submanifold of R™, of dimension d < m, meaning that M is a complete connected
Riemannian manifold and that the inclusion map ¢ : M — R™ is an isometric em-
bedding, that is, (i) ¢ is differentiable and injective, (ii) d¢, : T,,(M) — Ty (R™)
is an isometry onto its image, Ty, (¢(M)), and (iii) ¢ is a homeomorphism onto
(M) with the topology inherited from R"™. When no confusion may arise, we iden-
tify M with ¢(M). M being complete, by the Hopf and Rinow theorem (e.g., [4],
p. 146) the closed bounded sets of M are compact.

Given p € M and v € T,(M), let v(¢t,p,v), t > 0, be the geodesic starting
at p with velocity v, v(0,p,v) = p and (0, p,v) = v. The exponential map &, :
T,(M) — M (the usual notation is exp,,) is defined by &,(v) = v(1,p,v). This map
is defined on all of T},(M) by the Hopf and Rinow theorem.

A normal neighborhood V' of p € M is one for which a) every point ¢ in V' can be
joined to p by a unique geodesic (¢, p,v), 0 <t < 1, with v(0) = p, v(1) = ¢ and b)
the exponential map centered at p, £, is a diffeomorphism between a neighborhood
of 0 € T,(M) and V. If B C V is a normal ball of center p, that is, the image by the
exponential map of a ball around zero in T,,(M), then the unique geodesic joining
p to ¢ € B is a minimizing geodesic, which means that if dj; denotes the distance
in M and | - | denotes the norm of T),(M) defined by the Riemannian structure of
M, then d(p, Ep(v)) = |v|. Given an orthonormal basis e, ..., eq of T,(M), the
normal coordinates centered at p (or the p-normal coordinates) of ¢ € V are the
components ¢ = (£;(q),e;) of £;(q) in this basis. (The super-index p will be
omitted when no confusion may arise, but we will need it when considering normal
coordinates based at different points.) Every point in M has a normal neighborhood.
See [4], Propositions 2.7, and 3.6, pp. 64 and 70 for these facts. Actually, more is
true (e.g., [4], Theorem 3.7 and Remark 3.8):

Proposition 2.1. For everyp € M there exist a neighborhood W of p and a number
§ > 0 such that: (a) for every q in W, &, is defined on the § ball around 0 € T, (M),
Bs(0) C T,(M), and £,(B;(0)) is a normal ball for q, (b) W C £,(B;(0)) (W is a
normal neighborhood of all of its points), and (c) the function

F(g,v) := (¢, &(v))

is a diffeomorphism from Ws := W x Bs(0) = {(¢q,v) € TM : q € W, |v| < §} onto
its image in M x M and |dF| is bounded away from zero on Wi.

Such a neighborhood W of p is called totally or uniformly normal. In partic-
ular, & (v) is jointly differentiable in (¢,v) € Ws if W is a uniformly normal
neighborhood. Moreover, for every ¢ € W and v € Ty(M) such that |v| < §,
(g, E4(v)) = [v].

Remark 2.1. By shrinking W and taking 6/2 instead of § if necessary, we can
assume in Proposition 2.1 that the closure of W and the closure of Wy (which
are compact because M is complete) are contained in W' and Wj, satisfying the
properties described in the previous proposition. Moreover, we can also assume that
for all ¢ in W, £,(B5(0)) is contained in a strongly convex normal ball around p
(these points are at distances less than 2§ from p, so this assumption can be met by
further shrinking W and taking a smaller ¢ if necessary, since every point in M has
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a strongly convex geodesic ball, e.g. Proposition 4.2 in do Carmo, loc. cit.; strongly
convex set: for any two points in the set, the minimizing geodesic joining them lies
in the set). We will assume without loss of generality and without further mention
that our uniformly normal neighborhoods W satisfy these two conditions.

Let W be a uniformly normal neighborhood of p as in the remark, let W’ be
a uniformly normal neighborhood of p containing the closure of W, and let 0 <
0 < ¢ be as in the proposition and the remark. Let us choose an orthonormal

basis e1,...,eq of T,(M) and define an orthonormal frame ef,...,el, ¢ € W', by
parallel transport of eq,...,eq from p to ¢ along the unique minimizing geodesic
joining p and ¢. So, ef,..., el is an orthonormal basis of T,(M) for each ¢ € W'.

This frame depends differentiably on ¢ as parallel transport is differentiable (and
preserves length and angle). So, we have on W’ a system of normal coordinates
centered at ¢ for every ¢ € W', namely, if x € £,(By(0)) is x = Eq(Z?:l viel),
then the coordinates of x, x{ are x{ = v;, the components of £, L(z). Let now f be

a differentiable function f: M — R, and define f : W;, — R by

f(g,v) := f(m2(F(q,0)) = f(E(v)),

where 79 is the projection of M x M onto its second component. This map is
differentiable by the previous proposition. In particular, if we take as coordinates
of (¢,v) € Wy, the normal coordinates centered at p of ¢, (¢1,...,q4) = (¢},...,q})
and for v € T,(M) the coordinates vy, ...v4 in the basis ef,..., e, which coincide
with the normal coordinates centered at g of £;(v), then the real function of 2d
variables (which we keep calling f; the same convention applies to other similar
cases below)

f(Q17"'7qd7v17"'7vd) = f(Q7U)
is differentiable on the preimage of Wy, by this system of coordinates. Moreover,
by compactness, each of its partial derivatives (of any order) is uniformly bounded

on the preimage of W;s. If we denote by z] the normal coordinates centered at g,
we obviously have that for each » € N and (iy,...,4,) € {1,...,d}",

orf B orf . .
Oz Oz, ...0x] ()= vy, Qv ... Ov; (0, 4, 73, -, 7).

ir

We then conclude that

each of the partial derivatives (any order) of f with respect to the
(2.1)

q — normal coordinates x} is uniformly bounded in ¢ € W and x € £,(B5(0)).
In particular, the error term in any limited Taylor development of f in g-normal
coordinates can be bounded uniformly in ¢ for all |v| < d, that is, if P!(z{,..., z¥%)
is the Taylor polynomial of degree k in these coordinates, we have, for ¢ € W and

€5 (@) <4,
(2.2) () = Pi(d, ... 2| < Crldu(g, )",
where (' is a constant that depends only on k. Moreover, the coefficients of the

polynomials P/ are differentiable functions of ¢, in particular bounded on W. The
g-uniformity of these Taylor developments for |v| < ¢ and the g¢-differentiability
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of their coefficients will be very useful below. We will apply these properties to
the canonical (in R™) coordinates of the embedding ¢ and also to the functions

0 0 — P ;
(37> %jﬂx), where x; = z; are the p-normal coordinates.

In what follows, we often deal with classes F of functions on M whose partial
derivatives up to a given order k are uniformly bounded in M or in a neighborhood
U of a point p € M. In such cases, we say that F is unformly bounded up to the
k-th order in M (or in U). Clearly, this property does not depend on the choice
of normal (or even arbitrary) local coordinates. In the case when we choose an
orthonormal frame ef, ..., e} and define normal coordinates and the corresponding
partial derivatives as described above, we can also deal with continuity of partial
derivatives. We say that F is a uniformly bounded and equicontinuous up to the k-th
order class of functions iff there exists a finite covering of M with uniformly normal
neighborhoods such that, in each neighborhood, the sets of partial derivatives of
any order < k are uniformly bounded and equicontinuous. This definition does not
depend on the choice of orthonormal frames in the neighborhoods. Such classes are
useful because the remainders in Taylor developments are uniform both in ¢ € M
and in f € F.

Consider now, for ¢ € W’ and z € &£;(Bs/(0)), the tangent vector fields %(m),

i =1,...,d, and simply write —(x) for 5= p( ). Taking the previous coordinates

i, vj in W(;,, denote by xi(&,(v)) = xi(q1,---,4d,v1,-..,vq) the p-normal coordi-
nates of £;(v), which are differentiable. By the chain rule,

< =3 8Xﬂ( fl@%@»

Hence, if g{;(x) are the components of the metric tensor at = in g-normal coordi-
nates, we have

OXr OXs a 0
gij = <8xq7 81‘q>( Z avi (qv )a (qag ! )<3_m’ 8_123><x)

1<r,s<d

By (2.2), we conclude that if P(x{,...,z%) is the Taylor polynomial of degree k in
the expansion of ggj (z) in g-normal coordinates, then there are constants C} that
depend only on k such that, for all ¢ € W and z € &,(Bs(0)),

(2.3) 9% (x) — P{(at,..,29)| < Crldar(q, 2))F.

This will also be useful below. These remarks allow us to strengthen several results
based on Taylor expansions by making them uniform in ¢, as follows.

Proposition 2.2. Givenp € M, let W and W5 be as in Remark 2.1, and consider
for each ¢ € W, the q-normal system of coordinates defined above. Then,
(a) for every q € W the components ggj (z1,...,2Y) of the metric tensor in g-normal

coordinates admit the following expansion, uniform in q and in x € &;(Bs(0))
(Bs(0) € Ty(M)):

(2.4) 9@, ) = 0 LR (0)zfal + O(dy (g, ),

3 irS]

(Binstein notation) where Ry ;(0) are the components of the curvature tensor at

q in g-normal coordinates, and, as a consequence, the following expansion of the
volume element is also uniform in q and x:

(2.5) Qet(gl) (ot a4) = 1~ CRict, (0)ztat + O(d} (g,))
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where Ricl (0) are the components of the Ricci tensor at q in g-normal coordinates.
(b) There exists C' < oo such that for all g € W and x € E,(Bs(0)),

(2.6) 0 < dis(g,2) — ll¢(q) — ¢(x)|* < Cdjy (g, ).

(c) For each 1 < a < m, the a-th component in canonical coordinates of R™ of
(Sq(v)) a(&E4(v)), admits the following expansion in g-normal coordinates v; of
&q(v)

¢(v), uniform in ¢ € W and |v| < 9,

1 9¢a

. 3
28 a (Q7 )U’LUJ +O(|U| )’

BT GalEv)) — 6ala) = @0+ 5

a=1,...,m, where ¢(q,v) = $(E,(v)).

Note that ZZ 1 %‘f}"‘ (¢,0)v; are the R™-canonical coordinates centered at ¢(q)
of the vector doy(v) € Ty(g)(¢(M)) C R™ since gf;(q) = d;;. Hence, if we identify
the tangent space to ¢(M) at ¢(q) with an affine subspace of R™, part c) says
that the difference between ¢(&;(v)) € R™ and the tangent vector to the geodesic

d(v(t,q,v)) at ¢(q) (t =0), ¢(q) + dpg(v), is a vector of the form
1 02 ¢q
(5 Z 81}2 (¢,0)vv5 : v = 1,...,m> +O(|v|3)

where O(|v|?) is uniform in |v| < 6 and g¢. Ignoring the embedding, this gives an
expansion of the exponential map as

(2.7) E,(0) = q+v+Quv,v) + O(Jv]?)

uniform in ¢ € W and |v| < ¢, where @, is a R™-valued bilinear map on T, (M) (ac-
tually, on Ty(4)(¢(M))) that depends differentiably on ¢, hence uniformly bounded
inge W.

Proof of Proposition 2.2. (a) follows from the expansions of gfj and ,/det(gfj) in
g-normal coordinates (e.g. in [12], p. 41), the expansion of its determinant (e.g.,
[12], p. 45), and the uniformity provided by (2.3).

(c) follows by direct application of (2.2) to f = ¢, a=1,...,m

(b) Following Smolyanov, Weizsécker and Wittich [13], for ¢ € W and = = &,(v),
lv| < §, and applying (2.2) for f = ¢, « =1,...,m, we have

o < Brla,0) = l19(a) = p@)[? _ [0]* = Sols (da(Es(v)) ~ da(@)”
B di, (g, ) Bk
02— (522 (g, 0)vi + & 255 (g, 0)viv; + £ 552 (g, 0)vivjun)”

[o]*

+O(|vl),

where the term O(Jv]) is dominated by C4|v| for a constant C4 that does not de-
pend on ¢ or v. But now, continuing the proof in this reference, which consists in
developing and simplifying the ratio above, we obtain that, uniformly in ¢ € W,
x =& (v), |v| <9,

24 2
Br(a,2) — 6(a) — d@)I? 1 = (Buge; (@ O)vivy)
0= di;(q, ) - EZ |v[4 + O(Jv]),

«
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and note also that, by compactness, the main term is bounded by a fixed finite
constant in this domain. O

Although we have been using [4] as our main reference on Riemannian geome-
try, another nice user-friendly reference for the exponential map in particular and
Riemannian manifolds in general is [9]. We thank Jesse Ratzkin for reading this
section and making comments (of course, any mistakes are ours).

3. Approximation of the Laplacian by averaging kernel operators

Let M be a compact connected Riemannian submanifold of R™, m > d (if M
is compact, it is automatically embedded, that is, conditions (i) and (ii) on the
immersion ¢ imply that ¢ is a homeomorphism onto its image). [ See a remark at
the end of this section for a relaxation of this condition.] Let p be its Riemannian
volume measure and |u| = pu(M). Let K : R™ — R be the Gaussian kernel of R™,

(3.1) K(z) = <4ﬂ3d/2€_”w”2”ﬂ

where ||z|| is the norm of x in R™. Let X be a random variable taking values
in M with law the normalized volume element, p/|u|, and let f : M — R be
a differentiable function. The object of this section is to show that the Laplace-
Beltrami operator or Laplacian of M,

A f(p) = div grad(f)(p)

. . _ 1 O ( ij af 7\ — —1
(in coordinates, A (f) = ma—mi(g] det(gij)aTj)> where (9") = (gi;)7")
can be approximated, uniformly in f (with some partial derivatives bounded), and
in p € M, by the averaging kernel operator

1 ¢(p) — ¢(X)
32 At = b | K (P (0 - )
with rates depending on h, — 0. Note that, by the expansion (2.4) of the metric
tensor in normal coordinates centered at p, we have, in these coordinates,

d

(3:3) AMf@%=§:5;@ﬁ

(where p = (0,...,0) in these coordinates).
With some abuse of notation, given p € M, we denote the derivatives with
respect to the components of v of f(p,v) = fo & (v) at (p,v), v = &, (x), by
/ 7 : . _ / _ (Of af
f'(z), f"(x), etc. (so, for instance, if z = &,(v), f'(z) = (%1 (p,v), ..., 5o (p, v)))
(in fact, f*)(z) depends on p and therefore it should have been denoted fz(,k)(m),

but in the context we are using this notation p is typically fixed, so, we will drop
p, hopefully, without causing a confusion).

Theorem 3.1. We have, for any p, any normal neighborhood U, of p and a class
F uniformly bounded up to the third order in U,, that

(3.4) sup | An, F(p) — = Anr £ (p)| = O(hn).
feF |M|
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as h, — 0. Moreover, for any class of functions uniformly bounded up to the third
order in M,

(3.5) sup sup |An, F(p) — — Ans f()] = O(hn).
feF peM ’M‘

as h, — 0.

Proof. M being regular, the embedding ¢ is a homeomorphism of M onto ¢(M),
and M being compact, the uniformities defined respectively on M by the intrinsic
metric dps(p,q) and by the metric from R™, dgm(p,q) := ||¢(p) — ¢(q)|| coincide
(e.g., Bourbaki (1940), Theorem II1.4.1, p. 107), that is, given € > 0 there exists
9 > 0 such that if dpys(p,q) < 0 for p,q € M, then dgm(p,q) < €, and conversely.
Hence, in Proposition 2.2, we can replace Bs(0) C T,(M) by Bj,(0) := & {z €
M :||p(q) —o(x)|| < &'} for some §’ depending on § but not on p or g. From here on,
we identify M with ¢(M) (that is, we leave ¢ implicit). Let p € M. Given h,, \, 0,
let

(3.6) B, :={xeM:|p—z| < Lh,(logh )

for a constant L to be chosen later. As soon as Lh,, (logh,;')'/? < §', the neighbor-
hood of 0 € T),(M),
B, :=¢&,; 'B,

is well defined, and, by (2.6), since |v| = das(p, £p(v)), we have on B, that
[0 > [lp = & ()| = [o]*(1 = Cluf?)

with C' independent of p € M. Hence, for all n > Ny, for some Ny < oo independent
of p, we have

{v e T,M : |v| < Lhy(logh;1)*/?} C B,

3.7
(3:7) C {v e T,M : |v| < 2Lh,(log h;})'/?},

where the coefficient 2 can be replaced by A, — 1. Assume n > Nj.
By the definitions of K and B5,,,

B (P50 ) () = FO)ICE € M\ B)
Wfloo [ e A1)
(3:8) = (4m)i2 /M\Bne e |l

2| flloo , 12
< hLo/4,
= @A)z

Taking into account that the measure ;1 has density \/det(g;;) in p-normal coordi-
nates (hence on B,,), we have

ot (! ;n)f )0 - soicx € 5)

= G /B e~ IP=En@IP /A (£ (£, (1)) — F(£,(0)))y/det(gi;) (v)do.

With the notation introduced just before the statement of the theorem, the Taylor
expansion of f in p-normal coordinates can be written as

F(E(0)) = FE0) = (), 0) + 37" (D)0 ) + 5 S (€) (00,0,
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where &, = &,(0,v) for some 0, € [0,1]. Next we will estimate the three terms that
result from combining this Taylor development with equation (3.9). Recall that, by
Proposition 2.2, there are C; and C' independent of p such that

1
(3.10) y/det(gi;)(v) <1+ Cifof*, Slof* < Jv]* = Clol* < llp = & ()]* < |vl?

for v € B,, and recall also (3.7) on the size of B,. Using these facts and the
development of the exponential about —|v|?/4h2 immediately gives

/~ e_‘lp_gp(”)”2/4hi<f'(p),v> det(gij)(v)dv:/ e_|”|2/4hi<f'(p),v>dv+Rn
B B

where

IRnls/ (e (WIP=CRI) /4R% _ =IoP/402Y | 17 () [0 do

n

+C [ ) oo
B’IL

< [ PR )(Clol? (452) + Culef)do

n

< p3te / e IUFL8 £ (p)|(Cluf /4 + C1 o) dw
Rd
— D|f(p)|n3*4,

and D only depends on C, C; and d. Moreover, since B C {|v| > Lh,,(logh;')/?}
and

/ e—|v|2/4hi <f'(p),v>dv _ 0’
Rd

we also have

\ [ e ), oo
B

=\ [ R ) oo

B

—lvl? 2
<17 | T
|v|>Lhy, (log hy, 1)1/2

—1r ek [ e~ Hjuldu
|u|>L(log h;, *)1/2

= Cal f'(p) |+ e " rdr
r>L(log hy, })1/2

< Cal ' PIL B Qog by D2,
where Cy and C/} are constants depending only on d. Collecting terms and assuming
L?/4 > 2,

we obtain

(311) | /B eI E IR/ (p), ), det(gig) (v)dv| < Dalf'(p) |5,

for all n > Ny, and where Dy does not depend on p.
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The remainder term is of a similar order if |f”’| is uniformly bounded in a
neighborhood of p: if ¢ is such a bound,

[ e IIP=Ex()IP /AR5 ¢ (¢ Y (9,0, v) 1/ det(gi;) (v)dv

B,

(3.12) .
< c[ e~ 1P /8 w31 + C1h2 log b Y dv < Dsch3te,

where D3 does not depend on f or p (as long as n > Ny).
Finally, we consider the second term, which is the one that gives the key rela-
tionship to the Laplacian. Proceeding as we did for the first term, we see that

/ —lle=En()IP/4R5, £17(1) (9, v /det(gi;) (v)dv

(3.13) Bn 2
— pd+2 / e~ 1Y 4 (o) (0, v)dv + Ry,
Rd

where now
2 —
(3.14) |Ry| < Dylf" (p)|h™ + Ds|f" (p)| BT/ 4 (log hy, )Y < Dgl f" (p)|hi+

if
L?/4>2

and n > Ny, where the constants D do not depend on f or p. Now, by definition

2 o d 2 d
f"<p>:<foep>"<o>:(%@) :<ai§xj<P>) ,

so that, on account of (3.3),

2

d
2 2 0
\/lld e—\v\ /4f//(p)(1},1))d’l) = </Rd 6_|U| /4U%dv) §: 81’]; (p)

MZ L (p) = 2(4m) /2 A0 £ ().

Z

(3.15)

Combining the bounds (3.11), (3.12), (3.13)-(3.14) and the identity (3.15) with
(3.9), we obtain the first part of the theorem. Note that we need to choose L such
that L?/4 > 2 and then Ny such that Lhy,(loghy, )1/2 < 0, and that with these
choices the bounds obtained on the terms that tend to zero in the proof depend
only on the sup of the derivatives of f and on the sup of certain differentiable
functions of (¢,v) on Wy, where W is a uniformly normal neighborhood of p and
0 the corresponding number from Proposition 2.2 and Remark 2.1. These bounds
are the same if we replace p by any ¢ € W by Proposition 2.2. M being compact,
it can be covered by a finite number of uniformly normal neighborhoods W;, ¢ < k,
with numbers §; as prescribed in Proposition 2.1 and Remark 2.1. Taking ¢ to be
the minimum of §;, 2 = 1,...,k, and the constants in the bounds in the first part
of the proof as the maximum of the constants in these bounds for each of the k
neighborhoods, the above estimates work uniformly on ¢ € M, giving the second
part of the theorem. O
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Remark 3.1. (1) Obviously, the first part of the theorem, namely the limit (3.4),
does not require the manifold M to be compact. (2) If instead of assuming existence
and boundedness of the third order partial derivatives in a neighborhood of p we
assume that the second order derivatives are continuous in a neighborhood of p,
then we can proceed as in the above proof except for the remainder term (3.12),
that now can be replaced by

(3.16) \/B eSO /AR% (1(,) — £(p) (v, 0)yfdet(giy) (v) | = o(h2+).

Hence, in this case we still have

(3.17) Ap, f(p) — ﬁAMf(p) as h, — 0.

A similar observation can be made regarding (3.5).

Remark 3.2. Suppose N is a compact Riemannian d-dimensional submanifold of
R™ with boundary (for the definition, see [12], p. 70-71). The Riemannian volume
measure p is still finite. Then, Theorem 3.1 is still true if X is a N-valued random
variable with law p/|p| with |u| = u(N), and M a compact subset of N interior to
N. The proof is essentially the same.

The first part of Theorem 3.1, without uniformity in f, is proved in a more
general setting in [8].

Theorem 3.1 provides the basis for the estimation of the Laplacian of M by
independent sampling from the space according to the normalized volume element,
which is what we do for the rest of this article.

4. Pointwise approximation of the Laplacian by graph Laplacians

Let M be a compact Riemannian submanifold of R? (or, in more generality, let M
be as in Remark 3.2), and let X, X;, i € N, be independent identically distributed
random variables with law p/|u|. The ‘empirical counterpart’ of the averaging kernel
operator from Section 3 corresponding to such a sequence is the so called graph
Laplacian

(4.1) Ap, nf(p hd+2 Z (

with K given by (3.1) (other kernels are possible).
We begin with the pointwise central limit theorem for a single function f, as a
lemma for the CLT uniform in f.

=) (105) - £0)

Proposition 4.1. Assume f has partial derivatives up to the third order continuous
in a neighborhood of p. Let h, — 0 be such that nh% — oo and nhdt* — 0. Then,

1
(4.2) \/nhd+? [Ahmn f®) = [ f<p)} . sg in distribution,

where g 1s a standard normal random variable and

2 _ 1 v|®/2 2 _ 1 - af 2
(4.3) 5" = (47)4 | . Y <Z > dv = 2d(2w)d/2m|;‘ax§?<p)) ’

SH
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Proof. Since by Theorem 3.1,

V2 (Au fp) = A, f(0)) = O (\/ nhfﬁ‘*) —0,
it suffices to prove that the sequence
1 & p—X;
Zu =\l [nhd+2 > (e (P ) e - )
noi=1 "

- (P ) - f(p)))]

n

(4.4)

is asymptotically centered normal with variance s?. To prove this we first observe
that we can restrict to X; € B,, because, as in (3.8),

1

ha+2 E

k() (106 - )1 € Bn>]
(4.5) "

4HfHQ / —L%(logh;1)/2 4||fH2 L?/2—
0 ogh,, d — o /2—(d+2) 0
= —(47r)dhﬁ+2 . e /|l (4m)d " m —

if we take L?/2 > d + 2. Now, on the restriction to B,, we replace f(X;) — f(p) by
its Taylor expansion up to the second order plus remainder, as done in the proof of
Theorem 3.1. The second term and the remainder parts, namely

Zno = \/nhit? [ﬁ > (K (p ;L Xi)f”(p)(c‘,’zjl(Xi),Ep_l(Xi))I(Xi € B,)
(4.6) "t .

ok (5 e 00 ok <)

n

and
o s 5 (2522 0
(4.7) x (E,M(X3), 6,1 (X0), & (X)) I(X; € By)
- R (P ) PO (0.6, (0.8 O € B@)]

tend to zero in probability: the estimates (3.10) give

1 llp—E. ()12 2
B2 S e [ o 17O )00 et ()
2 2 2
< €—|v| /3h; | £1 2 v 4d’U
< i /. 7 ®)Pl

2hg+4 —|U|2/3 7 2 4 9
= am) |l hd 2 Jra e 17 (0)|?v]*dv = O(h2) — 0,

(4.8)
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and, with ¢ = sup ¢y | " ()],

2cn
E|Zy 3] < /
(4m)4/2|p|\/ nhit? JB
Sen / o102 /5h2
47T)d/2|u!v nhi

3+d
R4

47T)d/ 2| | v/ nhit?
- o(\/nh?ﬁ‘*) 0.

Finally, we show that the linear term part,

1 -~ P
] d+2
L1 =\ nhy [nhd+2 E (K(
no =1

- K (P ))& oMY €8, )

e IP=En@IP/40% 113 [det(gi; ) (v)dv

v|°dv

(4.9)

(4.10)

is asymptotically N(0,s?). Since, by (3.11),

rer (5 ). e e )
:\/;omd“’) o(\furt+) — 0,

and since, by computations similar to the ones leading to (3.11),

1

ha+2 E

K (P )0 (T e m))] 2

1 2 2
- - —llp=&p(0)II7/2h5, ( £ 2. /det(a.:)(v)d
(& , U (S i v)av

1 2
_ —lol?/2 g 24
e p),v) dv
ATl Ja PR
1 d d (d
+ e (O(h +4) +O<h2+ +L%/4(log h1)( +1)/2))’

we have that, taking L?/4 > 2 +d,

(4.11) lim EZ,, =s".

n—oo

Therefore, by Lyapunov’s theorem (e.g., [2], p. 44), in order to show that
(4.12) L(Zp1) — N(0,5%),

it suffices to prove that

#ME[K(p ) ). XX € )

(4.13)

- KM ) (w6 K € B)| 0
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By the hypothesis on h,, and (3.11) we can ignore the expected value within the
square bracket, and for the rest, proceeding as usual, we have

et [ o o e )
a2 [P, & '

1 / — (|02 +O(lo[) /B2 ¢ ¢ 4 2
= e\ VI (1 (p),v) (1 4 O(|v]7))dv
(4m)2|p|nh2 T J3,

2hgt? —1ol2/2) p1/ (4 d
R @) e = 001 /i) — o

<
(47)2| b2

proving (4.13), and therefore, the limit (4.12). Now the theorem follows from Propo-
sition 2.1, (4.5), (4.8), (4.9) and (4.12). O

This result extends without effort to the CLT uniform in f, which is the main
result in this section.

Theorem 4.2. Let U be a normal neighborhood of p and let F be a class of functions
uniformly bounded up to the third order in U. Assume nhit* — 0, and nh% — oo.
Then, as n — oo, the processes

(4.14) V(s i) = s« 1 e 7

||

converge in law in {>°(F) to the Gaussian process

1 i of

(4.15) G(f) = i
24/2 (27 )d/4| y[1/2 ot 3x§?

(p): feF,,

where Z = (Z1, ..., Zq4) is the standard normal vector in T,(M) (= R?).

Proof. The proof of Proposition 4.1 applied to f = 22:1 o fj, with f; € F, shows
that the finite dimensional distributions of the processes (4.14) converge to those
of the process (4.15) (by the definition (4.3) of s = s(f)). Also, by Theorem 3.1,
we can center the processes (4.14). Hence, the Theorem will follow if we show that
the processes Z,, = Z,(f) in (4.4) are asymptotically equicontinuous with respect
to a totally bounded pseudometric on F (e.g., [5]).

First, by the computation (3.8) we can restrict the range of X; to X; € B,, by
taking L?/4 > d + 3, because

1 - p—Xi
nh#zE?gg ; <K< » )(f(Xi) — f()I(X; € M\ By)
— EK (p ;nX) (f (X)) = f(p) (X € M\ B’n)) ‘
4cnh52/4

< —0
© (4m)d/2\/nhit?

since nhdt4 — 0.
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Now that we can restrict to X; € B,,, we only need to consider Z,, ;(f),i=1,2,3,
as defined by equations (4.10), (4.6) and (4.7) respectively. Asymptotic equiconti-
nuity of Z,, 1(f) follows because

E suwp |Zui(f)P < 02| ———=
lf"(p)lI<d

p

>8‘1(XZ~)I(X1~ € B,)

_ EK(p — X)é’_l(X)I(X c Bn)> H2

han P
2 p— X\ ., 9
< h#gE K( I >5p (X)I(X € B,)
_ L 7Hp75 (U)H2/2h2 9 B
 (dm)d|plndt? /B c *[v]?y/det(gi;) (v)dv
52

<« _ - —[v*/314,124
S @] Jua© P

which tends to zero when we take sup over n and then limit as § — 0.
Next, by the computation in (4.9),

Esup |Zus(f)| = O( /i) = 0.
feF

Finally we consider Z,, o(f). Let &; be i.i.d. Rademacher variables independent
of {X;}. Then, by symmetrization,

Esup Z; (f)
feF

4
< — 5 EE:sup
nhn feF

Z‘Sl (p ;nXZ)f”(p)(gp_l(Xi),Egl(Xi))I(Xi €By)| .

Next, we recall that, for an operator A in R%, (or in T,,(M)), we have the following
identity for its quadratic form

A(u,v) = (Au,v) = (A, u ®@v)gg,

where in orthonormal coordinates, u ® v is the d x d-matrix with entries u;v;, and
the Hilbert-Schmidt inner product of two matrices is just the inner product in R2¢.
Also note in particular that ||u ® v||gs = |u||v|. Therefore,

- sup

>en(2
fE]'-
= E. sup <f”(p), ZgiK (p
fer i=1

< E. quP |fll<p)ﬁisE€
eF

2

)f”<p><5;1<Xi>,s;1<Xi>>I<X1~ e 5,)

’I’L

2

X") (E71(X0) ® £ (X)X, € Bn>>

n HS

2

( )(5 NX) @ & (X)) I(X; € Br)

HS

p—X; _ _
< ZW( e () @ & OB X € By) = A2
i=1 n
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Now, by (4.8),
P—X\ 0 2nhd+4 o2
EA? = nEK2< - )Hsp YX)|I(X € B,) < ATl e © 017/31y|4dw,
which gives
E sup 22 ,(f) = O(h2) — 0. 0

fer
A simpler proof along similar lines gives the following law of large numbers:

Theorem 4.3. Let U be a normal neighborhood of p and let F be uniformly bounded

and equicontinuous up to the second order in U. Assume h,, — 0 and nhit? — oo.
Then

1 .
(4.16) sup |Ap, nf(p) — —Apmf(p)) — 0 in pr.
feF | ]

A Law of the Iterated Logarithm is also possible, but we refrain from presenting
one since in the next section we will give a law of the logarithm for the sup over
f € Fand p e M, and the same methods, with a simpler proof, give the LIL at a
single point.

5. Uniform approximation of the Laplacian by graph Laplacians

This section is devoted to results about approximation of the Laplacian by graph
Laplacians not only uniformly on the functions f, but also on the points p € M,
M a compact submanifold or M as in Remark 3.2. The distributional convergence
requires extra work (recall the Bickel-Rosenblatt theorem on the asymptotic distri-
bution of the sup of the difference between a density and its kernel estimator) and
will not be considered here.

Although the results in this section are also valid in the situation of Remark 3.2,
we will only state them for M a compact submanifold (without boundary). Also,
we will identify M with ¢(M), that is, the imbedding ¢ will not be displayed.

Theorem 5.1. Let M be a compact Riemannian submanifold of dimenison d < m
of R™, let X, X; be i.i.d. with law p/|p] and let K be as defined in (3.1). Let F be
a class of functions uniformly bounded and equicontinuous up to the second order
in M. If hy, — 0 and nh%*?/logh;! — oo, then

1
(5.1) sup sup |Ap, nf(q) — —=Anmf(g)| = 0 as.
fEF qeM |1l

as n — o0o. Moreover, if F is a class of functions uniformly bounded up to the third
order in M, and, in addition to the previous conditions on hy, nhflﬁ‘l/log hl —0,
then

(5.1")  sup sup |Ap, nf(q) — iAMf(Q)) = O(
fEF qeM ‘M‘

log(1/hy,)

as n — oo a.s.
nh(ri1+2 )

Proof. By Remark 3.1 on Theorem 3.1 (more precisely, by its uniform version), in
order to prove (5.1) it suffices to show that

(5.2) sup sup |Ap, o f(q) — An, f(@)| = 0 a.s.
fEF qeM
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Let B, , = {x € M : ||z —q|| < Lh,,(logh;;*)'/?}, where, we recall, | - || is the norm
in R™. Then, as in (3.8) and (4.5), if L?/4 > d + 2,

n

e D (Kl X0 /ha) 06 € B ) (X)) — f(a)

Sl}p sup ‘
(5.3 - (Kl - X)/h)IX € B )OO - 1(0))
Al fll ok
ST

To establish (5.1), we show that

E, = ﬁfzsgp sup | 37 (K((a = X)/ha)1(Xi € Bog) (f(X:) ~ f(a)
(5.4) " o=
~ EK((qg = X)/ha)I(X € Bog)(F(X) = f(@)| =0,

and use Talagrand’s [14] concentration inequality to transform this into a statement
on a.s. convergence.

Each function f € F can be extended to a twice continuously differentiable
function f on a compact domain N of R™ with M in its interior such that the
classes {f : f € F} {7/ . f € F} {7” : f € F} are uniformly bounded and
{?H : f € F} is equicontinuous on N (use a finite partition of unity to patch
together convenient extensions of f in each of the sets in a finite cover of M by e.g.,
geodesic balls: see e.g. Lee [9], pp. 15-16). Then,

F(X) = fla) =T g+ 0(Xi — ¢))(Xi — q)

for some point 0 < 0 =0, x, < 1.

Note that, M being compact, B, , is contained in one of a finite number of
uniformly normal neighborhoods for all n > Ny, with Ny < oo independent of g,
so, we can use g-normal coordinates and notice that for these coordinates, on B,, 4,
we have the inequalities (3.10) holding uniformly in ¢ (by Proposition 2.2). Since

the derivative fl is uniformly bounded, for n > N; (independent of ¢), we have

EK?((q — X3)/hn) [(X; € B g)(f(X:) — f(q))?
< CEK2(<Q - Xi)/hn)I(X; € Bn,q)HXi - QHQa

which, in view of (3.10), can be further bounded by
20EK*((q — Xi)/ha)[(Xi € Byg) €7 (X0)[?

< 20[ e—(\vIQ—C\v|4)/2hi,U|2(1 + Oy v]?)dv
Bo.g

< QChg“/ e 1B (1 + Oy o) dv < CohdH?,

Rd
so we have
(5.5) EK?((q — Xi)/hn)1(X; € B o) (f(Xi) = f(q))? < Cahi*?

with a constant Cs that does not depend on gq.
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To prove (5.4), we replace f(X;) — f(q) by its Taylor expansion of the second
order:

FO6) ~ fla) =T @)X — )+ 57" @)X — 0. i~ 0) +7a(fi X0,

where

sup sup 7, (f;¢; X) < 6,/| X — q|?
qEM feF

with 6, — 0 as n — oo (because of equicontinuity of {7” : f € F} and the fact
that | X — ¢|| < Lhy,(log h;;))'/2 — 0).
The first order term leads to bounding the expectation

1 = e
P |(F (@) > (K ((a = X)/h) (X, € Bog) (Xi = q)

bl

—~ EK((q— X)/ha)I(X € Bpg)(X — q))>

which is smaller than

#Eﬂ}p sup | 3 (K ((a = X0) /ha) I(X; € Bog) (X — q)
n =1

—EK((qg—X)/hp)I(X € By, g)(X — Q))‘

Y

where b is a uniform upper bound on 7. Denote the coordinates of x € R™ in
the canonical basis of R™ by z,, a = 1,...,m and consider the class of functions
M — R,

G ={fonrr(z):= e"'q_x“2/4h2l(]|x —qll <A\ (Ta —qa) :q € M,h > 0,\ > 0}.

By arguments of Nolan and Pollard (1987), the class of functions of z, {e~lla==I*/4h*;
g € M,h > 0} is VC subgraph; and it is well known that the open balls in R™ are
VC and that the class of functions {z, — ¢o : ¢ € M} is also VC subgraph (see,
e.g., [5]). The three classes are bounded (resp. by 1, 1 and 2sup{||z|| : x € M }) and
therefore, by simple bounds on covering numbers, the product of the three classes
is VC-type with respect to the constant envelope C' = 2 + 2sup{||z| : + € M}.
In particular, if N(G,e) are the covering numbers for G in Lo of any probability
measure, then

A\

N(Q? 6) S <_>

€
for some A,v < oo and all € less than or equal to the diameter of G. Hence, by
inequality (2.2) in [7], there exists a constant R such that

Eslgp ’ Z (K((q - Xz)/hn)I(HXz - QH < Lhn(log h;1)1/2)(Xi,a - Qa)

(5.6) - E(K((q = X)/ha)I(1X = ql| < Lhy(log hy ")) (X — o)

< R(\/ﬁayllogé vV log ?),
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where 02 > sup reg B f?(X). Now, to compute o we use again our observations
before the proof of (5.5). For n > Ny (independent of ¢), we have

SupEfz(X)S/ —([v|>=Cv|*)/2R2 ’U| ( +01‘U|2)d’0

feg Bn,q

2
< hg“/ e B Pde < Cohdt?,
Rd

for some Cy < oo independent of q. So, we can take 02 = Cyh%+2. Hence, by the
hypothesis on h,,, the right hand side of (5.6) is bounded by

R (nhfj? log hi) 2

for some R’ < cc.
To handle the second order term, note that

ez s su| Z (K((a = Xo)/ha)I(X: € Bug)F(@)(X; — 0. X — )
- EK((q = X)/ha)I(X € Bo )T (@)(X ~0.X ~ )|
= h}i w7 Fsupsup ’<7H<Q>,
S (Klla = X0) /) I(X; € Bug) (X; — ) (X; — )

~ EK((q = X)/h)I(X € Byg)(X —) @ (X —q)))

)
HS

which is dominated by

s Espsup | 3 (K((a = X0/h)I0X; € B (X~ ) © (X —a)

nhy,

—EK((q—X)/ha)I(X € Bng)(X —q) @ (X — Q)) ”Hs

(with b being a uniform upper bound on 7”). Here ® denotes the tensor product of
vectors of R™ and || - [|gs is the Hilbert-Schmidt norm for linear transformations
of R™. This leads to bounding the expectation

Esugp | 3 (K ((a = X)/ha) (X = all < Lhn(log b)) (Xia = 60)(Xi g — 45)
(5.6/) =t
~ B(K((g = X)/h)I(1X = gl < Lha(logh,)"/*)(Xa = 4a) (X5 — 45)

for all 1 < a,3 < m, which is done using the inequality for empirical processes
on VC-subgraph classes exactly the same way as in the case (5.6). This time the
bound becomes
A
R’ (nhff‘l log h_) 12,

n
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For the remainder, we have the bound

1 n
— 5 supsup ‘ > K((q— Xi)/hn)I(Xi € Brg)rn(f,q,X:)
nhy A
— EK((q = X)/h)I(X € Bug)ru(f,0, )|
On -
< i Boup Y (K((g = X0)ha) (X € By )X~ alf?
n i=1
i s (K (g = X)/m)I(X € B)|IX ~ )
On
< —rgBsu Y (K((a = X0 /h)I(X: € B, g) 1% —al

3
.
I
-

— EK((q— X)/hp)I(X € B, o)||X — Q||2>

26

+ et sup K (g X)/ha)I(X € B X = al
n q

The first expectation is bounded again by using the inequality for VC-subgraph

classes and the bound in this case is

1/2
on A) / _s log(A/hy,) _

d+4
nhg+2 <nhn IOg h_n — Un nhg

The second expectation is bounded by replacing || X —¢||* by |, (X )|* and chang-

ing variables in the integral (as it has been done before several times). This yields
a bound of the order C',,, which also tends to 0.

Combining the above bounds establishes (5.4). One of the versions of Talagrand’s
inequality (e.g., [10]) together with (5.5) gives with some constant K > 0 and with
probability at least 1 —e™*

" supsup| > (Kla = X0)/h)I(X; € Bag) (F(X0) = £(0)
— B ((q = X)/h)I(X € Bou)(F(X) = f(a) )|

< K(h;‘i“En Yl 3).
n n

Taking ¢t := t, := Alogn with large enough A, so that ) e ' < co and using
Borel-Cantelli Lemma shows that a.s. for large enough n

e psn | 3 (K (g = X /1) 1K € B, (X0 ~ £(0)
~ EK((q = X)/hn)I(X € Bog)(f(X) = f(0)))]

[Alogn  Alogn
= K(E” + nhrdLH + nh%” )

and since, in view of (5.4) and under the condition nh2*2?/logh, ' — oo, the right
hand side tends to 0. This and (5.3) yield (5.1). (Note that nh%*+2/logh-1 — oo
implies nh3*2/logn — oo.)
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The proof of (5.1°) requires the following version of Taylor’s expansion of f :

FXD) ~ F@) = F @)X~ a) + 57" (@)(X; — 0, Xi — )
1—m

t5f @+ 0:i(Xi — ) (Xi =, X — ¢, Xi — q).

The first two terms have been handled before, and the expectations of the sup-

norms of the corresponding empirical processes were shown to be O(4/ 1°i5 2-). The

third term leads to bounding

ﬁ Boupsup D (K(la— X /h)I(Xi € Buy)
~ EK (g~ X)/ha)I(X € Boy))

é? (4+6:(X; — ) (Xs — a0, Xi — 4, X; — q)],

which, for f”/ uniformly bounded by b, is smaller than

b n
Gz s Y (K0 = X0 /) I(X; € By g)|1X = ol
n i=1

bn
o7 WP K (0 = X) /) I(X € B X =)
G s | Z (K((a = X0)/ha) (X € Bug)IIX: — qlf

— BK((g - X)/h)I(X € B )IX —alF)|

b
+ gparz S EK((q— X)/hn)I(X € Byg)|X —ql,
which can be handled exactly as before and shown to be of the order

log hpt [log hi*
nh2 i = O< nhd+2 )’

by the conditions on h,,. Using Talagrand’s inequality the same way as before,
completes the proof of (5.1'). O

hn

We conclude with the following theorem, whose proof is a little longer and more
involved, but it is based on a methodology that is well known and well described in
the literature (see [6] and [7]). Its extension to the case of manifolds requires some
work, but is rather straightforward.

Theorem 5.2. Let M be a compact Riemannian submanifold of dimenison d < m
of R™, let X, X; be i.i.d. with law p/|u| and let K be as defined in (3.1). Assume
that h, — 0, nhd*2/logh ! — oo, and nhi*t*/logh,;! — 0. Let F be a class of
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functions uniformly bounded up to the third order in M. Then,

nhdt? 1
lim 4/ ———— sup sup |An, »f(q) — —Anf(g
n— 00 Qloghﬁd fEF qeM ( ) |:u‘ ( )

d 2\ 1/2
SUP fe 7 qeM (Zj:l (aag;% (Q)) )
- 2472 (2m) /4| u[1/2

a.s.,

where :1:? denote normal coordinates centered at q.
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Abstract: We establish a new concentration result for regularized rick mini-
mizers which ig gimilar to an oracle inequality. Applying this inequality to reg-
ularized least squares minimizers like least squares support vector machines,
we show that these algorithms learn with (almost) the optimal rate in some
specific situations. In addition, for regression our results suggest that using the
loss function Le (3,¢) = |y — ¢ ™ with @ near 1 may often be preferable to the
usual choice of &« = 2.

1. Introduction

The theoretical understanding of support vector machines (SVMs) and related
kernel-based methods has been substantially improved in recent years. Based on
Talagrand’s concentration inequality and local Rademacher averages it has recently
been shown that SVMs for clagsification can learn with rates up to % under some-
what realistic assumptions on the data-generating distribution (see [12] and the
related work [3]). However, the currently available technique, namely the so-called
“shrinking technique” in [12], for establishing such rates requires choosing the en-
tire regularization sequence a-prieri. Unfortunately, the optimal regularization se-
quences usually depend on some features of the data-generating distribution typ-
ically unknown in practice, and consequently the results derived by the shrinking
technique have some serious drawbacks.

In this work we replace the shrinking technique by a localization argument similar
to the localization argument used in conjunction with local Rademacher averages.
The key observation for this new localization argument is that regularized risk
minimizers control the size of the norm in the regularization term by their (excess)
risk in a non-trivial manner (see Lemma 4.1 for details). As a consequence of this
obgervation, we can not only localize with respect to small variances but also with
regpect to small maximum norms.

Using the above (double) localization we obtain oracle-type inequalities for a
large class of regularized risk minimizers including support vector machines, and
regularization networks. For the former we can easily reproduce rates established
in [12, 13], while for the latter we show some minmax rates in specific situations
and provide results indicating that using the loss function L,(y,t) = |y — |® with
a near 1 to estimate the regression function may be more robust to both outliers
and the choice of regularization parameter than the usual choice o = 2.

2, An oracle inequality for regularized risk minimizers

Throughout this work we assume that X is compact metric space, ¥ < [—1,1] is
compact, P is a Borel probability measure on X xY, and H is a RKHS of continuous

IModeling, Algorithms and Informatics Group, CCS8-3, Los Alamos National Laboratory, Los
Alamos, New Mexico 87545, USA, e-mail: ingo®lanl.gov; dhush@lanl.gov; jcs@lanl.gov
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functions over X with closed unit ball By. It 1s well-known that H can then be
continuously embedded into the space of continuous functions C'(X) equipped with
the usual maximum-norm ||.||o. [n order to avoid constants we always assume that
this embedding has norm 1, ie. |||« <||./|g-

Furthermore, L : ¥ x R — [0,20) always denotes a continuous function which
is convex in the second variable. In the following we are particularly interested in
functions I, that savisfy the growth assumptions introduced in [6]:

(1) sup L(y,t) < 1+t* and sup|Ljy e (v, )], < cpt™™!
yey yeY

for some constants o € [1,2], ¢g > 0, and all ¢ € R, where |h|; denotes the Lip-

schitz constant of a function k., The functions [ will serve as loss functions and

consequently let us recall the associated L-risk

Rr p(f) = B gpLly, f(z)),

where f : X — IR is a measurable function. Note that (1) immediately gives
Ry p(0) < 1. Furthermore, the minimal L-risk is denoted by R} p, i.e.

Rip=mf{Ryp(f)|f: X — R measurable},

and a function attaining this infimum is denoted by f; 5.

The learning schemes we are interested in are based on an optimization problem
of the form

— : 2
fro = angmin (Alf[[5 + Rep(f))

where A > 0. Note that if we identify a training set 7" = ((z1,11),- .., (T, yn)) €
(X % Y)™ with its empirical measure, then fr ) denctes the empirical estimators
of the above learning scheme. Obviously, support vector machines (see e.g. [5]) and
regularization networks (see e.g. [8]) are both learning algorithms which fall into
the above category.

One way to describe the approximation error of these learning schemes is the
approzimalion errov function

a(A) = A fex

which we discussed in some detail in [13]. Furthermore in order to deal with the
complexity of the used RKHSs let us recall that for a subset A < E of a Banach

space F the covering numbers are defined by

P+ Rep(fea) —Rip, A >0,

N(A e, B := min{n >1:dz,...,2, € Fwith A C U(;r:,mLEBE)}, g >0,
i=1

where Bg denotes the closed unit ball of . Given a finite sequence T'= (z1,...,
z,) € Z™ we are particularly interested in the Banach space Ly(T") which consists
of all equivalence clagses of functions f : Z — [ and which is equipped with the
norm

(2) 1fllzaery o= (% Z:|JC(Z@')|2)5 :

In other words, Ls(T') is a Ls-space with respect to the empirical measure of
(z1,...,2n). Fuarthermore, if T' is of the form T = ((z1,11),...,(%n, ¥n)), and
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Tx = (x1,...,%,), then the space L3(T'x) has the obvious meaning. In addition
to the convention 0° := 1 we utilize the following

0 if0o<ax<l,
(3) a® =<1 ifa=1,
oo ifa>1.

Now we can state the main result of this paper:

Theorem 2.1. Let H be a RKHS of a continuous kernel over X with ||.||ec < ||| &
Assume that there are constants ¢ > 1 and 0 < p < 2 such that for all 6 > 0 we
have

(4) sup log N'(Bw, 6, Ly(Tx)) < ad *.
Tezn

Let I Y xR — [0,00) be a continuous function which is conver in its second
vartable and satisfies (1). Furthermore, let P be a distribution on X x Y such that
Ii p exists. Moreover, suppose that for all0 <A <1 and oll f € A~z By we have

(5) Ep(Lof—Lofip)? <c(|fllo+1) (BpLof—Loffp)”

for some constants ¢ > 1, 9 € (0,1], and v € [0,2]. Then there exists a constant
K > 1 such that for all0 < A <1, 2 >0, x > 1 satisfying

4 4
Ka B—Zop—(vtid)(Z—p) Ka 2+ (2—a)
£ > max a()\) + )\9 ZoptulZ—p) ? (24 p) ’
)\ 4 I A 4 e

Y =
(foryee (Jy =,

we have
Pr*(TeZ”:RL,P(fT,A)—R},P<a()\)+g) > l—e®

where Pr™ denotes the outer probability.

Theorem 2.1 ig proved in Section 4. Now we proceed to illustrate its utility with
some applications.

Example 2.2 (Least square regression with Sobolev spaces). Let us consider
the least squares loss function which is defined by L(y,t) = (y — ¢)?. Furthermore,
let us assume that H containg the regression function z — E(y|z) and satisfies
the complexity exponent condition (4). In addition let (A,) be a strictly positive
null-sequence with A?lfp/zn — 0. Then in Section 5 we show that our learning
rate is of the form A,. In particular, if H is a Sobolev space of order m on some
suitsble X < B4, m > d/2, then we have p = d/m, and consequently, for A, =

N T log n our rate becomes n"Tmd log nn. This equals the optimal rate n— Tt
up to a logarithmic factor (see e.g. [7] and the references therein).

Example 2.3 (Comparison of different loss functions used for regression).
Consider again regression with the squared loss function Ly(y,t) = (y — #)? defin-
ing performance but use the loss function L,(y,t) = |y —¢|* with 1 < o < 2
to determine the estimate fr . Suppose that H contains the regression function
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x — E(y|z), and satisfies the complexity exponent condition (4). In Section 5 we
begin by using the oracle inequality of Theorem 2.1 to bound the excess L,-risk
Rr, p(fra) — Ry p- When a = 2 we produce the results of Example 2.2. When

1 <o <2 weset A=n"% with kK > 0 and observe that when s < ﬁ we obtaln

the rate n =" independently of the value of o and when x > ﬁ we obtain the rate

n e (- TE)T%5 | We conclude that the k-optimal learning rate for the L, risk
2
0 2+p 0
butions P(y|x) are symmetric. These results are then combined with a calibration

inequality

is n~ 7 and is achieved when & — . Now suppose that the conditional distri-

Rr,p(fra) =Ry, p < ¥R, p(fra) =Ry, p)
derived from [11] to obtain bounds on Ry, p(fra) — R, p in terms of 1 <o < 2.

We observe that when x < % we obtain the rate n~% independently of the value of

o and when k > ﬁ we obtaln the rate n_ﬁ_p+':“_ﬁ)%. ‘We conclude that the

s-optimal learning rate for the L; risk also is n~ 77 and is achieved when x — ﬁ.
It is important to obgerve that the rate for fixed x gets worse as o increases towards
2 and in particular that we have no rates when 2 —(x — ﬁ)(?er) <o < 2. When
a =1 [11, Example 3.25| shows how, even though the loss function is not strictly
convex, we can obtain a calibration inequality in terms of assumptions concerning
the concentration about the mean. Consequently with extra assumptions regarding
concentration about the mean we can apply these methods, but do not carry out
such calculations here since they they are out of the scope of this paper. Moreover,
gince & — 1 ig considered more robust to outliers than o = 2, these results suggest
that setting « near 1 has some substantial advantages to the usual choice o = 2.
However, to make such a clalm more precise will require considering whether and
in which sense the assumptions of symmetry and boundedness have been violated.
Finally, let us now consider when H is a Sobolev space asg in Example 2.2. Then it
is clear that we obtain the same optimal rates for all values of 1 < a < 2, although
for & near 1 we should concern ourselves with the arising constants.

Example 2.4 (Hinge loss classification). Let Y := {—1,1}, L be defined hy
Ly, ) ;= max{0,1-yt},y € Y, ¢t € R, and P be a distribution with Tsybakov noise
exponent g € [0, 00| in the sense of [12, 13] (see also [2]). When ¢ > 0, it follows
from [12, Lemma 6.6] that the assumption (5) is satisfied with o = 1, v = %,
¥ = 41 and c = [|(2n — 1)7Y|g.00 + 2. Moreover it is simple to show the same is
true when ¢ — 0 but with ¢ = 5. Hence the condition on £ becomes

£ > max{a()\) +)\7K<a)% K(a)ﬁ)KCm) zgqﬁ)jK(m)Q}'

Al\n A \n A \n A\n

Some easy estimates then show that this reduces to
d(g+1)
&> a(A) A KA~ (L) mieeit
n
where { > 1 is a suitable constant and a and n are assumed to satisfy n > a > 1.
From this we immediately obtain the rates established in [12, Thm. 2.8] and [13,

Thm. 1].

3. A concentration result for ERM schemes

The proof of our main result Theorem 2.1 is based on a refinement of standard local
Rademacher average techniques. Since this refinement may be of its own interest
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we separate its presentation from the proof of 2.1.

Let us begin by introducing some notations. To this end let F be a class of
bounded measurable functions from Z to R. In order to avoid measurability con-
siderations we always assume that F is separable with respect to ||.||». Given a
probability measure I’ on Z we define the modulus of continuity of 7 by

wpn(F,e) = ETwPﬂ( Sujlg Epf _ETf|)a
Ej;efs’s

where we emphagize that the supremum is, as a function from Z™ to R, measurable
by the separability assumption on F. In addition note that the supremum is taken
overall f € F with Epf < e, whereas usually the supremum is taken over all f € F
with Epf? <.

We also need some notations related to ERM-type algorithms: we call C : J x
Z —[0,00) a cost function if C'o f := C(f,.) is measurable for all f € F . Given a
probability measure P on Z we denote by fp 7 € F a minimizer of

f=Rep(f) =E..pC(f,2).

Moreover, if F is an empirical measure with respect to T' € Z™ we write fr - and
Re7r(.) as usual. For simplicity, we assume throughout this section that fp r and
fr.7 do exist. Furthermore, although there may be multiple solutions we use a
gingle symbol for them whenever no confusion regarding the non-uniqueness of this
symbol can be expected. An algorithm that produces solutions fr r is called an
empirical C-risk minimizer. Moreover, if F is convex, we say that C is convex if
C(.,z) is convex for all z € Z. Fmally, C' is called line-continuous if for all z € Z
and all f,f € F the function ¢ - C{tf+ (1 — t)f z) is continuous on [0, 1]. Tf F is
a vector space then every convex (' is line-continuous. Now we can formulate the
main result of this section:

Theorem 3.1. Let F be o convex set of bounded measurable functions from Z to
R, C:FxZ — [0,00) be a conver, line-continuous cost function, and P be «
probability measure on Z. Assume that

G = {Cof—Cofpr : [F)

is separable with respect to ||.|a. Furthermore assume that there exist constants

b,B>0, 8 |0,1], and w,W >0, v € [0,2], & € [0,2), such that

(6) lolw < b(Epg)’+B
and
(7) Epg® < (b(Epg)ﬁ + JB?)V(w(IE?pg)lSl + W)

for dl ge G, Then forn>1, x> 1 and £ > 0 satisfying

22(be? + B)Y (we? + W) 2z (be” + B)

n n

€ > SWP,n(gyg) + \/

we have

Pr* (T A RG,P(fT,}") < RC’P(]C_P’}") + E) > 1—e ",



A new concentration vesult for regularized risk minimizers 265

In order to prove Theorem 3.1 let us first recall Talagrand’s concentration in-
equality (see [14]). The following version of this inequality is derived from Bous-
quet’s result in [4] using a little trick presented in [1, Lem. 2.5):

Theorem 3.2. Let F be a probability measure on Z and H be a set of bounded
measurable functions from Z to R which is separable with respect to ||.||c and
satisfies Eph = 0 for oll h € 'H. Furthermore, let M > 0 and 7 > 0 be constants
with ||h||oc < M and Eph® <7 for all h € H. Then for allz > 1 and all n > 1 we
have

< e %,

2ot M
pr (T e 7" : sup Bph > 3B pn sup Bk + 4/ 20 m)
hCH heH n T

This concentration inequality is used to prove the following lemma which is a
generalized version of Lemma 13 in [2] and Lemma 5.4 in [12]:

Lemma 3.,3. Let P be o probability measure on Z and G be a set of bounded
measurable functions from Z to B which is separable with respect to ||.||s. Let us
assume that G satisfies (6) and (7), and that there is o constanta € [0,1) such that
for ol T & 27, £ >0 for which there is a g € G with

Erg <as and Epg >«
there is also an element g* € G with

Erg® < as and FEpg" =c¢.

Then for elln > 1, z > 1, and all = > 0 satisfying

22(beB + B)¥ (we? + W) 2z(be” + B)

T n

(1 —a)e > 3wpn(G,o) + \/
we have

Pr*(TEZ”: for all g € G with Epg < as we ha’ueEpg<E) > 1 —e ",

Proof. We define H:={Epg—g¢: g9 € G,Epg = =}. Obviously, for all h € H we
have Eph = 0 and

1Alloo < 2627 + 2B = M,

Eph? <Epg? < (be® + BY (we® + W) = 7.
Moreover, it is also easy to verify that H is separable with respect to ||.||oc- As in
the proof of Lemma 5.4 in [12]| our assumption on § now yields

Pr*(T e Z" . dg G with Erg < ac and Epg > 8)
< Pr*(T e Z" . dg € G with Erg < as and Epg:e)

= Pr” (T cZ%:dgcGwithlEpg—Epg> (1 —a)c and Epg = 8)
< pm (T S A sup (Epg — Ezg) > (1 — a)g)

geG
Epg—=

=P"Te csup Exh > (1 —a)s) :
hel
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In order to bound the last probability we will apply Theorem 3.2, To this end

observe
3Es: .. pn sup Ep:h + \/7%—% —Mfm < (1—a),
heEH n n

and consequently applying Theorem 3.2 yields
Pr*(TEZ” :dg € G with Exrg < ae and EPQZE) < e F, i
With the help of the above lemma we can now prove Theorem 3.1:

Proof of Theorem 3.1. For a :— 0 we will apply Lemma 3.3 to the class . To this
end it obviously suffices to show the richness condition on G of Lemma 3.3: let
f e F satisfy

Er(Cof—Cofpr) <0 and Ep(Cof—Cofpr)>=.

For t € [0,1] we define fy :=tf 4+ (1 —¢)fps. Since F is convex we have f; € F for
all t € [0,1]. By the line-continuity of € and Lebesgue’s theorem we find that the
map h:t— Ep(Co f, —C o fpy) is continuous for ¢ € [0,1]. Since A(0) = 0 and
h(1) > & there is a t € (0, 1] with

EP(COft—COfp’T) = h(t) — £

by the intermediate value theorem. Moreover, for this ¢ the convexity of C' gives
Er(Cofi—Cofpy) < Ex(tCof+(1—t)Cofpy —Cofpr) < 0.

Now, let ¢ > 0 satisly the assumption of the theorem. Then ¢ also satisfies the
assumptions of Lemma 3.3, and hence we find that with probability at least 1 —e™*
every f € F with Ep(Cof—Cofpy) < 0satisfies Ep(Cof—Co fpr) <e. Since
we always have

Ep(Cofry—Cofpr) <0

we obtain the assertion. ]

4. Proof of the main result

In order to prove our oracle-type inequality we will apply Theorem 3.1. To this end
we define the regularized cost function C by

Oz, y, )= XN f| % + Ly, f(x)), zreX,ycY, fecH,

and the induced cost class

GO i={Crof —Crofpr:feX 2By}, A > 0.

Obviously, the Cy-risk minimizer produces the functions fp and fr r. Note that
Rrp,p(0) <1 implies fpy € A12By for all distributions P on X x Y, and hence
the latter in particular holds for the empirical solutions fr \. However, it was al-
ready observed in 12| that, depending on the approximation error function, sharper
bounds for ||fr || are possible with high probability. In order to establish such
sharper bounds we employed a “shrinking technique” in [12] which is rather com-
plicated. The key idea of this paper is to replace the shrinking technique by a
localization argument based on (6). Consequently, let us first show that regularized
risk minimizers always satisty the supremum bound (6):
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Lemma 4.1. Let 0 < A <1, and suppose that g € G(X\). Then for any f € A"IBp
such that g =Cy o f —Cy o fp we have

g/l SS(ET’); + (a()\)\))% +2  and

a(XN)+E 1/2
Il < (SAT 2R

FProof. Let us write ¢ :— Epg. Then we have

MAE <A AE+Rep(f) = RLp

=M fpall® + Rep(frn) —Rip+e
=a(A) +¢,

which establishes the second assertion. Consequently, |[L o flloo < 1 +||f]|% yields

alA)\ T Fl
Or = Flloo < NI+ 182 flle <ah) w2+ (D)7 (5)7 41

Analogously, we obtain ||Cy o fpallee < a(A) + (GA—/\))% + 1, and therefore we find

o) <&+ (a()\))%+(g)%+2,

< C o
[llec < max(||Cx o fllo, [|[Cx o Fon 3 3

where in the last step we used a(A) < 1. Now, f € A"Y2By implies that ||f||e <
A~1/2 and an easy calculation shows that 2+ A~%/2 < 3\T2%%  Therefore we obtain

e <EpCrof=AfF + Rep(f) <2+ [f|% <2417 % <3375
From this we easily obtain & < 31_%(§)% < 2(%)%7 which gives the assertion. []

We now prove thal a variance bound of the form (5) assumed in Theorem 2.1
implies a variance bound of the form (7) assumed in Theorem 3.1:

Lemma 4.2. Let P be a distribution on X %Y and suppose that there exist con-
stants v > 0, ¢ > 1, and @ € [0,1] such that the variance bound assumption (5) s
satisfied for some 0 < A< 1 and oll € \"*By. Then for all g € G(X\) we have

o (51 ()7 (et 20)

Proof. We use the shorthand notation E for Ep. For ¢ € G(A) pick an f < )\_%BH
such that g — Cy o f —C\ o fp . Now observe that

Eg* =E(Cro f—Cxofpy)
=EFI? — M feal® + Lo f— Lo fpy)’
<A~ Alfpall®)? +2B(Lo f — Lo fpn)’
Y| FIF 4202 ol +2B(Lo f — Lo fpy)°
<AR(Lof—Lo f}f,P)Q +4E(Lo fip—Lo fP,A)Z + 207 FII* + 227 feallt
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Denote ' :— max (HfHOO + 1, fpalloc + 1). Then the assumption (5) and
a® +b% < 2(a+b)? for all a,b > 0, imply that

R(Lof—Lofip) tE(Lofip— Lofpy)
B
< QCCU(E(LO]C — Lo ff,,p) +E(LO fea *LOfE,P))

Since A?[|f||* <1 and A%||fp|/* <1 we hence obtain

Eg* < 8cC" (E(Lof —Lofi p) +E(Lofpa —LofE,p))ﬁﬂL?)\?|f|4+2>\2|fp,/\|4
< 80" (R(Lof — Lo f p) 4B Lo for— Lo ff,p) ) +4 (N A1+ on ')
<16e0" (E(Lof — Lofi p) +E(Lofps — Lofi p) + N[IF* + )\Qlfp./\l“)ﬁ
=16cC" (Eg +2E(Lofpa—Lofi p) + 2)\|fP,/\|2)19
< 16:C°((Bg)” +2a"(N)) .

What is left is to bound €' in the right hand side of this inequality. To that end
observe that Lemma 4.1 implies

a(A) —HEQ) 1/2

1o < Il < (57

and
()" < (0

oo < || fpA

| fra

so that we can bound
C = max (Hﬂ\m + 1, fpalls —I—l)
(O )

The following lemma relates the covering numbers of By with wp,,(G(A),£):

Lemma 4.3. Let n € N, and assume that there are constants o > 1 and p € (0,2)
such that for all 6 > 0, we have

sup 1ogN(BH,5, LQ(TX)) < ad ¥,
Trezn

Then there s a constant ¢z, , > 0 depending only on L and p such that for all
distributions P on X x Y, and oll A € (0,1], € > 0 we have

wpn(G(N),2) < ery max{ (a“)j 5+1)%T;%’ () ¢ (% )t (E)T} |

where Te 2 8Up, g, Epg? and G: == {g C G(N\) :Epg <e}.

FProof. Our first goal is to bound the covering numbers of G.. To this end recall that
for g:=Cxro f—=Cyo fpr € Ge, Lemma 4.1 shows that || f||z < (CL(ATHE)UQ = A,
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With the help of the auxiliary sets G. 1= {Chof: feABygland H:={Lof:
f € ABy} we thus obtain

log N (G, 28, Lo(T) < log N (G, 28, Lo (T))

1
< log(g + 1) + log N'(H, 6, L2(T))
1 )

Furthermore, the Lipschitz assumption (1) implies the right hand side is bounded
by

1 0
log(g + 1) + lOgN(BHa w:LﬂTx))-

Consequently, there is a constant ¢7, , > 0 depending only on L and p such that for
all § > 0 we have

sup logN(gE,d,Lg(T)) <aflrp (a()\))\Jr E) Td_p <airp (a(‘A;jL ° + 1) Té_p.
Tezr

By symmetrization, and the proofs of |9, Lem. 2.5] and [12, Prop. 5.7] we thus find

wpnlG(A), &) <erp max{ (Q(AlJr 8+1) %TSTTP (Z)%’ (a()\)).\+8 +1)% (Z)zi_p }

O

Proof of Theorem 2.1. Let g:=Cyo f —C\o fp, for some f € A 12By. Lemma
4.1 implies that we have a supremum bound

e < 532" ((2) 1

Because of the variance bound assumption (5), Lemma 4.2 implies we have a vari-

ance bound of the form

oot <10e((52)" (5 1) (o 2i0)
)+ (2 1) : ((Epgf‘ + 2a"‘9<A>)

R

n 2) i (48c(Epg)ﬁ‘ n 96ca"9()\)) .

I
e
)
PN

=
> |y
9=
N
[l
+
TN
2
>
R
N
NlQ

Therefore we have variance and supremum bounds of the form (7) and (6) with the
values b = 30~ %, 8 = 5, B = (a"T)\))% +2, w=48¢c, v = 2, and W = 96ca” ().
Denote 7. = 34260)\"‘9(% + 1:|19+%. Then for g € G(A) withEpg < £ we obtain

Epg? <(beP | BY (we? | W) ﬂ
— 48¢ (3(%)% + (a()\)\)) : +2) - (s”*? + 2a°9()\)>
<06 9c((§)% + (G’(/\A))% + 1)% (eﬁ +a"9()\))

SQ@QBQC(W+1)Z(a()\)+8)ﬁ

< Te
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Consequently we can apply Lemma 4.3 to obtain that
wpn(G(A),€)

<onp e (055 ) T () () ()

2opHuv+29)(2—p)

<enafm 52 (L) OO ) (1)

We also bound the terms

S
[22(be® + B)¥ (we? + W) < \/2:1:1'5_ _ 3R4ToAE (a()\) +e N 1) Tt @
o n

n n A

and

2m(b€j+B) _2§<5(§)&+ (a()\)\))%JrQ) <247:r:(a()\;+e+1)%

and then observe that Theorem 3.1 implies that there is a constant K > 1 such
that

Prt(T e (X x V)" : Rey plfra) < Reyp(Ffoa) +8) > 1—e7,

whenever

Zoph(v428) (2-p)

{52 () () (e ()™
X (a()\))\—t—s +1) Z( “)éj (a()\))\—k—s n 1)3‘3}.
If we further constrain by £ > a(A) + A we find that it is sufficient to satisfy
> maxfa( + A KX (5) () k(D) ()
(@O R}
Since ¥ € (0,1] and v € [0,2] it follows that 0 < v + 2¢ < 4 which implies that

2ap+(u+8219)(2—p) < 1 and % + 4 < 1. Consequently we find that it is sufficient to
gatisfy

L
z

~ . Zopt(et2d)(2—p)
&

4 2+p 4
~ K2q F—Tar— (w00 Z—7) K =g \GTE—=
£ > max a()\)+)\, BT —— PN et ’
A 4 n

A=y,
K22\ 7079 [ Ko \T=
Ge) G

Therefore we find that (with a change in the value of the constant K) if

4 4
Ka 8—Z2op—(v+23)(2—p) K& (24w (2—a)
£ > max a()\) + A, BT rE—— ) 2 te) ’
D ea—) A2 n

Kz \ TG [ Kz \Ts
) G
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then

Re.p(fr) < M| frallir + Rop(fra) = Re, p(fr) < Re, p(fen) +
:CE()\) +RE,P +e

holds with probability not less than 1 — e, O

5. Examples

Here we perform the analysis mentioned in Examples 2.2 and 2.3. Let us first apply
the oracle inequality to bound Ry p(frx) —R}_ p with high probability. To that
end we now derive some variance bounds. First observe that [11, Table 3] shows
that the modulus of convexity d,_(—p,g)(£) of the function ¥ : ¢ £|* restricted
to the interval [—B, B] satisfies

ol — 1)
®) by omm(e) > M0 pee

Consequently |2, Lemma 15| implies that modulus of convexity of Ry p for func-
tions satisfying ||f]| « < B is bounded below by %2“7219“7282 > % >
Be~2:2 Moreover, the mean value theorem implies that

a—1
|[tr —wl™ — Jts —y|*| < a(max(f1+1,t2+1)) t1 — 1]

so that the loss function f + L,(y, f(x)) has a Lipschitz constant less than
a—1
a(max{||f1llso, |F2lloo} +1)7 7 Now let

fi..p€arg min{Rme(fﬂf : X — R measurable}

and define gr(z,y) = | f(2) —y|* —|ff_ p(2) —y|¥. Then the extension mentioned
after the statement of [2, Lemma 14] to non-margin loss functions implies that we

have the variance bound
% 200—2
Egl < 8o (max{||fllco, | f7_ plloct +1) Eg
f= _ ’ a—2 f
(=1 (max{]|f]lso: 1 ££_ plloc})

(max{||flloc, |5, p oo} + 1) “Egy..

Bo
<
“(e—1)
Observe that the right hand side of these bounds goes to oo as & — 1 since 1

is not strictly convex. Also note that such a bound, but with different constants,
follows directly from [11, Equation 28]. Since [[f;_ plle <1 we then obtain

9 Boy

g < g (1 e 12)7 By

Therefore we can apply Theorem 2.1 with v = & and ¢ = 1 to obtain that there
cxists a constant K, > 1 such that for all 0 < A <1, & > 0, & > 1 satisfying

(9) £ > max{aa()\) + A, ()\KO‘G) m’ (Kam)ﬁ} |

=Gl \in
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we have
(10) Pr*(T € 2™ Ry, plfrn) — Ri. p < aa(N) +g) > 1 e

where a,/(+) is the approximation error function defined with respect to the risk
RLQ,P'

In [13] it was shown that the assumption f; p € H implies that a,(A) <
AlfE. pllE for all X > 0. We assume without loss of generality that aq(X) < A,
Let us first consider when o = 2. If we now assume (A, ) is a strictly positive null-
gequence with )\}ﬁpﬂn — oo then it is casy from the convention (3) applied to the
inequality (9) that our learning rate is of the form A, thus finishing the proof for

Example 2.2. Now consider the case 1 < o < 2. Then (9) becomes

(1) &> max{aa()\) + AT (Ksa) T\ -ges (f‘am) —} _

i

Moreover when n > K a elementary calculations show that it is sufficient to satisfy

(12) g > Qa()\) +A+ )\_ﬁfzfo‘ _—

4
(Koza) (BFp)(2—c)

n

If we now assume A = n~". Then elementary calculations show that we obtain the
rate n=® independently of the value o when x < %p and when x > ﬁ we ohtain
the rate n~Fr T =5~ wE),

Let us now assume that the conditional distributions F(y|z) are symmetric, We

now proceed to derive a calibration inequality

Ripp(fra) —Ri, p <W(Rr, p(fTn) —Ri, p)

so that we can apply the bounds on Ry, p(fr ) —K7%_ p) defined by (10) and (12)
to obtain bounds on Rz, p(fr.)) _R*LQ,P in terms of a. Since we will need results
and notations from [11] we first give a brief outline of its content. Consider a loss
function L and a measure @) on Y. Then the associated inner risk is defined as

Cralt) = /Y Ly, 1dQy), * < K,

and can be used to compute the risk
Rer.p(f) _/ Cr,pe oy (f(®))dPx ().
X

The minimal inner risk is defined as CE}Q := infyep Cp g(t). Consider now another

loss function L. Then the calibration function 0, o 1 1.(E, @) is defined as the largest
function comparing the excess inner risks, i.e.

6max,L,I: (CLsQ(t) 762,@?@) é Cﬁ,Q(t) 762,@

‘We shall also find it convenient to consider the template loss Liean introduced in
[11] and defined by
Lean (Q, 1) = |EQ —¢t|, tckk

and its inner risk

Clenn@(t) = /Y EQ—tdQ(y), teR.
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We can now proceed to derive the appropriate calibration inequality function W
for comparing L2 and L. Since P(y|z) is symmetric for all @, [11, Theorem 3.23]
implies that we have mean calibration with ecalibration function bounded below by

6maX,LmeansLa(87 Q) = 61,[)05|[_':2+E)52+E] (26)

where dy_|(—(24¢),24¢] 18 the modulus of convexity of the function 1, restricted to

the interval [—(2 +¢),2+ 2|. By (8) we then obtain

alo—1)
2

Since [11, Equation (38)] states dmax,1.,.1, (6, @) = Smax.Loonn L. (VE, @) we find

6ma,x,L2,La (5; Q) > W(Q + \/g)anE'

(Sma‘stmea,n s'l;[’cx (59 Q) :_> (2 + E)Q_ZEQ'

We now seek to apply [11, Theorem 2.13|. In that notation we bound
2 2
By =sup|f(z) — E(yln)|” <[|[fll + 1]
Denote ¢(e) 1= %(2 + \/E)afge. Then since

@+ vore) =2+ Vo @ Sy >0

and
L +vare) = -2 (3 + 2vE) e+ Ve <o

we conclude that ¢ is strictly monotonically increasing and concave. It follows that

Bl + 1) _ o

¢g, () = 9| 2(€) =
By [ £]loo+1] |Hf‘|oo+1|2

—1
DGl

where ** denctes the Fenchel-Legendre bi-conjugate operation (see e.g. [10]). It then
follows from [11, Theorem 2.13| that

(13)  Rr,.p(f) —Rp, p < B+ 1floe)* *(Re..p(f) = RL, .p)

2
ala—1)
for all bounded measurable functions f. Note that the constant in this inequality
goes to oo as o goes to 1. The deeper reason for this behaviour is that ¢, is strictly
convex when o > 1 but not strictly convex when o =1 as discussed in [11].

We conclude from inequalities (13) and (10) that whenever (12) is satisfied that
with probability greater than 1 e % we have

Re,p(fra) —Rp,p < - (3+ [ frallec)® e,

4
(o —1)
However we also know from the last line of the proof of Theorem 2.1 that whenever
(12) ig satisfied that with probability greater than 1 — e~ *

H<\/aa()2+8<\/§\/§.

lfralloe < Ifra
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Now since 1 < § when (12) is satisfied it follows that

@+ Iral < (3+v2/5) " < (3+v3) (5)

—x

so that with probability greater than 1 — 2¢™% we have

* 4 ' x_1 9_2
— < — 2 2,
RLg,P(fT,)\) Ly, P> O;(O;*1) (3+\/§)A £

If we now apply the inequality a,(A) < X and let

4
Kaa) (2Fp) (Z—ce)

n

g = 2+ )\_ﬁm% (

?

—x

then we see that with probability greater than 1 — 2¢=* we have

7?’L2 N (J T ,)\) RLQ,P
1 o 2 K a +v) 2
(3+ \/_)A (2)\+A 270‘2:27&( ) 2 ( ))

T

05( 1)
S%(A—t—)\ Toa s Q(K a)ﬁ%%)

i

for some constant ¢, which depends only on «.
Now let us consider the case when A — n~"%. Then disregarding the consvants
the righthand side becomes

2
n 4 n(ﬁ' 2+p)7a tp

go that we obtain performance bounds of the form n™? with

| 2 2 2
p:mm(“’2+p+(2+p_”)2—a)'

Simple calculations show that when x < 5 2 then p = & independently of the value

2 _ . .
of a and when « > 52— then p = 2—|-p + (2+p — f{)g . In the latter case it is
important to observe that the rates get worse as « increases towards 2. Indeed one

% x .
2 - -

Moreover one can see that smaller & minimizes the sensitivity to the degree to

which x is greater than %
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